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Properties of a Pascal Points Circle in a Quadrilateral
with Perpendicular Diagonals

David Fraivert

Abstract. The theory of a convex quadrilateral and a circle that forms Pascal
points is a new topic in Euclidean geometry. The theory deals with the prapertie
of the Pascal points on the sides of a convex quadrilateral and with therties
of circles that form Pascal points.

In the present paper, we shall continue developing the theory, andhalle s
define the concept of the “Pascal points circle”.

We shall prove four theorems regarding the properties of the pointgest in
section of a Pascal points circle with a quadrilateral that has intersectipgrpe
dicular diagonals.

1. Introduction: General concepts and Fundamental Theorem othe theory
of a convex quadrilateral and a circle that forms Pascal points

First, we shall briefly survey the definitions of some essential conceyiteeof
theory of a convex quadrilateral and a circle that forms Pascal poirits siules,
and then we shall present this theory’s Fundamental Theorem[(sel2][2[83]).
The theory considers the situation in whidtlBC D is a convex quadrilateral for
which there exists a circle that satisfies the following two requirements:

(i) Circle w passes through poitt, the point of intersection of the diagonals,
and through point”, the point of intersection of the extensions of sides
BC andAD.

(i) Circle w intersects side®8C and AD at interior points (pointg/ and N,
respectively, in Figure 1).

The Fundamental Theorem of the theory holds in this case.

The Fundamental Theorem.

Let there be: a convex quadrilateral; a circle that intersects a pair ofagiie sides
of the quadrilateral, that passes through the point of intersection of ttemsjons
of these sides, and that passes through the point of intersection of thendia.

In addition, let there be four straight lines, each of which passes bothgfrehe
point of intersection of the circle with a side of the quadrilateral and throtigh
point of intersection of the circle with the extension of a diagonal.

Then there holds: the straight lines intersect at two points that are locatetie
other pair of opposite sides of the quadrilateral.

(In Figure 2, straight lineé andg intersect at poinf’ on sideAB, and straight
linesi andj intersect at poing) on sideC' D).

Publication Date: December 13, 2017. Communicating Editor: Paul Yiu.



510 D. Fraivert

Figure 1 Figure 2 Figure 3

The Fundamental Theorem is proven using the general Pascal'sefihgsee

[1D).

Definitions
Because the proof of the properties of the points of intersedtiamd( is based
on Pascal’s Theorem,

(I) points P and @ are termedPascal points on sidea B and C'D of the
quadrilaterat

(I) the circle that passes through points of intersectiband F' and through
two opposite sides is termedcircle that forms Pascal points on the sides
of the quadrilateral

We define a new concept: Pascal points circle.

(1) We shall call a circle whose diameter is segmétdp (see Figure 3) Ras-
cal points circle

2. Properties of a quadrilateral with perpendicular intersecting diagonals, a
circle that forms Pascal points, and a Pascal points circle.

Theorem 1.

Let ABCD be a quadrilateral with perpendicular diagonals in whidh is the
point of intersection of the diagonals arfdis the point of intersection of the ex-
tensions of the sideBC and AD; wgp is the circle whose diameter is segment
EF. Then,

(a) circle wgr forms Pascal points on sidesB andC D (see Figure 4)

there are an infinite number of circles that form Pascal points on siiBsand
CD;

(b) for every circle,w, that intersects side®C and AD at pointsM and N,
respectively, and forms Pascal poirtsand ) on sidesA B andC D, respectively,
there holds:
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the point of intersection]’, of the tangents to circle at pointsM and N is the
middle of segmen®().

Figure 4.

Proof.

(a) Let us show that circle g intersects sideBC and AD at internal points.

In circle wgpr, angle EM F equals90°. Therefore, in right triangle\ BC'E,
segment&’ M is an altitude to hypotenusBC', and hence it follows that the foot
of altitude F M (point M in Figure 4) is an interior point of sidBC'. Similarly,
we prove that poinfV (the base of the altitude to hypotenu4® in right triangle
AADE) is an internal point of sidel D.

