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Abstract. As ”one of the crown jewels of modern geometry”, the symmedian
point is not well known by mathematicians or mathematics educators. Locating
a person in space without a GPS, or analysing data for a harbor mine-detecting
algorithm are but some of the more recent applications to the symmedian point.
In this article, we extend the notions of the symmedian point and isogonal con-
jugates to n-simplexes. Unlike another attempt, our generalisation preserves all
the interesting properties of the symmedian point of a triangle. Also, its connec-
tion to the least squares point of a simplex is shown. In addition, the symmedian
point is given in terms of a simple formula in barycentric coordinates.

1. Introduction

Thesymmedian point of a triangle is one of 11809 known points associated with
the geometry of a triangle (see [4] where it is the sixth point on the list). One of
the most important properties of the symmedian point is that it coincides with the
point at which the sum of the squares of the perpendicular distances from the three
sides of the triangle is minimum (theleast squares point, LSP) [1]. For interest-
ing practical applications to the symmedian point, see [5] and [10]. In [5], the
symmedian point shows up in connection with locating a person in space without
GPS, and in [10] the symmedian point comes in when analysing data from a testof
harbor mine-detecting algorithm. Another interesting property of the symmedian
point of a triangle is that, as shown in Figure 1 (b), if the triangleA′B′C ′ is the
pedal triangle ofK (i.e., the triangle obtained by projectingK onto the sides of the
original triangle), then the symmedian point of the triangleABC and the centroid
of the triangleA′B′C ′ are concurrent.
The symmedian point is defined using the concept of isogonal lines. Two lines AR
and AS through the vertex A of an angle are said to be isogonal if they are equally
inclined from the sides that form∠A. The lines that are isogonal to the medi-
ans of a triangle are called symmedian lines [3], pp. 75-76. Figure 1 (a) shows
that the symmedian line throughAP of the triangle ABC is obtained by reflecting
the medianAM through the corresponding angle bisectorAL. The symmedian
lines intersect at a single pointK known as the symmedian point, also called the
Lemoine point.
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The existence of symmedian point of a triangle was proved by the French mathe-
matician Emile Lemoine in 1873 ([3], Chapter 7). Later the symmedian point was
defined by Marr for equiharmonic tetrahedrons in 1919 [7]. In [9], analternate
definition of the symmedian point for anarbitrary tetrahedron was given. Under
the alternate definition, all the properties of the symmedian point for a triangle
generalize naturally to a tetrahedron. In the present work we provide thedefinition
and prove the existence of the symmedian point of an arbitraryn-simplex. Then
we show that the symmedian point of a simplex coincides with the LSP of that
simplex and the centroid of the corresponding pedal simplex. As it was shown in
[6], a least squares solution method can be used to give an explicit formula for the
location of the least squares point and hence the symmedian point inSn.

The rest of this paper is organized as follows. In section 2, the existenceof symme-
dian point of ann-simplex is proved. In section 3, it is shown that the symmedian
point and LSP of ann-simplex are concurrent. In section 4, the concurrency of the
symmedian point and the centroid of the corresponding pedal simplex is proved.

(a)

A
B

CL MK P
(b)

Figure 1. (a) The symmedian lines of triangle ABC intersect at the symmedian
point K. (b) The symmedian point K of the ABC triangle coincides with the
centroid Ĉ of its pedal triangle, which is the A′B′C′ triangle formed by con-
necting the intersection points of the perpendicular lines L1, L2 and L3 from K

to the sides of the ABC triangle.

2. Symmedian point of ann-simplex and barycentric coordinates

Let v0, v1, · · · vn be the vertices of ann-simplexSn in Rn, n ≥ 2. Recall that a
facet ofSn is an(n−1)-simplex formed by(n−1) vertices ofSn. Recall also that
the angle between two hyperplanesHi andHj ,∠(Hi, Hj), is the supplement of the
angle between their unit outer normal vectors. Denote byFi thefacet formed by the
vertices in{vl : l 6= i}. LetX andX∗ be two points inSn. Denote by(Hij) and
(H∗

ij) the hyperplanes formed by joiningX andX∗ respectively tovl, l 6= i, j. The
(n−1)-dimensional hyperplanes(Hij) and(H∗

ij) are said to beisogonal conjugates
if they are equally inclined from the facetsFi andFj . (Hij) is called the isogonal
conjugate of(H∗

ij) and vice versa. Notice that by joining the pointX to (n − 2)

vertices ofSn,
(
n+1
n−1

)
= n(n+1)

2 different (n − 1)-dimensional hyperplanes can
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be formed, and so there aren(n+1)
2 corresponding isogonal conjugate hyperplanes.

