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The Simson cubic

Jean-Pierre Ehrmann and Bernard Gibert

Abstract. The Simson cubic is the locus of the trilinear poles of the Simson
lines. There exists a conic such that a pdiitlies on the Simson cubic if and
only if the line joining M to its isotomic conjugate is tangent to this conic. We
also characterize cubics which admit pivotal conics for a given isoconjugation.

1. Introduction

Antreas P. Hatzipolakis [2] has raised the question of the locus of points for
which the triangle bounded by the pedal cevians is perspective. More precisely,
given triangleABC, let A;p) B|p)C|p| be the pedal triangle of a poidt, and con-
sider the intersection points

Q. = BB[P] N CC[p}, Qp = CC[P] N AA[p}, Q. = AA[P] N BB[p}

We seek the locus aP for which the triangled), Q, Q. is perspective with BC'.
See Figure 1. This is the union of

(1a) the Darboux cubic consisting of points whose pedal triangles are Cevian,
(1b) the circumcircle together with the line at infinity.

The loci of the perspector in these cases are respectively

(2a) the Lucas cubic consisting of points whose cevian triangles are pedal,
(2b) a cubic related to the Simson lines.

We give an illustration of the Darboux and Lucas cubics in the Appendix. Our
main interest is in the singular case (2b) related to the Simson lines of points on
the circumcircle. The curve in (2b) above is indeed the locus of the tripoldise
Simson lines. LefP be a point on the circumcircle, an@P) = (u : v : w) the
tripole of its Simson lines(P). This means that the perpendicular to the sidelines
at the points

U=0:v:-w), V=(-u:0:w), W=(u:-v:0) (1)
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This is the isogonal cubic with pivot the de Longchamps point, the reflection of the orthocenter
in the circumcenter. A poinP lies on this cubic if and only if its the line joining to its isogonal
conjugate contains the de Longchamps point.

2This is the isotomic cubic with pivd{H), the isotomic conjugate of the orthocenter. A pait
lies on this cubic if and only if its the line joining to its isotomic conjugate contains the pai{f).

3We use the term tripole as a short form of trilinear pole.
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Figure 1

are concurrent (aP on the circumcircle). In the notations of John H. Conay,
the equations of these perpendiculars are

(Spv+ Scw)xr  + a’vy + a’wz = 0,
blux + (Scw+ Sau)y + bwz = 0,
Aux + vy + (Sau+ Spv)z = 0.

Elimination of z, y, z leads to the cubic

£ Sau(v? +w?) + Spv(w? +u?) + Scw(u? +v?) — (a® + b* + *)uvw = 0.
This is clearly a self-isotomic cubic.e., a pointP lies on the cubic if and only if
its isotomic conjugate does. We shall c&ithe Smson cubic of triangle ABC.

2. A parametrization of the Simson cubic

It is easy to find a rational parametrization of the Simson cubic.Ale¢ a point
on the circumcircle. Regarded as the isogonal conjugate of the infinite point of a

4For a triangleA BC' with side lengths, b, ¢, denote

1 1 1
5(62—&—02—(12), .5’1325(02—&—(12—172)7 Sc = §(a2—|—bg—02).
These satisfy a number of basic relations. We shall, however, only need the obvious relations

SB+Sc=a2, Sc-‘rSA:bQ, SA+SB:CQ~

Sa =
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line px + qy + rz = 0, the pointP has homogeneous barycentric coordinates

<a2 ‘ b2 ‘ c2>
g—r r—p p—q)

The pedals ofP on the side lines are the points V, W in (1) with

1
u = —(—a2p+ch+SBr),
q—T
1
v = ——(Scp—b2q+ Sur),
r—p
1
w = ——(Spp+ Saq—c*r). (2)
pP—q

This means that the tripole of the Simson Is(E) of P is the pointt(P) = (u :

v : w). The system (2) therefore gives a rational parametrization of the Simson
cubic. It also shows tha has a singularity, which is easily seen to be an isolated
singularity at the centroid.