Based on the fundamental theorem, since cikgle: intersects side®C and AD
at internal points, this circle necessarily forms Pascal points on didleandC'D.
Itis clear that if there is even one circle that passes through pbiated 7' and also
through internal points of sidg3C' and A D, then there must be an infinite number
of such circles. Therefore, in our case, there are an infinite numhzrobds that
pass through point8' and F' and through internal points of sidé&” and AD. All
these circles form Pascal points on sideB8 andC D.

(b) Let us employ the following property that holds true for a convex jlsdral

(whose diagonals are not necessarily perpendicular) and a circlihat forms
Pascal point$® and(@ on sidesAB andCD.

We denote:M and N are the intersection points of circle with sidesBC and

AD, respectively, and( and L are the intersection points of circle with the ex-
tensions of diagonal® D and AC, respectively{see Figure 5).

It thus holds that the four point®, @, T, and R (P and @ are the two Pascal
points, T is the point of intersection of the tangents to the circle at patand
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Figure 5 Figure 6

N, and R is the point of intersection of the tangents to the circle at pokitand

, . . T
L) constitute a harmonic quadruple, in other words, there ho% = % (see
[3, Theorem 1].)

In our case, the quadrilateral has perpendicular diagonals.
Therefore L K EL = 90° and segmenk L is a diameter ofo. Therefore, the tan-
gents to circlev at pointsK andL are parallel to each other (see Figure 6). In this

case, their point of intersectio®, is at infinity, and ratlo%j equalsl. Hence it

also holds tha% =1, orQT = TP. In other words, poinf’ is the middle of
segmentPQ. O

Theorem 2.

Let ABCD be a quadrilateral with perpendicular diagonals in whidh is the
point of intersection of the diagonals arfdis the point of intersection of the ex-
tensions of side®C and AD; w is a circle that passes through points and F’
and intersects sideBC and AD at pointsM and N, respectively;P and Q are
Pascal points formed using on sidesAB and C D, respectivelyp pq is a circle
whose diameter is segmeRt) (a Pascal points circle)T is the center of circle
opg (see Figure 7)

Then,

(a) SidesBC and AD each have at least one common point with cirgle,. In
other words:
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(1) Inthe case that the cent&®, of circlew does not belong to straight lines
BF and AF, circle opg intersects side®C and AD at two points each.
Two of these four points of intersection aveand M ; the other two points
are denoted a¥ and W (see Figure 7)
(2) When cente0 lies on straight lineBF, circle o pq is tangent to side&3C'
at point M. In this case, point” coincides with)/.
(3) When cente0 lies on straight lineAF, circle opg is tangent to sidel D
at point N. In this case, point} coincides with/V.
(b) PointsV, T', and W lie on the same straight line. This property holds even in
cases when poirit” coincides with poinf\/ or point W coincides with pointV.
(c) Circlesw ando pg are perpendicular to each other.

Figure 7.

Proof.

(a) We shall use the method of complex numbers in plane geometry. (Theé princ
ples of the method and a system of formulas that we use in the proofs afgpear
example, in[[6, pp. 154-181]; some isolated formulas may be found i8], [

Let us choose a system of coordinates such that cirdke the unit circle Q is

the origin, and the radius I FE = 1). In this system, the equation of circleis

z -z = 1, wherez is the complex coordinate of some poithat belongs to circle

w, andz is the conjugate of.