There is no immediately obvious reason why thesen(n+1)
2 conjugates should be

concurrent. However, that this is always the case will follow from Lemma 2 below.
Let Mij be the midpoint ofvivj . The(n − 1)-hyperplane obtained fromMij and
{vl : 0 ≤ l ≤ n, l 6= i, j} will be called amed-hyperplane (Mij ∪ Hij). The
isogonal conjugate to a med-hyperplane(Mij ∪Hij) with respect to facetsFi and

Fj is called asymmedian hyperplane. Taking the midpoints of then(n+1)
2 sides of

the simplexSn, the following lemma shows all med-hyperplanes are concurrent at
the centroidGn of Sn [8].

Lemma 1. All n(n+1)
2 med-hyperplanes planes (Mij ∪Hij); 0 ≤ i, j,≤ n, i 6= j

are concurrent.

Proof. LetMij be the midpoint of the edgevivj and(Mij∪Hij) the corresponding
med-hyperplane. We show that all med-hyperplanes pass through the centroidGn

of the ofSn given byGn =
∑n

0
vl

n+1 (see Figure 2 (a)). If0 ≤ k ≤ n, thenGn is
located on the segment from an arbitrary vertexvk to the centroid of the(n − 1)-

simplexS(k)
n−1 obtained from the vertices in{vl : 0 ≤ l ≤ n, l 6= k}. In fact, let

G
(k)
n−1 be the centroid ofS(k)

n−1. Then

Gn =
v0 + · · ·+ vn

n+ 1

=
nG

(k)
n−1

n+ 1
+

vk
n+ 1

= αG
(k)
n−1 + βvk,

whereα + β = 1. ThusGn is the on the segmentG(k)
n−1vk. Since each med-

hyperplane containsG(k)
n−1vk for somek, the result follows.�

Lemma 2. Consider the n-simplex Sn. Let X 6= vi, vj be a point on the hyperplane
(Hij) formed by joining X to the vertices in Vij = {vl : 0 ≤ l ≤ n, l 6= i, j}. Let
X∗ be a point on the isogonal conjugate hyperplane (H∗

ij).

(i): If XP1, XP2, X∗P ∗

2 , X
∗P ∗

2 , are the perpendiculars from X and X∗ onto
the facets Fj and Fi, respectively, then

XP1

XP2
=

X∗P ∗

2

X∗P ∗

1

(1)

(ii): If X is in (Hij) and XP1

XP2
=

X∗P ∗

2

X∗P ∗

1

, then X∗ is in (H∗

ij), where (Hij) and

(H∗

ij) are isogonal conjugates.

Proof. (i) We will show the trianglesXP1P2 andX∗P ∗

1P
∗

2 are similar (see Fig-
ure 2 (b)). LetP3 be the orthogonal projection ofP1 onto the(n − 2)-hyperplane
Vij formed by the vertices{vl : 0 ≤ l ≤ n, l 6= i, j}. SinceXP1 is orthog-
onal toFj , XP1 is orthogonal toVij which is contained inFj . Thus, the plane
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formed by the pointsX,P1, P2 is orthogonal toVij . Similarly, the plane formed
by X,P2, P3 is orthogonal toVij . This implies that the pointsX,P1, P2, P3 are
in the same two-dimensional plane. Furthermore, sinceXP3 is orthogonal toVij

andXP1 is orthogonal toFj , ∠(Hij , Fj) = ∠(P1P3, XP3) = ∠(P1P2, XP2)
because the quadrilateralP2XP1P3 is cyclic (its vertices are on the same cir-
cle). A similar argument yields∠(H∗

ij , Fi) = ∠(X∗P ∗

1 , P
∗

1P
∗

3 ), whereP ∗

3 is
the projection ofP ∗

1 onto Vij . Since(Hij) and (H∗

ij) are isogonal conjugates,

∠(H∗

ij , Fi) = ∠(Hij , Fj), and so∠(X∗P ∗

1 , P
∗

1P
∗

2 ) = ∠(XP2, P1P2). The simi-
larity of the triangles now follows.

(ii) Since XP1

XP2
= X∗P2∗

X∗P1∗
and∠(XP1, XP2) = ∠(X∗P1, X∗P ∗

2 ), the triangles

XP1P2 andX∗P1∗P
∗

2 are similar. It follows that∠(Fj , Hij) = ∠(P1P3, P3X) =

∠(P1P2, P2X) = ∠(X∗P ∗

1 , P
∗

1P
∗

2 ) = ∠(X∗P ∗

3 , P3P ∗

2 ) = ∠(Fi, H
∗

ij), and soX∗

is in the isogonal conjugate of(Hij) �

(a) (b) V0
V2

V1V3 X P1P2 P1*P2* H01 H01*
V0

V2
V1V3 M01

M12M23
M03 M02 M13� � � � � � � �G3 P3

Figure 2. (a) All six median planes obtained from a side of the 3-simplex
v0v1v2v3 and the midpoint Mij of its opposite side are concurrent. (b) A repre-
sentation of the isogonal planes (H12) and (H∗

12), and the perpendicular lines
from X and X∗ to the facets v1v2v3 and v0v2v3, respectively.

