Forum Geometricorum

Volume 16 (2016) 345–346.

FORUM GEOM

ISSN 1534-1178

Another synthetic proof of the butterfly theorem using the midline in triangle

Tran Quang Hung

Abstract. We give a new synthetic proof of the butterfly theorem, based on the use of midline in triangle, and cyclic quadrilateral.

This article is to give a new proof of the butterfly theorem.

Butterfly Theorem. Let M be the midpoint of a chord AB of a circle. Through M two other chords CD and EF are drawn. If C and F are on opposite sides of AB, and CF , DE intersect AB at G and H respectively, then M is also the midpoint of GH.

ABMCEFDGHPQR

Figure 1

Let P be the point on segment ME such that GP ‖ AE. P B intersects EH at Q. We have ∠P GB = ∠EAB = ∠EF B = ∠P F B. This shows that quadrilateral F GP B is cyclic. We get ∠QBM = ∠P BG = ∠P F G = ∠EF C = ∠EDC = ∠QDM. Therefore, quadrilateral DMQB is also cyclic. From this, ∠QMB = ∠QDB = ∠EDB = ∠EAB, and MQ ‖ AE. Since M is the midpoint of AB, by the midline theorem, MQ passes through the midpoint R of EB. By Ceva’s theorem for triangle MEB and Thales’s theorem for triangle MEA, we get^{MH}_{MB} =^{MP}_{ME} =^{MG}_{MA} . Since MA = MB, we have MG = MH.

Publication Date: November 3, 2016. Communicating Editor: Paul Yiu.

346 Q. H. Tran

References

[1] A. Bogomolny, Butterfly theorem, Interactive Mathematics Miscellany and Puzzles,

http://www.cut-the-knot.org/pythagoras/Butterfly.shtml.

[2] M. Celli, A proof of the butterfly theorem using the similarity factor of the two wings, Forum Geom., 16 (2016) 337–338.

[3] C. Donolato, A proof of the butterfly theorem using Ceva’s theorem, Forum Geom., 16 (2016) 185–186.

Tran Quang Hung: High school for Gifted students, Hanoi University of Science, Vietnam National University, Hanoi, Vietnam

E-mail address: analgeomatica@gmail.com