We denote the complex coordinates of poiftsL, M andN by &, [, m andn, re-
. . L — 1
spectively. These points are located on unit citgl¢herefore there holdsg: = —,

k
1= %,m: %,andﬁ: %
Point P is the point of intersection of straight lindsN and LM. Let us express
the complex coordinate d? (and its conjugate) using the coordinates of poits
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L, M, andN. We shall use the following formula:
Let A(a), B(b), C(c), and D(d) be four points on the unit circle, and I6l(s) be
the point of intersection of straight lineéB and C'D. Then the coordinate and
its conjugates satisfy:
__atb—c—d and _ bed + acd — abd — abe I
5T ab—cd 5= cd — ab @
In our case, segmet L is a diameter of circlev. Therefore,k = —[, and the
expressions fop andp are:
o n+k—m-—1 20+m —n 2mn +nl — ml
= = and p=———.
nk —ml l(m+n) m+n
Now, let us find complex coordinateof pointT" (which is the point of intersection
of the tangents to the unit circle at poidtsandN). We use the following formula:
LetS(s) be the point of intersection of the tangents to the unit circle at poliis

and B(b), which are located on the circle. Then coordinate s and its conjugate
satisfy:

2ab 2
= and s=——. II
5 a+b 5 a+b (1)
In our case, we obtain for coordinatand its conjugaté the following:
2 _ 2
t= mn and t= .
m-+n m-+n

PointT is the center of circle pg. Therefore, the equation of circterq is
(z—1t) (E — f) = T?TPQ,

whererUPQ is the radius of the circle, andis the complex coordinate of some

point Z that belongs to the circle.

Let us find the square of the radius of cirete. Point P lies on the circle,

therefore the following equality hold$p — ¢) (p — ¢) = T?,PQ

Let us substitute the expressions foandp in the left-hand side of the equality.

We obtain:

2mn—|—nl—ml_ 2mn 2l+m—n_ 2
m+n m+n I(m+n) m+n

_nl—ml m—-n__  [(m—-n 2
 m+n l(m+n) m+n/)

m —

In other words, there hold;%m = — <

cleopq is

2
n) . Therefore, the equation for cir-
m-+n

2mn _ 2 _ m-—-n 2
(z_m—i—n> (Z_m+n>__(m—|—n> ' (1)

Now let us find the equations of straight linBg' and A D and, subsequently, their
points of intersection with circlepg.
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We use the following formula of a straight line passing through two paoirits)
and B(b) belonging to the unit circle:

z+abz=a+0b. (III)

In accordance with this formula, the equation of straight IB¢€ (which passes
through pointsF'(f) and M (m) that belong to the unit circle) shall bet fmz =
f +m. Hence:

S 1 f+m

z+ . (2)
fm fm
We substitute the expression fofrom (2) into (1) and obtain:

2 1 2 —n\?
L 2mn _7Z+f+m_ 4 (m=n o,
m+n fm fm m+n m+n

_1z2+<f+m_ 2 2mn )z

fm fm m+n+fm(m—|-n)

2mn (f +m) dmn (m —n)?

o fm(mEn) T (m+n)? (m+n)?

This leads to the following quadratic equation:

=0.

(m+n)2®— (3mn— fm+ fn+m?) z+ fmn+2m°n— fm*=0. (3)

The solutions of this equation are:

B (3mn—fm+fn+m2)2
s fm+fn+m2i\/—4(m+n)(fmn+2m2n—fm2)

212 =

2(m +n)
B 3mn—fm+fn+m2:|:\/(m—n)Q(m+f)2
- 2(m+n) '

Equation (3) is a quadratic equation with complex coefficients.
It follows that if expressiorim — n)? (m + f)? does not equdl, then (3) will have
two solutions. In the present case it necessarily holdsithgt — f, and hence it
follows that pointsF' and M are not the ends of the diameter of cirale This
means that the cente, of the circle does not belong to straight lihéF' (the line
BF). In this case the two solutions of the equation are:

_3mn— fm+ fn+m?+ (m—n)(m+f)  2mn+2m?

“ 2(m+n) ~ 2(m+n) -

and

_3mn—fm+ fn+m?—(m—n)(m+f)  2mn— fm+ fn

B 2(m+n) B m+n '

It is clear that the first solution is the complex coordinate of pdift and the

second solution is the coordinate of another point that belongs to straigtidih
(denoted by).

