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Another Purely Synthetic Proof of Lemoine’s Theorem

Nguyen Tien Dung

Abstract. In this article, we give another purely synthetic proof the Lemoine’s
theorem that the symmedian point of a triangle is the unique point which is the
centroid of its own pedal triangle.

Tran Quang Hung [6] proposed a new proof using similar triangles and cyclic
quadrilaterals of Lemoine’s theorem on the symmedian point of a triangle.

Lemoine’s Theorem ([6]). Given a triangle ABC, a point P is the centroid of its
own pedal triangle with reference to ABC if and only if P is the symmedian point
of the triangle ABC.

In this article, we shall give another synthetic proof of the theorem, also using
similar triangles and cyclic quadrilaterals.

Lemma 1. Let ABCD be a cyclic quadrilateral. The diagonal AC is a symmedian
of triangle ABD if and only if CA is a symmedian of triangle CBD.
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Figure 1

Proof. We only need to prove that ifAC is a symmedian of the triangleABD,
thenCA is a symmedian of triangleCBD. LetM be the midpoint of the segment
BC. As ∠BAM = ∠CAD and∠ABM = ∠ACD, the trianglesABM and
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ACD are similar. It follows that
AB

AC
=

BM

CD
, andAB · CD = AC ·BM . Since

AB · CD + BC ·DA = AC · BD by Ptolemy’s theorem, we haveBC ·DA =

AC · DM = AC · BM . Notice that
AC

BC
=

AD

BM
and∠CAD = ∠CBM . The

trianglesACD andBCM are similar. Hence,∠ACD = ∠BCM , andCA is a
symmedian of triangleCBD. �

Proof of Lemoine’s Theorem. Denote byD, E andF the orthogonal projections of
P ontoBC, CA andAB respectively. The lineAP intersects the circumcircle of
triangleABC again atQ. LetM be the midpoint ofBC and letL be the reflection
of F throughP .
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Figure 2

We can see that the quadrilateralsAEPF , BFPD andCDPE are cyclic. As
∠PFE = ∠PAE = ∠QBC and∠PEF = ∠PAF = ∠BCQ, the triangles
PFE andQBC are similar. It follows thatFE · BQ = FP · BC = FL · BM .
Hence, trianglesEFL andMBQ are also similar.

(a) If P is the symmedian point of triangleABC, AQ is a symmedian of the
triangle. According to Lemma 1,QA is the symmedian of the triangleQBC.
As the trianglesEFL andMBQ are similar,∠ELF = ∠MQB = ∠AQC =

∠ABC = ∠DPL; soDP ‖ EL. Similarly,EP ‖ DL. The quadrilateralDPEL

is a parallelogram. It follows thatPL bisectsDE. Therefore,FP is a median of
the triangleDEF . Similarly,EP is also a median of the same triangle. Hence,P

is the centroid of the triangleDEF .

(b) If P is the centroid of triangleDEF , the quadrilateralDPEL is a paral-
lelogram. Since trianglesEFL andMBQ are similar,∠BQM = ∠FLE =

∠DPL = ∠ABC = ∠AQC. It follows thatQA is a symmedian of triangle
QBC. By Lemma 1,AP is a symmedian of triangleABC. Similarly,BP is also
a symmedian of the same triangle ABC. It follows thatP is the symmedian point
of triangleABC.
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