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The Isogonal Tripolar Conic

Cyril F. Parry

Abstract. In trilinear coordinates with respect to a given triangleABC, we
define the isogonal tripolar of a pointP (p, q, r) to be the linep: pα+qβ+rγ =
0. We construct a unique conicΦ, called the isogonal tripolar conic, with respect
to which p is the polar ofP for all P . Although the conic is imaginary, it has
a real center and real axes coinciding with the center and axes of the real orthic
inconic. SinceABC is self-conjugate with respect toΦ, the imaginary conic is
harmonically related to every circumconic and inconic ofABC. In particular,Φ
is the reciprocal conic of the circumcircle and Steiner’s inscribed ellipse. We also
construct an analogous isotomic tripolar conicΨ by working with barycentric
coordinates.

1. Trilinear coordinates

For any pointP in the planeABC, we can locate the right projections ofP
on the sides of triangleABC atP1, P2, P3 and measure the distancesPP1, PP2

andPP3. If the distances are directed, i.e., measured positively in the direction of

each vertex to the opposite side, we can identify the distancesα =
−→
PP1, β =

−→
PP2,

γ =
−→
PP3 (Figure 1) such that

aα+ bβ + cγ = 2�
wherea, b, c, � are the side lengths and area of triangleABC. This areal equation
for all positions ofP means that the ratio of the distances is sufficient to define the
trilinear coordinates of P (α, β, γ) where

α : β : γ = α : β : γ.

For example, if we consider the coordinates of the vertexA, the incenterI, and
the first excenterI1, we have absoluteαβγ−coordinates :A(h1, 0, 0), I(r, r, r),
I1(−r1, r1, r1), whereh1, r, r1 are respectively the altitude fromA, the inradius
and the first exradius of triangleABC. It follows that the trilinearαβγ−coordinates
in their simplest form areA(1, 0, 0), I(1, 1, 1), I1(−1, 1, 1). Let R be the cir-
cumradius, andh1, h2, h3 the altitudes, so thatah1 = bh2 = ch3 = 2�. The
absolute coordinates of the circumcenterO, the orthocenterH, and the median
point 1 G areO(R cosA, R cosB, R cosC), H(2R cosB cosC, 2R cosC cosA,
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2R cosA cosB), andG(h1
3 ,

h2
3 ,

h3
3 ), giving trilinear coordinates:O(cosA, cosB,

cosC),H(secA, secB, secC), andG(1
a ,

1
b ,

1
c ).

2. Isogonal conjugate

For any position ofP we can define its isogonal conjugateQ such that the
directed angles(AC,AQ) = (AP,AB) = θ1, (BA,BP ) = (BQ,BC) = θ2,
(CB,CP ) = (CQ,CA) = θ3 as shown in Figure 1. If the absolute coordinates

of Q areα′ =
−→
QQ1, β′ =

−→
QQ2, γ′ =

−→
QQ3, then

PP2

PP3
=
AP sin(A− θ1)
AP sin θ1

and
QQ2

QQ3
=

AQ sin θ1
AQ sin(A− θ1)

so that thatPP2 ·QQ2 = PP3 ·QQ3, implying ββ′ = γγ′. Similarly,αα′ = ββ′

andγγ′ = αα′, so thatαα′ = ββ′ = γγ′. Consequently,αα′ = ββ′ = γγ′.
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Figure 1

Hence,Q is the triangular inverse ofP ; i.e., if P has coordinates(α, β, γ), then
its isogonal conjugateQ has coordinates(1

α ,
1
β ,

1
γ ). It will be convenient to use

the notationP̂ for the isogonal conjugate ofP . We can immediately note that
O(cosA, cosB, cosC) andH(secA, secB, secC) are isogonal conjugates. On
the other hand, the symmedian pointK, being the isogonal conjugate ofG(1a ,

1
b ,

1
c ),

has coordinatesK(a, b, c), i.e., the distances fromK to the sides of triangleABC
are proportional to the side lengths ofABC.