Now we are ready to show the existence of the symmedian point of ann-simplex.

Theorem 3. Let (Hij) be the n(n+1)
2 (n − 1)-hyperplanes constructed by joining

a point X inside the simplex Sn to the vertices in Vij = {vl : 0 ≤ l ≤ n, l 6= i, j}.

Then the corresponding n(n+1)
2 isogonal conjugate hyperplanes (H∗

ij) intersect at
a point X∗ inside Sn.

Proof. Let X∗ be the intersection ofn isogonal conjugate hyperplanes(H∗

iljl
),

0 ≤ l ≤ n−1, il 6= jl. Let (Hikjk), k /∈ {0, 1, · · · , n−1} be a hyperplane passing
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throughX. Let (H∗

ikjk
) be the isogonal conjugate to(Hikjk) with respect to some

facetsF ∗

k andFk, say. It suffices to show thatX∗ ∈ (H∗

ikjk
). LetP1 andP2 be the

orthogonal projections fromX toFk andF ∗

k , and letP ∗

1 andP ∗

2 be the orthogonal
projections fromX∗ toFk andF ∗

k , respectively. In view of Lemma 2 (ii), we need

only showX∗P ∗

1

X∗P ∗

2

= XP2

XP1
. In fact, we have

X∗P ∗

1

X∗Q∗
=

XQ

XP1

and

X∗Q∗

X∗P ∗

2

=
XP2

XQ
,

whereQ andQ∗ are the orthogonal projections fromX, andX∗ onto a facetFq,
q ≤ l ≤ n− 1. Multiplying the two left-hand sides and the two right-hand sides of
the equalities yields

X∗P ∗

1

X∗P ∗

2

=
X∗P ∗

1

X∗Q∗
×

X∗Q∗

X∗P ∗

2

=
XQ

XP1
×

XP2

XQ

=
XP2

XP1
.

The desired now follows. Similar argument shows that all the other isogonalcon-
jugate hyperplanes pass throughX∗.�
In view of Lemmas 1 and 2, the following definition becomes well-defined.

Definition. The symmedian point of ann-simplex is the isogonal conjugate of the
intersection point of all its med-hyperplanes.

Now we briefly explore the relationship betweenthe barycentric coordinates of
a pointX and its isogonal conjugateX∗. Recall that in general, ifx0, · · · , xn
are the vertices of a simplexSn in an affine spaceA and if (a0 + · · · + an)X =
a0x0 + · · ·+ anxn and at least one of thea,is does not vanish, then we say that the
coefficients(a0 : · · · : an) arebarycentric coordinates of X, whereX ∈ A [11].
The barycentric coordinates are homogeneous:

(a0, · · · , an) = (µa0 : · · · : µan) µ 6= 0.

Analogous to the triangle case [2], and to the tetrahedron case [9], we have the
following property for ann-simplex. LetX be a point in thenth dimensional
Euclidean spaceEn. JoiningX to anyn vertices,n+1 n-simplexes(Hi), 0 ≤ i ≤
n can be constructed. LetX = (a0 : a2 : · · · : an) andX ′ = (a′0 : a

′

2 : · · · : a
′

n) be
the barycentric coordinates ofX andX∗, respectively, with respect toSn. Since
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the volumes of these simplexes are proportional to the barycentric coordinates of
X, using lemma 2, we obtain

a′0a0
(δH0)2

=
a′1a1

(δH1)2
= · · · =

a′nan
(δHn)2

= µ,

whereδHi denote the volume ofHi (its content). It follows that

X ′ = (a′0 : a
′

1 : · · · : a
′

n)

=

(
µ
(δH0)

2

a0
: µ

(δH1)
2

a1
: · · · : µ

(δHn)
2

an

)

=

(
(δH0)

2

a0
:
(δH1)

2

a1
: · · · :

(δHn)
2

an

)
. (2)

(2) gives an extension of isogonal conjugates to simplexes with a simple formula
in barycentric coordinates. Applying (2) to the centroid(1 : 1 : · · · : 1), we obtain

the symmedian point
(
(δH0)

2 : (δH1)
2 : · · · : (δHn)

2
)

.