3. Pivotal conic of the Simson cubic

We have already noted th&tis a self-isotomic cubic. In fact, the isotomic
conjugate of(P) is the pointt(P'), whereP’ is the antipode of” (with respect to
the circumcircle)®

Itis well known that the Simson lines of antipodal points intersect (orthogonally)
on the nine-point circle. As this intersection moves on the nine-point circle, the
line joining the tripolest(P), t(P') of the orthogonal Simson linex P), s(F)
envelopes the conié dual to the nine-point circle. This conic has equafion

Z (b? — )22 — 2% + Pa® + d®b? — at)yz = 0,

cyclic
and is the inscribed ellipse in the anticomplementary triangle with center the sym-
median point of triangleABC, K = (a® : b* : ¢%). The Simson cubi€ can
therefore be regarded as an isotomic cubic with the ellipas pivot. See Figure
2.

Proposition 1. The pivotal conic C is tritangent to the Smson cubic £ at the
tripoles of the Smson lines of the isogonal conjugates of the infinite points of the
Morley sides.

SIf Pis an infinite point, its pedals are the infinite points of the side lines. The trigpgig, Q.
in question is the anticomplementary triangle, and has perspector at the céntroid
5The antipode ofP has coordinates

2 2 2
a b c
(fa2p+ch+SBr " Scp —b2q+ Sar SBerSAqchr) '

The equation of the nine-point circle Ecychc Saz? — a®yz = 0. We represent this by a
symmetric matrixA. The dual conic is then represented by the adjoint matriA.of
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Figure 2

Proof. SinceC is the dual of the nine-point circle, the following statements are
equivalent:

(1) t(P) liesonC N E.

(2) s(P) is tangent to the nine-point circle.

(3) s(P) passes through the nine-point center.

Thus,C and& are tangent at the three poiritd”) for which the Simson lines
S(P) pass through the nine-point center. Af @, R are the isogonal conjugates
of the infinite points of the side lines of the Morley triangle, thB®R is an
equilateral triangle and the Simson line&P), s(Q), s(R) are perpendicular to
QR, RP, PQ respectively. See [1]. Lell be the orthocenter of trianglé BC,
and consider the midpoinfd, @1, R, of HP, HQ, HR. Sinces(P), s(Q), s(R)
pass through?, 1, Ry respectively, these Simson lines are the altitudes of the
triangle P,Q1R;. As this triangle is equilateral and inscribed in the nine-point
circle, the Simson lines(P), s(Q), s(R) pass through the nine-point center[]

Remarks. (1) The trianglePQR is called the circum-tangential triangle diBC
in [3].
(2) The ellipseC intersects the Steiner circum - ellipse at the four points

(L.l.l) (L 1.71)
b—c " c—a " a=b’’ b—c " c+a " atb/)?
i
(f_l.L.L) (L.f_l._)
b+c " c—a ° a+b/’ b+c " ct+a " a—b/"

These points are the perspectors of the four inscribed parabolas tangent respectively
to the tripolars of the incenter and of the excenters. In Figure 3, we illustrate the
parabolas for the incenter and tBeexcenter. The foci are the isogonal conjugates

of the infinite points of the linetax + by + ¢z = 0, and the directrices are the
corresponding lines of reflections of the foci in the side lines of trianghkC'.
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Figure 3

4. Intersection of £ with alinetangent toC

Consider again the Simson line Bfand P’ intersecting orthogonally at a point
N on the nine-point circle. There is a third poift on the circumcircle whose
Simson lines(Q) passes through.

e () is the intersection of the linél N with the circumcircle,H being the
orthocenter.
e The linet(P)t(P’) intersects again the cubic®&t)).
e The tangent lines &(P) andt(P’) to the cubic intersect a{@) on the
cubic.
If the linet(P)t(P’) touche< at S, then

(i) S andt(’) are harmonic conjugates with respect(t8) andt(F);

(i) the isotomic conjugate of is the tripole of the line tangent dY to the
nine-point circle.

See Figure 4.

Figure 4
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5. Circumcubic invariant under a quadratic transfor mation

Let £ be a circumcubic invariant under a quadratic transformatidefined by

T@:yw)=<3492ff>.

T Y Z
The fixed points ofr are the point{+f : +g : £h), which form a harmonic
quadruple.

Consider a circumcubi€ invariant underr. Denote byU, V, W the “third”
intersections of with the side lines. Then, eithéf, V, W lie on same line or
UVW is perspective witd BC.