3. Tripolar

We can now define theline coordinates (l,m, n) of a given line� in the plane
ABC, such that any pointP with coordinates(α, β, γ) lying on � must satisfy the
linear equationlα + mβ + nγ = 0. In particular, the side linesBC, CA, AB
have line coordinates (1,0,0), (0,1,0), (0,0,1), with equationsα = 0, β = 0, γ = 0
respectively.

A specific line that may be defined is the harmonic or trilinear polar ofQ with
respect toABC, which will be called thetripolar of Q.

In Figure 2,L′M ′N ′ is the tripolar ofQ, whereLMN is the diagonal triangle
of the quadrangleABCQ; andL′M ′N ′ is the axis of perspective of the triangles
ABC andLMN . Any line throughQ meeting two sides ofABC at U , V and



Isogonal tripolar conic 35

meetingL′M ′N ′ atW creates an harmonic range(UV ;QW ). To find the line
coordinates ofL′M ′N ′ whenQ has coordinates(p′, q′, r′), we noteL = AQ ∩
BC has coordinates(0, q′, r′), sinceLL2

LL3
= QQ2

QQ3
. Similarly forM(p′, 0, r′) and

N(p′, q′, 0). Hence the equation of the lineMN is

α

p′
=
β

q′
+
γ

r′
(1)

since the equation is satisfied when the coordinates ofM orN are substituted for
α, β, γ in (1). So the coordinates ofL′ =MN ∩BC areL′(0, q′,−r′). Similarly
forM ′(p′, 0,−r′) andN ′(p′,−q′, 0), leading to the equation of the lineL′M ′N ′:

α

p′
+
β

q′
+
γ

r′
= 0. (2)
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Now from the previous analysis, ifP (p, q, r) andQ(p′, q′, r′) are isogonal con-
jugates thenpp′ = qq′ = rr′ so that from (2) the equation of the lineL′M ′N ′ is
pα+ qβ + rγ = 0. In other words, the line coordinates of the tripolar ofQ are the
trilinear coordinates ofP . We can then define theisogonal tripolar of P (p, q, r)
as the lineL′M ′N ′ with equationpα+ qβ + rγ = 0.

For example, for the verticesA(1, 0, 0), B(0, 1, 0), C(0, 0, 1), the isogonal
tripolars are the corresponding sidesBC (α = 0), CA (β = 0), AB (γ = 0). For
the notable pointsO(cosA, cosB, cosC), I(1, 1, 1), G(1

a ,
1
b ,

1
c ), andK(a, b, c),

the corresponding isogonal tripolars are

o : α cosA+ β cosB + γ cosC = 0,
i : α+ β + γ = 0,

g :
α

a
+
β

b
+
γ

c
= 0,

k : aα+ bβ + cγ = 0.

Here,o, i, g, k are respectively the orthic axis, the anti-orthic axis, Lemoine’s line,
and the line at infinity, i.e., the tripolars ofH, I,K, andG. Clark Kimberling has
assembled a catalogue of notable points and notable lines with their coordinates in
a contemporary publication [3].
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4. The isogonal tripolar conic Φ

Now consider a pointP2(p2, q2, r2) on the isogonal tripolar ofP1(p1, q1, r1),
i.e., the line

p1 : p1α+ q1β + r1γ = 0.

ObviouslyP1 lies on the isogonal tripolar ofP2 since the equalityp1p2 + q1q2 +
r1r2 = 0 is the condition for both incidences. Furthermore, the lineP1P2 has
equation