3. Concurrency of the Symmedian Point and the Least Squares Point

The least squares point LSP of a given simplexSn is the point from which the
sum of the squares of the perpendicular distances to the facets ofSn is minimized.
We show that the symmedian point and the LSP ofSn are concurrent. We start
with the following lemma.

Lemma 4. For an n-simplex Sn, let Mij be the midpoint of vivj and MijP and
MijQ be the perpendicular line segments from Mij to Fi and Fj , respectively.
Then

MijQ

MijP
=

δ(Fi)

δ(Fj)
, (3)

where δ(Fk) represents the volume (or content) of Fk.

Proof. It is known (and easy to verify using a simple integral) that the volume of
Sn is 1

n! times the“heights” of vertices, taken in any linear sequence, above the sub-
space containing the previous vertices [12]. Precisely, the volumeδ(Sn) is given
by

δ(Sn) =
1

n!
hnhn−1 · · ·h1,

whereh1 is simply the distance between the first two vertices,h2 is the height of
the third vertex above the line containing those two vertices,h3 is the height of the
fourth vertex above the plane containing the first three vertices, and so on. Thus
δ(Mij ∪ Fj) = δ(Mij ∪ Fi), whereMij ∪ Fk is then-simplex constructed by
joining Mij to the vertices ofFk. Let vkH be the perpendicular fromvk to Fk,
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k 6= i, j. Then

1

n
MijQ× δ(Fj) = δ(Mij ∪ Fj)

= δ(Mij ∪ Fi)

=
1

n
MijP × δ(Fi).

This implies (3).�

We’re ready to prove the concurrency of the symmedian point and the LSPof Sn.

Theorem 5. The symmedian point K of Sn coincides with its LSP.

Proof. First, Lemma 2 (i) together with Lemma 4 imply

x0
δ(F0)

=
x1

δ(F1)
= · · · =

xn
δ(Fn)

, (4)

wherexi is the distance from the symmedian point toFi. If we denoteδ(Fi) by di,
then Lagrange’s identity yields

(
n∑

i=0

x2i

)(
n∑

i=0

d2i

)
−

(
n∑

i=0

xidi

)2

=
n−1∑

i=0

n∑

j=i+1

(dixj − djxi)
2 . (5)

Since thed,is are constant, and
∑n

i=0 xidi = nδ(Sn),
∑n

i=0 x
2
i is minimum if and

only if the right hand side of (5) is zero. This occurs only whenxidj = xjdi. In
view of (4), this occurs at the symmedian pointK, and so the symmedian point
coincides with the LSP.�

4. Concurrency of the Symmedian Point and the Centroid of the Correspond-
ing Pedaln-simplex

In this section we show that the symmedian point of ann-simplexSn coincides
with the centroid of the corresponding pedaln-simplexΠn.

Theorem 6. The symmedian point of an n-simplex Sn coincides with the centroid
of the corresponding pedal n-simplex Πn.

Proof. Let K be the symmedian point ofSn. Let the orthogonal projection from
K onto a facetFi intersectFi atπi. Let Ĉ be the centroid of the pedal simplexΠn

of K. It is well known thatĈ minimizes the sum of the squares of the distances to
the verticesπ0, π1, · · ·πn of Πn. Thus,

n∑

i=0

(Ĉπi)
2 ≤

n∑

i=0

(Xπi)
2 for any X ∈ Rn. (6)
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SupposeĈ 6= K. Let the orthogonal projections from̂C to the facetFi of Sn be
ci. SinceK is also the LSP ofSn

n∑

i=0

(Kπi)
2 <

n∑

i=0

(Ĉci)
2. (7)

Sinceci is the orthogonal projection from̂C ontoFi, Ĉci ≤ Ĉπi for eachi. So
using (6) withX = K, we have

n∑

i=0

(Ĉci)
2 ≤

n∑

i=0

(Ĉπi)
2 ≤

n∑

i=0

(Kπi)
2,

which contradicts (7). So we must havêC = K. �

Corollary 7. The symmedian point and hence the LSP of Sn belongs to its interior.

Summary. The symmedian point ofSn as defined above is a generalization of
the symmedian point for a tetrahedron defined in [9]. This definition differsfrom
the definition of the symmedian point of a tetrahedron given by Marr [7]. Marr’s
symmedian point of an equiharmonic tetrahedronABCD (that is,AD × BC =
AB×CD = AC ×BD) is defined as the point of intersection of the lines joining
the vertices to the symmedian points of the opposite faces. In [9], an example was
given to show that the two symmedian points are in fact different. Our general-
ization, however, has the advantage of being the same as the least squares point of
Sn, as is the case in any triangle. In addition, using a least squares solution tech-
nique, the location of the LSP, and hence the symmedian point, ofSn can be given
explicitly [6].
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