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On the Orthogonality of a Median and a Symmedian

Navneel Singhal

Abstract. We give a synthetic proof of F. J. Garcı́a Capit́an’s theorem on the
lemniscate as the locus of a vertex of a triangle, given the other two vertices,
such that the corresponding median and symmedian are orthogonal.

1. Introduction

In his paper [1], F. J. Garcı́a Capit́an proved the following theorem using Carte-
sian coordinates.

Theorem. LetB andC be fixed points in the plane. The locus of a pointA such
that theA-median and theA-symmedian of triangleABC are orthogonal is the
lemniscate of Bernoulli with endpoints atB andC.

We give a synthetic proof of this theorem, beginning with a series of lemmas.

Lemma 1. LetABCD be a cyclic quadrilateral. The pointsAB∩CD,BC∩DA,
AC ∩BD form the vertices of a self polar triangle with respect to the circumcircle
ofABCD.
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Figure 1

Proof. Let AD meetBC atR, AB meetCD atQ, andAC meetBD atP . Let
QP intersectBC, AD atF , E, respectively. We know from trianglesDAQ and
BCQ that (R,E;A,D) and (R,F ;B,C) are harmonic. So it follows thatEF

is the polar ofR. HencePQ is the polar ofR. Similarly PR is the polar ofQ
andRQ is the polar ofP . SoPQR is a self polar triangle with respect to the
circumcircle ofABCD. �
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Lemma 2. Letω be the circle withBC as diameter andM as center. Denote by
A1 the inverse ofA in ω.

(a)The circlesω1, ω2 through{A,B}, {A,C} and tangent toBC pass through
A1.

(b) Let H be the orthocenter ofABC. The circle with diameterAH and the
circumcircle ofBHC meet onA1.

(c) If the A-symmedian cutsΩ, the circumcircle ofABC, at A2, thenA1, A2

are the reflections of each other inBC.

Proof. (a) Sinceω1, ω2 are tangent toBC, and their radical axis bisectsBC, we
know thatM is on their radical axis. Also the inversion inω preserves the circles
and soA1 is the other intersection point ofω1, ω2.

(b) By (a),∠BA1C = 180◦ −∠A1BC −∠A1CB = 180◦ −∠BAC, soA1 is
on the circumcircle ofBHC. Let the orthic triangle ofABC beDEF , whereD
is onBC etc. The inversion atA, and of radius

√
AH ·AD mapsBC to the circle

with AH as diameter and thusA1 to the intersection of tangents to that circle at
E,F , which is the midpoint ofBC. SoA1 is on the circle withAH as diameter as
well by inverting back.

(c) Since the circumcircles ofBHC andABC are reflections of each other
acrossBC, so the reflection ofA1 in BC is onΩ. Since we also have∠A2CB =
∠A2AB = ∠MAC = ∠A1CB, so the reflection ofA1 in BC isA2. �

Remark.A1 is the vertex of theD-triangle ofABC corresponding toA (see, for
example, [2]), and has a lot of interesting properties, which we will not pursue in
this paper.

Lemma 3. (a)All conics through an orthocentric quadruple of points are equilat-
eral (rectangular)hyperbolas, and all equilateral hyperbolas through the vertices
of a triangle pass through its orthocenter.

(b) The locus of the centers of equilateral hyperbolas through the vertices of a
triangle is the nine-point circle of the triangle.

2. Proof of the Main Theorem

2.1. A on lemniscate⇒ orthogonality ofA-median andA-symmedian.
Let the equilateral hyperbola withBC as transverse axis and passing through

B,C beH. It is the inverse image of the lemniscate withB,C as its endpoints in
ω. We are going to show that ifA1 is onH, AA2 ⊥ AM .

SinceA2 is the reflection ofA1 in BC, A2 is also onH. As the perpendicular
from A1 to BC meetsH at A2, {A1, A2, B, C} is an orthocentric quadruple by
Lemma 3(a). SoA1B ∩A2C,A1C ∩A2B are onω.

In view of Lemma 1,A1, A2 are conjugate points with respect toω. Now as
A is the inverse ofA1 in ω, the line throughA and perpendicular toAM is the
polar ofA1 with respect toω, which passes throughA2. Therefore, theA-median
is perpendicular to theA-symmedian.
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2.2. Orthogonality ofA-median andA-symmedian⇒ A on lemniscate.
Now we suppose thatAM ⊥ AA2. SinceA is the inverse ofA1 in ω, AA2 is

the polar ofA1 with respect toω. LetA2B ∩A1C = X. Then

∠BXC = 180◦ − ∠XBC − ∠XCB

= ∠A2BC − ∠A1CB

= ∠A1BC − ∠A1CB

= ∠BAM − ∠CAM

= 90◦ + ∠BAA2 − ∠MAC

= 90◦

wherein we have used Lemma 2 repeatedly.
SoX ∈ ω. Similarly,A1B ∩A2C ∈ ω.
Thus{A1, A2, B, C} is an orthocentric quadruple. Invoking Lemma 3(b), asM

is on the nine point circle ofA1BC, letH be the hyperbola throughA1, A2, B, C
and with centerM .

Now thatMA1 = MA2, A1, A2 are on a circle withM as center, so the per-
pendicular bisector ofA1A2 is an axis ofH. ThusBC is the transverse axis ofH
(asB,C are onH), and soA1 is on the fixed hyperbolaH, thereby establishing
the fact thatA is on the lemniscate withB, C as endpoints by inversion inω.

This completes the proof of the Main Theorem.

3. Some interesting properties

Property 1. A1A2 ∩BC is the inverse of the trace of the symmedian point onBC

in ω.

Proof. The pole ofAA2 with respect toΩ is A1 and that ofBC is the point at∞
in the direction perpendicular toBC, so the claim follows. �
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Property 2. The lineA1A2 is tangent toΩ.

Proof. Follows from the previous property and the fact that the pole ofAA2 with
respect toΩ is the intersection of the tangents toΩ atA,A2 andBC. �

Property 3. Irrespective of the condition of orthogonality of the median and the
symmedian, the pointsA, X, Y , A1, A2 are on theA-Apollonius circle.

Proof. Since the quadrilateralBCAA2 is harmonic, we know thatA2 is on theA-
Apollonius circle. Now theA-Apollonius circle is symmetric with respect toBC,
soA1 is on it as well.∠Y A2A = ∠ACB = ∠AA1C, soY and analogouslyX
are on theA-Apollonius circle. �

Property 4. Irrespective of the condition of orthogonality of the median and the
symmedian, ifAC andAB meet theA-Apollonius circle atAb, Ac respectively,
then the arcsA1Ac andA2Ab are congruent.

Proof. Simple angle chasing. �

Property 5. Irrespective of the condition of orthogonality of the median and the
symmedian, the tangent toΩ atA2, theA-Apollonius circle and the line throughA
and parallel toBC are concurrent.

Proof. Using cross ratios,

−1 = (B,C;A,A2)

A2= (X,Y ;A,A2A2 ∩ ⊙(AXY ))

By projecting this throughA1, we have our conclusion. �
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