(q1r2 − q2r1)α+ (r1p2 − r2p1)β + (p1q2 − p2q1)γ = 0,

while the pointp1 ∩ p2 has coordinates(q1r2 − q2r1, r1p2 − r2p1, p1q2 − p2q1).
It follows that t = P1P2 is the isogonal tripolar ofT = p1 ∩ p2. These isogo-
nal tripolars immediately suggest the classical polar reciprocal relationships of a
geometrical conic. In fact, the triangleP1P2T has the analogous properties of a
self-conjugate triangle with respect to a conic, since each side of triangleP1P2T
is the isogonal tripolar of the opposite vertex. This means that a significant conic
could be drawn self-polar to triangleP1P2T . But an infinite number of conics
can be drawn self-polar to a given triangle; and a further point with its polar are
required to identify a unique conic [5]. We can select an arbitrary pointP3 with
its isogonal tripolarp3 for this purpose. Now the equation to the general conic in
trilinear coordinates is [4]

S : lα2 +mβ2 + nγ2 + 2fβγ + 2gγα + 2hαβ = 0

and the polar ofP1(p1, q1, r1) with respect toS is

s1 : (lp1 + hq1 + gr1)α+ (hp1 +mq1 + fr1)β + (gp1 + fq1 + nr1)γ = 0.

By definition we propose that fori = 1, 2, 3, the linespi andsi coincide, so that
the line coordinates ofpi andsi must be proportional; i.e.,

lpi + hqi + gri
pi

=
hpi +mqi + fri

qi
=
gpi + fqi + nri

ri
.

Solving these three sets of simultaneous equations, after some manipulation we
find thatl = m = n andf = g = h = 0, so that the equation of the required conic
is α2 + β2 + γ2 = 0. This we designate theisogonal tripolar conic Φ.

From the analysisΦ is the unique conic which reciprocates the pointsP1, P2,
P3 to the linesp1, p2, p3. But any set of pointsPi, Pj , Pk with the corresponding
isogonal tripolarspi, pj, pk could have been chosen, leading to the same equation
for the reciprocal conic. We conclude thatthe isogonal tripolar of any point P
in the plane ABC is the polar of P with respect to Φ. Any trianglePiPjTk with
Tk = pi ∩ pj is self-conjugate with respect toΦ. In particular, the basic triangle
ABC is self-conjugate with respect toΦ, since each side is the isogonal tripolar of
its opposite vertex.

From the form of the equationα2 + β2 + γ2 = 0, the isogonal tripolar conic
Φ is obviously an imaginary conic. So the conic exists on the complex projective
plane. However, it will be shown that the imaginary conic has a real center and real
axes; and thatΦ is the reciprocal conic of a pair of notable real conics.
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5. The center of Φ

To find the center ofΦ, we recall that the polar of the center of a conic with
respect to that conic is the line at infinty�∞ which we have already identified as
k : aα+ bβ+ cγ = 0, the isogonal tripolar of the symmedian pointK(a, b, c). So
the center ofΦ and the center of its director circle are situated atK. From Gaskin’s
Theorem, the director circle of a conic is orthogonal to the circumcircle of every
self-conjugate triangle. Choosing the basic triangleABC as the self-conjugate
triangle with circumcenterO and circumradiusR, we haveρ2 + R2 = OK2,
whereρ is the director radius ofΦ. But it is known [2] thatR2 − OK2 = 3µ2,

whereµ =
abc

a2 + b2 + c2
is the radius of the cosine circle ofABC. From this,

ρ = i
√

3µ = i
√

3 · abc

a2 + b2 + c2
.

6. Some lemmas

To locate the axes ofΦ, some preliminary results are required which can be
found in the literature [1] or obtained by analysis.

Lemma 1. If a diameter of the circumcircle of ABC meets the circumcircle at X,
Y , then the isogonal conjugates of X and Y (designated X̂, Ŷ ) lie on the line at
infinity; and for arbitrary P , the line PX̂ and PŶ are perpendicular.

Here is a special case.

Lemma 2. If the chosen diameter is the Euler line OGH , then X̂Ŷ lie on the
asymptotes of Jerabek’s hyperbola J , which is the locus of the isogonal conjugate
of a variable point on the Euler line OGH (Figure 3).

Lemma 3. If the axes of a conic S with centerQmeets �∞ atE, F , then the polars
of E, F with respect to S are the perpendicular lines QF , QE; and E, F are the
only points on �∞ with this property.