The latter case is easier to describe UIW'W is perspective withABC at P,
then¢ is ther—cubic with pivot P, i.e.,, a pointQ lies on& if and only if the line
joining @ and7(Q) passes throughk.

On the other hand, it/, V, W are collinear, their coordinates can be written
as in (1) for appropriate choice af v, w, so that the line containing them is the
tripolar of the point(u : v : w). In this case, then the equation&fs

Z fPyz(wy + vz) + teyz =0
cyclic
for somet.
(a) If £ contains exactly one of the fixed poinis= (f : g : h), then

t = —2(ghu + hfv+ fgw).
In this casef has a singularity af’. If M = (x : y : z) in barycentric coordinates
with respect toABC, then with respect to the precevian trianglefofthe three
other invariant points), the tangential coordinates of the line joidihdo (M)
are

(p-q-r)—< 92— hy . he — fz . fy—gx >
o (g+h—flgz+hy)  (h+f—g)ha+fz) (f+g—h)(fy+gz))’

As the equation of can be rewritten as

@+@+@:Q
p q T
where
) f(hw + gw) g(fw + hu) . h(gu + fv)
o= —"7—+ = — - = — - ‘7

gth—f T hrf—g T Frg-h’
it follows that the lineM (M ) envelopes a conic inscribed in the precevian triangle
of F.

Conversely, ifC is a conic inscribed in the precevian trianglé B¥'CF', the
locus of M such as the lind/ (M) touche<C is atT—cubic with a singularity at
F. The tangent lines t6 at I are the tangent lines t© passing througtP.

Note that if 7' lies onC, andT the tangent t@ at P, then& degenerates into the
union of T"andT™.

(b) If £ passes through two fixed poinksand, A", then it degenerates into the
union of F A" and a conic.
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(c) If the cubic& contains none of the fixed points, each of the six lines joining
two of these fixed points contains, apart from a vertex of triangh&, a pair of
points of £ conjugate under. In this case, the lined/r(M) cannot envelope
a conic, because this conic should be tangent to the six lines, which is clearly
impossible.

We close with a summary of the results above.

Proposition 2. Let £ be a circumcubic and 7 a quadratic transformation of the
form
(z:y:2) = (fPyz: g?za : Kiay).

The following statements are equivalent.

(2) € isT—invariant with pivot a conic.

(2) &€ passes through one and only one fixed points of 7, has a singularity at this
point, and the third intersections of £ with the side lineslieon aline /.

In this case, if £ contains the fixed point ' = (f : g : h), and if £ isthe tripolar
of the point (v : v : w), then the equation of £ is

—2(ghu + hfv + fgw)zyz + Z ux(h®y? + ¢?2%) = 0. 3
cyclic
The pivotal conic isinscribed in the precevian triangle of F' and has equatior?
Z (gw — hw)*z? — 2(ghu® + 3fu(hv + gw) + fPow)yz = 0.
cyclic
Appendix

Proposition 3. Let ¢ be the tripolar of the point (v : v : w), intersecting the
sidelines of triangle ABC' at U, V', W with coordinates given by (1), and F' =
(f : g : h) apoint not on ¢ nor the side lines of the reference triangle. The locus of
M for which the three intersections AM N FU, BM N FV and CM N FW are
collinear isthe cubic £ defined by (3) above.

Proof. These intersections are the points

AMNFU = (f(wy+vz): (hv+gw)y: (hv+ gw)z),
BMNFV = ((fwu+hu)z:g(uz+wz): (fw+ hu)z),
CMNFW = ((gu+ fv)z: (gu+ fo)y: h(ve + uy)).

The corresponding determinant(ifvw + gwu+ huv) R whereR is the expression

on the left hand side of (3). O
The Simson cubic is the particular caBe= G, the centroid, and the line
Ly
Sa 5y e

which is the tripolar of the isotomic conjugate of the orthoceitfer

8The center of this conic is the poifif (v+w—u) +u(g+h— f) : glw+u—v)+v(h+f—g):
h(u+v—w)+w(f+g—h).
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Darboux

Figure 5. The Darboux and Lucas cubics
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