<2
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In other words = 2 ;T}j n
Similarly, one can prove that in the case where the cefitesf circlew does not lie
on straight lineAF, circle o pg will intersect straight linedD at two points: 1) at
point NV, and 2) at some other point (designatedi@swhose complex coordinate
2mn — fn+ fm
m-+n '
If (m — n)2 (m + f)2 = 0 holds, then Equation (3) has a single solution. For two
different pointsM and NV located on unit circlev, there holdsn # n, therefore
necessarily there holda = — f. In other words, point$’ and M are the ends of
a diameter of circlev, and therefore centép of the circle belongs to straight line
BF.
In this case, the only solution of the equation is:
_3mn— fm+ fn+m® _ 3mn+m?—mn+m*  2mn+ 2m?
B 2(m+n) B 2(m+n) ~ 2(m+n)
In other words, in this case, linBF is tangent to circlerpg at point).
Similarly, we can prove that when the center,of w belongs to linedF, line AF
will be tangent to circlerpg at point/V.

can be expressed as=

(b) Let us prove that pointg, T', andW lie on the same straight line (see Figure
7).

We shall use the following formula, which gives the relation between thedéoor
nates of any three collinear point§a), B(b), andC'(c):

a(b—¢)+b(c—a)+c(a—b)=0. (IV)

According to this formula, point®, T', andW are collinear provided the following
equality holds:

v(t—w)+t(w—-v)+w(w—1t) =0. (4)
Let us first calculate the conjugates of coordinatesidw:
2 1 1
— 2mn — fm+ fn _ %_fim—i_fin _ 2f—n+m
m+n 1 + 1 f(m+n)
m n
and similarly
_ 2f—-m+n
w=————.
f(m+n)

We substitute the expressions fot, v, 7, w, andw into (4), to obtain:
2mn — fm+ fn 2 2f-m+n
m+n m+n  f(m+n)
2mn (2f—m+n B 2f—n—|—m>
m+n \ f(m+n) f(m+n)
2mn — fn+ fm (2f —n+m 2
+ — =0
m+n f(m+n) m+n
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After simplifying the left-hand side, we have:

2mn— fm+ fn  m-—n 2mn  2n —2m
m+n fm+n) m+n f(m+n)
9mmn, — _
n mn fn—i—fm' m-—n _o,
m+n f(m+n)
m-—n

W.(2mn—fm+fn—4mn+2mn—fn+fm):().
m+n

=0
We have thus obtaine@l= 0.

In other words, (IV) is satisfied, and therefore poilitsT’, and¥ must be on the
same straight line, and segmentV’ is a diameter of circle pg.

(c) In (a), we proved that circles andopg intersect at points\/ and N, and
thereforer, = OM andrUPQ =TM. Let us find the distanc&)T’, between the
centers of circlesy andopg:

m-+n m-+n (m+n)2'

Now we calculate the sunf, + 173, :

9 9 m—n\> (m+n)2—(m—n)2 4mn

(m+n) (m+n)

Therefore, the equatior}, + r?,PQ = OT? holds , and, specificallf) M?>+TM? =
OT? holds.
It thus follows that anglee OM T is a right angle, and therefore liie\ is tangent
to circleopg, and lineT'M is tangent tav.
We obtained that the tangents to ciraleando pq at the point of their intersection,
M, are perpendicular to each other.
Therefore the circles are perpendicular to each other. O

Conclusions from Theorem 2.

(1) We obtained that the two segmeiit§) andV' W are diameters of circlepg.
Therefore their lengths are equal, and they bisect each other (atffoinfollows
that quadrilateraPV QW is a rectangle (see Figure 8).

Note: RectanglePV QW (in which two opposite vertices are Pascal points) is
usually different from the rectangle inscribed in quadrilatet&C' D in such a
manner that its sides are parallel to diagomkdsand B D, which are perpendicular
to each other. (In Figure 8 rectang®eX'Y 7 is inscribed in the quadrilateral and
its sides are parallel to the diagonals of the quadrilateral.)