Lemma 4. If UGV is a chord of the circumcircle Γ through G meeting Γ at U , V ,
then the tripolar of U is the line KV̂ passing through the symmedian point K and
the isogonal conjugate of V .

7. The axes of Φ

To proceed with the location of the axes ofΦ, we start with the conditions of
Lemma 2 whereX, Y are the common points ofOGH andΓ.

From Lemma 4, sinceXGY are collinear, the tripolars ofX, Y are respectively
KŶ ,KX̂, which are perpendicular from Lemma 1. Now from earlier definitions,
the tripolars ofX, Y are the isogonal tripolars of̂X , Ŷ , so that the isogonal tripo-
lars ofX̂, Ŷ are the perpendicularsKŶ ,KX̂ through the center ofΦ. SinceX̂Ŷ
lie on �∞, KX̂, KŶ must be the axes ofΦ from Lemma 3. And these axes are
parallel to the asymptotes ofJ from Lemma 2.
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Figure 3. The Jerabek hyperbola

Now it is known [1] that the asymptotes ofJ are parallel to the axes of the
orthic inconic (Figure 4). The orthic triangle has its vertices atH1,H2,H3 the feet
of the altitudesAH,BH, CH. The orthic inconic has its center atK and touches
the sides of triangleABC at the vertices of the orthic triangle. So the axes of the
imaginary conicΦ coincide with the axes of the real orthic inconic.
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H2H

K

B C

A

Figure 4. The orthic inconic

8. Φ as a reciprocal conic of two real conics

Although the conicΦ is imaginary, every real pointP has a polarp with respect
to Φ. In particular ifP lies on the circumcircleΓ, its polarp touches Steiner’s
inscribed ellipseσ with centerG. This tangency arises from the known theorem
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[1] that the tripolar of any point on�∞ touchesσ. From Lemma 1 this tripolar is
the isogonal tripolar of the corresponding point ofΓ. Now the basic triangleABC
(which is self-conjugate with respect toΦ) is inscribed inΓ and tangent toσ, which
touches the sides ofABC at their midpoints (Figure 5). In the language of classical
geometrical conics, the isogonal tripolar conicΦ is harmonically inscribed toΓ
and harmoncially circumscribed toσ. From the tangency described above,Φ is
the reciprocal conic toΓ � σ. Furthermore, sinceABC is self-conjugate with
respect toΦ, an infinite number of trianglesPiPjPk can be drawn with its vertices
inscribed inΓ, its sides touchingσ, and self-conjugate with respect toΦ. SinceΦ
is the reciprocal conic ofΓ � σ, for any point onσ, its polar with respect toΦ
(i.e., its isogonal tripolar) touchesΓ. In particular, if the tangentpi touchesσ at
Ti(ui, vi, wi) for i = 1, 2, 3, thenti, the isogonal tripolar ofTi, touchesΓ at Pi

(Figure 5).
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Figure 5

Now, the equation to the circumcircleΓ is aβγ+ bγα+ cαβ = 0. The equation
of the tangent toΓ atPi(pi, qi, ri) is

(cqi + bri)α+ (ari + cpi)β + (bpi + aqi)γ = 0.

If this tangent coincides withti, the isogonal tripolar ofTi, then the coordinates of
Ti are

ui = cqi + bri, vi = ari + cpi, wi = bpi + aqi. (3)

So, if ti is the tangent atPi(pi, qi, ri) to Γ, and simultaneously the isogonal tripolar
of Ti, then the coordinates ofTi are as shown in (3). But this relationship can be
generalized for anyPi in the plane ofABC, since the equation to the polar ofPi
with respect toΓ is identical to the equation to the tangent atPi (in the particular
case thatPi lies onΓ). In other words, the isogonal tripolar ofTi(ui, vi, wi) with
the coordinates shown at (3) is the polar ofPi(pi, qi, ri) with respect toΓ, for any
Pi, Ti in the plane ofABC.

