Forum Geometricorum

Volume 16 (2016) 367–369.

FORUM GEOM

ISSN 1534-1178

On a new generalization of the Droz-Farny line

Cyril Letrouit

Abstract. We prove a new generalization of the Droz-Farny line theorem, which is based on some reflections about similar triangles.

We will prove the following generalization of the Droz-Farny line theorem.

Theorem 1. Let ABC be a triangle with orthocenter H. Let ℓ_1 and ℓ_2 be two lines intersecting perpendicularly at H. For i = 1, 2, let ℓ_i intersect the lines BC, CA, AB respectively at A_i, B_i, C_i. Let A_3, B_3, C_3 be points in the plane such that the triangles A_1A_2A_3, B_1B_2B_3, C_1C_2C_3 are directly similar. Then A_3, B_3, C_3 are collinear.

ℓ_1ℓ_2ABCHA1B1C1A2B2C2A3B3C3

Figure 1

We call this line the generalized Droz-Farny line.

The case where A_3, B_3, C_3 are midpoints of the segments A_1A_2, B_1B_2, C_1C_2 is the one first studied by Droz-Farny in [2]. The more general case with A_3, B_3, C_3 dividing A_1A_2, B_1B_2, C_1C_2 in the same ratio was found by van Lamoen in [3].

Publication Date: November 8, 2016. Communicating Editor: Paul Yiu.

368 C. Letrouit

This proof uses similarities. Let us first mention a classical proposition, with the same notations as in the statement of the main theorem.

Proposition 2. The circles with diameters A_1A_2, B_1B_2 and C_1C_2 are concurrent in a point M (different from H) which lies on the circumcircle of ABC.

See Ayme [1, §3] for a proof.

ℓ_1ℓ_2ABCHA1B1C1A2B2C2M

Figure 2

Proposition 3. The points A, B_1, C_1, M are concyclic.

Proof. M is on the circumcircles of HC_1C_2 and HB_1B_2. Hence, M is the point of intersection of the four circumcircles associated to the complete quadrilateral defined by HB_1, B_1B_2, B_2C_2, C_2A. It follows that M is on the circumcircle of AB_1C_1. □

This implies in particular that ∠MB_1B_2 = ∠MC_1C_2. By a cyclic argument, one can prove that we also have ∠MA_1A_2 = ∠MB_1B_2. Hence, since ∠A_1MA_2 = ∠B_1MB_2 = C_1MC_2 =^π_2 , we get that MA_1A_2 ∼ MB_1B_2 ∼ MC_1C_2.

Moreover, the similarity of center M that maps MA_1A_2 onto MB_1B_2 also maps A_3 onto B_3. From this, we get that there is a similarity S_1 of center M that maps A_2 onto A_3 and B_2 onto B_3. The same argument gives that there is a similarity S_2 of center M that maps B_2 onto B_3 and C_2 onto C_3. But there is only one similarity of center M that maps B_2 onto B_3. Hence S_1 = S_2, and so this similarity maps A_2, B_2 and C_2 onto A_3, B_3 and C_3. Since A_2, B_2 and C_2 are collinear, A_3, B_3 and C_3 are also collinear. This proves Theorem 1.

On a new generalization of the Droz-Farny line 369

Corollary 4. All the corresponding points of the three similar triangles lie on a line too (that means points which verify all the same relations, which is possible because the triangles are similar).

For example, their three orthocenters lie on a line. To prove this, denote by A_3, B_3 and C_3 three corresponding points. Then A_1A_2A_3, B_1B_2B_3 and C_1C_2C_3 are directly similar. Hence A_3, B_3 and C_3 lie on a line by Theorem 1.

References

[1] J.-L. Ayme, A synthetic proof of the Droz-Farny line theorem, Forum Geom., 4 (2004) 219–224. [2] A. Droz-Farny, Question 14111, Educational Times, 71 (1899) 89–90. [3] F. M. van Lamoen, Hyacinthos messages 6140, 6144, December 11, 2002. [4] C. Pohoata and Son Hong Ta, A short proof of Lamoen’s generalization of the Droz-Farny line theorem, Mathematical Reflections, 3 (2011).

Cyril Letrouit: Department of Mathematics and Applications, École Normale Supérieure (Paris), PSL Research University, 45 rue d’Ulm, 75005 Paris, France

E-mail address: cyril.letrouit@ens.fr