(2) For any quadrilaterald BC' D, with perpendicular diagonals and any cirelg,
that forms a pair of Pascal poinis and@); on sidesAB andC D, one can define
a rectangle that is inscribed in quadrilatesgBC D as follows:

We construct a Pascal points cirelg,, thatintersects sideBC andAD at points
V; andW; (in addition to pointsV; and M;). PointsP;, V;, Q;, andW; define a
rectangle inscribed in quadrilateralBC' D.
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Figure 8.

(3) Letw be a circle that passes through poiatand F', intersects side®C' and
AD at pointsM and N, respectively, and forms Pascal poiftsandQ on sides
AB andCD. T is the point of intersection of the tangents to cirelat pointsi/

andN.

In this case, the circle whose center is at pdirgnd whose radius is segmeinid/

is the Pascal points circlepg.

Explanation: In Theorem 1 we proved that the tangents to cireepointsM and
N intersect in the middle of segmeR (at pointT’). In Theorem 2 we proved
that Pascal points circlepg passes through poinfg’ and V.

Theorem 3.

Let ABCD be a quadrilateral with perpendicular diagonals in which is the
point of intersection of the diagonals arfdis the point of intersection of the ex-
tensions of side®C and AD; wgp is a circle whose diameter is segmdit’;
Circle wgr intersects side®&3C' and AD at pointsM, and Ny, respectively, and
forms Pascal point$’, and Qo on sidesAB andCD; op,q, is thePascal points
circle of points Py and Q. Then:

(a) Circle op,q, intersects the sides of quadrilaterdlBC' D at 8 points, as fol-
lows:

It intersects sided B at points Py and M1, side BC' at My and V;, sideCD at
points@Qy and N1, sideAD at Ny andWj. (In Figure 9, one can observe the fours
points of intersection mentioned in Theoren\,, My, Vg, andWy, and also two
additional points of intersectiod/; andVy).

(b) ChordsVy Ny, Wo My, QoM1, and Py N, of the circle intersect at poink'.
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Figure 9.

Proof.

The center(, of circlewgr does not belong to straight linésB and£"A. There-
fore, from Theorem 2, circlep, g, intersects each of the sidéX” and AD at two
points (at pointsM, andVj, and at pointsVy and W, respectively). Therefore,
it remains to be proven thatp, g, intersects each of the other two sides at two
points.

We will first prove one additional property that holds for the points of sder
tion of circle o p,g, with sidesBC and AD. We will show that chord$/,, N, and
Wo My both pass through poirit.

We choose a system of coordinates such that cisgle is the unit circle Q is the
origin and the radiug) E, equals 1).

From formula (IV) in the proof of Theorem 2, poini§, (n), E (e) andV; (v) are
collinear provided the following equality holds:

n(e—v)+e(w—n)+v(m—e) =0.

Fore, €, v, andv there holds:e = — f (because segmelitF’ is the diameter of
o 1 2 — 2f —
the unit circle)g = —— , v = " fm+ fn, andv — 2f—ntm
m+n f(m+n)

(see the

proof of Theorem 2).
We substitute these expressions in the left-hand side of the formula abwle, a
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obtain:

n(Ee—-o)+e(@—-n)+v(m@—e)
:n<12f—n+m> f(2f—n—|—m1>+2mn—fm+fn <1+1)

f f(m+n) f(m+n) n m+n nf
B _—2m—2f_f_fn—n2+mn—fm (2mn — fm+ fn) (f +n)
f(m+n) fn(m+n) fn(m+n)
0
~ fn(m+n)

=0.

In other words, the equality holds and therefore the poits £, and 1, are
collinear (see Figure 9).

Similarly, we also prove that point¥/, F, andW, are collinear.

To find the remaining two points of intersection, we follow the following path:
The first stage is to find two points that can be candidates for the intersegtion
circle op, g, With sidesAB andCD. The second stage is to prove that these two
points are really the points of intersection of cirelg g, with sidesAB andCD.

It is reasonable to assume that the property satisfied for the four poimiefec-
tion of circle op,q, with sidesBC and AD shall also hold for the four points of
intersection of circlerp,g, with sidesAB andCD. Therefore, at the first stage
we shall choose point&/; andV; to be our candidates, which are the intersection
points of lineAB with line Qg FE and lineC' D with line Py E, respectively.

At the second stage, we shall prove that the poifisand N; belong to circle

O PyQo-

Using formula (1) we obtain the equation of straight lide3.

The formula holds for three collinear pointa), B(b), andC(c). If we replace
the coordinate of poin€ by the coordinate of some poitt(z) that belongs to
straight lineA B, we obtain the equation A B:

a(b—z)+b(z—a)+z(@a—b) =0.
This can be put in the form:
a—b ab—ab
a—b" a—b "
Let us express the coordinates4fa) and B(b) (and their conjugates) using the
coordinates of point$’, £, K, L, M, andN, which lie on the unit circle. We shall
use the formulas (l) from the proof of Theorem 2.

In our case, segmentsy Ly andE F' are diameters of circlegr. Therefore, there
holds thatt = —{ ande = — f. The following expressions are therefore obtained:

Z =

(V)

a_2nl+fl—fn a_2f—&-n—l
N n+l  fn+D)
b_2ml—|—fl—|—fm B_2f+m+l

I—m ’ fm—=1)"
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We substitute these expressions into (V) to obtain:

2f+n—-1 2f+m+1

fln+tl)  f(m-1)
2nl+ fl—fn 2ml+ fl+ fm

zZ = z

n—+1 l—m
2nl+ fl—fn 2f4+m+1 2f+n—1 2mk+ fl+ fm
n+1 Cfm=0  f(n+l) l—m
2nl + fl— fn 2ml+ fl+ fm
n+I( B l—m

After simplifying, we obtain:
fm—fn—2fl—ml—nl
Fl(fm+ fnt2mn+ml—nl)~
2fnl + 2fml + 2f%1 + 2mnl — f?n + f?>m + nl?> — mi?
fl(fm+ fn+ 2mn+ ml — nl) '

Z =

(5)

Similarly, we can obtain the equation of lidgE': we replace the lettersandb in
q—e ge — qe

z+ :
qg—e qg—e

(V) with the letterse andq to obtain:z =

1
In our case there holdg:= — f ande = ——.

Point@ is the point of intersection of straight linds A\ andLN. In addition, in
our case there holds that= —!. Therefore, from the formulas (l) farandg, we

. . . 2mn + ml — nl 2l 4+n—m
obtain the following expressiong;= ———  andg = ————
m+n l(m+n)
We substitute these expressions in the equation of straighflifieand obtain:
2l—|—n—m+l 2mn + ml — nl <_1> 2l +n—m
_ Il(m+n) f m+n f l(m+n)
Z:2mn+ml—nl S 2mn + ml —nl '
— —
m—+n

m4n
and after simplifying:
2fl+ fn— fm+ml+nl
fl(2mn +ml —nl—|—fm—|—fn)z
2121+ f?n — f2m — 2mnl — mi? + ni? 6
+ fl@mn+ml—nl+ fm+ fn) ©)
By equating the right-hand sides of (5) and (6), we obtain an expref&sicom-
plex coordinate:,,, of the intersection point of straight linesB andQE:
B B ?n — f2m —2lmn — fml — fnl
! we d;note = fm — fn — 2fl —ml—nl
ml —nl —2f% — fm — fn
f(nl—ml—2mn— fm— fn)
We now prove that poind/; belongs to circlerp, g, .
From formula (1) in the proof of Theorem 2, the equation of ciectgy, is:

Zz =

ZM

The expression for the conjugateraf is: 7, =
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(o) (o) = ()
Z P Z —_— = — .
m-+n m-+n m-+n
Let us substitute the expressions fag and7; in the equation of the circle. We
obtain:

f?n — f2m —2lmn — fml — fnl 2mn

( fm—fn—2fl—ml—nl _m—i—n)

x( ml—nl —2f%— fm — fn 2 >
f

(nl —ml —2mn — fm— fn) m+n

2
_ m-—-n
N (m + n>
Let us check if this equality is a true statement.

Observe the left-hand side of the equality. After adding fractions andctioide
similar terms, we obtain:

fn? — fm? —Im? — In? + 2mnl — 2m>n — 2mn?
(fm— fn—2f1l—ml—nl)(m+n)
Im? —In? — fm? — fn? + 2fmn — 2fnl + 2fml
(nl —ml —2mn — fm — fn) (m+n)

After factoring the expressions in the numerators, we obtain:

(n—m)(fm+ fn—nl+ml+2mn) (m—n)(ml+nl— fm+ fn+2f1)

(fm—fn—2fl—ml—nl)(m+n) (nl—ml—2mn— fm— fn)(m+n)
_—(m—n)2(—fm—fn+nl—ml—2mn)(—ml—nl+fm—fn—2fl)
 (fm— fn—2fl—ml—nl) (nl —ml —2mn — fm— fn) (m+ n)?

_ m-—-n 2

B (m + n) '

We have obtained an identical expression on both sides of the equalityefdiee

the last equality is a true statement, and therefore pdinbelongs to circlerp, g, -

Since point); belongs to lined B, it follows that circles p,q, intersects straight

line AB at pointM;.

Similarly, we can prove that circlep,q, intersects straight lin€’D at point./V;.

In summary, we have shown that the four chovgd/y, Wy My, QoM;, and Py Ny

of circleop, g, pass through point, which is, therefore, their point of intersection.
O

Conclusions from Theorems 1-3.

In proving Theorems 1-3 we considered a quadrilateral whose twos@ipgides,
BC and AD, are not parallel, and we did not require any additional conditions
concerning the remaining opposite sides.

In the case that sided B and C'D also intersect (we denote the point of their
intersection by&), there will be circles that pass through poift&ndG and form
Pascal points on siddsC andAD. In this case, for these circles Theorems similar
to Theorems 1-3 shall hold (the proofs of these theorems are similar to tbs pro
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of Theorems 1-3).
According to these theorems, the circle whose diameter is sedgiieiive denote
it by v g satisfies the following properties:

() The circley e forms Pascal points on sidésC and AD (for now we
denote these points by andQ, respectively).

(b) The circley g and the circle whose diameter is segmBr@ are perpen-
dicular to each other, and they intersect at the points at which airgte
intersects sidesl B andC'D (for now we denote these points By and
N, respectively).

(c) The circle whose diameter is segméhf) intersects sided B andC D at
pointsV andW (in addition to pointsM and N). The four pointsP, V/,
Q, andV define a rectangle inscribed in quadrilateddbC D.

Theorem 4.

Let ABCD be a quadrilateral with perpendicular diagonals in whidh is the
point of intersection of the diagonalg,is the point of intersection of the extensions
of sidesBC' and AD, and( is the point of intersection of the extensions of the sides
AB andCD; wgr is a circle whose diameter is segménf’ which forms Pascal
points Fy and @y on sidesAB and C' D, respectivelypp,g, is thePascal points
circle of points Py and Qg, which intersects the sides of quadrilaterdABC D at
the following eight pointsFy, Qq, My, No, Vo, Wy, M1, and Ny (see Theorem 3)
1¥gq IS the circle whose diameter is segméi. Then:

(a) The circley g intersects sided B andC' D at pointsM; and V1, respectively.
(b) Circlesy g andop,q, are perpendicular to each other.

(c) PointsV; and W), are the Pascal points formed by cirale;¢ on sidesBC' and
AD, respectively.

(d) The angle between diameteks” and EG of circleswgr and ¢ ¢ is equal

to one of the two angles between diametg§g), and VW, of circle op, g, (in
Figure 10, there holds{ FEG = £VHEQy).

Proof.

(a) Incircleop,q,, inscribed angled Py M7 Qo rests on diametefyQo. It therefore
holds that< Py M1 Qo = 90°, and therefore alsg EM;G = 90°. Hence it follows
that pointM; belongs to the circle whose diametelrig; (circle ¢ gq).

Similarly, £ PyN1Qq = 90°. Therefore EN1G = 90° and thereforeéV; € ¢¥gg.

(b) Inscribed angles’ PyN1 M7 and £ PyQQo M rest on the same arm, in
circleop,g, (see Figure 11). ThereforePyQo M = LPyN1M;.

In addition, for angle<T'QyM; (which is another name for the angh® Qo M)
there holds£TQoM; = £T M1Qy (because they are the base angles of isosceles
triangleT’QoM;). Therefore:

ATM:Qo = £PyNi M. @)

Similarly, in circley g there holds that EN, M, = L EGM;, and alsac O GM;
= LO1M;G. Therefore:

LO1MiG = LENy M;. (8)
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Figure 10.

Since angles( PyN1 M7 and £ EN1 M, which appear in the right-hand side of
equalities (7) and (8), are the same angle, therefdrd/,Qy = £O1 M1 G.
Now, consider anglegT M7 0O :

ATMO1 = £TMQo + £QoM101
= LTM Qo+ (KQoMlG — KOlMlG)
= LTM Qo+ 90° — LO1 MG
= 90°.

We obtained thakT M,0, = 90°, and therefore\/; T is tangent to circle)p¢,
andM; O, is tangent to circlerp,,. Hence it follows that circles p g, andy eq
are perpendicular to each other.

(c) Circlesop,q, andy g intersect at an additional poin;. Therefore the tan-
gent to circley g at pointN; also passes through the centéyof circleop,q,.

We obtained that the tangents to cirglgs at pointsi; and N intersect at point

T. PointsM; and N, are the points of intersection of circlez with sidesAB

and CD. Therefore, from Conclusion 3 of Theorem 2, we have that the circle
whose center is poirif’ and whose radius is segmenifV/; is the Pascal points
circle of the points formed by circlé g on sidesAB andCD.

On the other hand, in Theorem 3, we have proven that Pascal poiresd«ite),
passes through poinfg; and Ny, and its center is at poiri.

Therefore thePascal points circleof the points formed by circle g is circle

OPyQo-
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D Qo Ny c

Figure 11.

In Theorem 3 we saw that circter, g, intersects sidésC' at pointsi/, andV; and
also intersects sidd D at pointsNy andWW.

Of the four chords that connect a point on siB€' with a point on sideAD
(MW, NoVy, MoNy, and VyWy), only VoW, passes througli’, the center of
the circleop,g,. In other words, only, W, is a diameter of circle p, ¢, .
Therefore pointd[, andW,, are Pascal points formed by ciralg; on sidesBC
andAD.

(d) Let us prove that straight linE F is perpendicular to diamet&g V.

From Theorem 3, we have that segméitigh, and V(N pass through poink.
In circle op,q,, angles< Wy MyVy and £V NoW) are inscribed angles resting on
diameterly, W, (see Figure 10). Therefore, they are right angles.

We obtained that segmenigy M and V,Ny in triangle FV, W, are altitudes to
sidesF'Vy and FW,, respectively, and that is their point of intersection. It fol-
lows that straight ling”" EZ contains the third altitude (the altitude to sid&g ;) of
triangle F'Vu Wy, and thereforéZ F' L Vo Wy,.

Similarly, one can prove thafG 1 PyQ.

In summary, segment&' ' and EG are perpendicular to diametebg W, and
PyQo, respectively, of circlerp,g,, and therefore anglg FFEG is equal to one
of the angles between diametéfglV, and PyQp. O

Conclusion from Theorems 2-4.
In a quadrilateral ABC D, in which diagonals are perpendicular and intersect at
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Figure 12.

point E, and the extensions of the opposite sides intersect at pbiated G, there
holds: the Pascal points formed by circlegr and ¢ go are the vertices of a
rectangle inscribed in the quadrilateral (see Figure 12).
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