9. The isotomic tripolar conic Ψ

To find an alternative description of the transformationP �→ T , we define the
isotomic conjugate and theisotomic tripolar.
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In the foregoing discussion we have used trilinear coordinates(α, β, γ) to de-
fine the pointP and its isogonal tripolarp. However, we could just as well use
barycentric (areal) coordinates(x, y, z) to defineP . With x = area (PBC), y =
area (PCA), z = area (PAB), andx + y + z = area (ABC), comparing with
trilinear coordinates ofP we have

aα = 2x, bβ = 2y, cγ = 2z.

Using directed areas, i.e., positive area(PBC) when the perpendicular distance
PP1 is positive, the ratio of the areas is sufficient to define the(x, y, z) coordinates
of P , with x : x = y : y = z : z. The absolute coordinates(x, y, z) can then be
found from the areal coordinates(x, y, z) using the areal identityx+ y + z = �.
For example, the barycentric coordinates ofA, I, I1, O, H, G, K areA(1, 0, 0),
I(a, b, c), I1(−a, b, c), O(a cosA, b cosB, c cosC), H(a secA, b secB, c secC),
G(1, 1, 1),K(a2, b2, c2) respectively.

In this barycentric system we can identity the coordinates(x′, y′, z′) of the iso-

tomic conjugateP of P as shown in Figure 6, where
−→
BL=

−→
L′C,

−→
CM=

−→
M ′A,

−→
AN=

−→
N ′B. We find by the same procedure thatxx′ = yy′ = zz′ for P , P , so

that the areal coordinates ofP are(1
x ,

1
y ,

1
z ), explaining the alternative description

thatP is the triangular reciprocal ofP .
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Following the same argument as heretofore, we can define theisotomic tripolar
of P (p, q, r) as the tripolar ofP with barycentric equationpx+ qy + rz = 0, and
then identify the imaginaryisotomic tripolar conic Ψ with equationx2+y2 +z2 =
0. The center ofΨ is the median pointG(1, 1, 1) since the isotomic tripolar ofG is
the�∞ with barycentric equationx+ y + z = 0. By analogous procedure we can
find the axes ofΨ which coincide with the real axes of Steiner’s inscribed ellipse
σ.

Again, we find that the basic triangleABC is self conjugate with respect toΨ,
and from Gaskin’s Theorem, the radius of the imaginary director circled is given
by d2 +R2 = OG2. From this,d2 = OG2 −R2 = −1

9(a2 + b2 + c2), giving

d =
i

3

√
a2 + b2 + c2.
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In the analogous case to Figure 5, we find that in Figure 7, ifP is a variable point
on Steiner’s circum-ellipseθ (with centerG), then the isotomic tripolar ofP is
tangent toσ, andΨ is the reciprocal conic ofθ � σ. Generalizing this relationship
as before, we find that the polar ofP (pqr) with respect toθ is the isotomic tripolar
of T with barycentric coordinates(q+r, r+p, p+q). Furthermore, we can describe

the transformationP �→ T in vector geometry as
−→
PG= 2

−→
GT , or more succinctly

thatT is the complement ofP [2]. The inverse transformationT �→ P is given by
−→
TG= 1

2

−→
GP , whereP is the anticomplement ofT . So the transformation of point

T to the isotomic tripolart can be described as
t = isotomic tripole ofT

= polar ofT with respect toΨ
= polar ofP with respect toθ,

where
−→
PG= 2

−→
GT . In other words, the transformation of a pointP (p, q, r) to

its isotomic tripolarpx + qy + rz = 0 is a dilatation(G,−2) followed by polar
reciprocation inθ, Steiner’s circum-ellipse.
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Figure 7

To find the corresponding transformation of a point to its isogonal tripolar, we
recall that the polar ofP (p, q, r) with respect toΓ is the isogonal tripolar ofT ,

whereT has trilinear coordinates(cq+ br, ar+ cp, bp+aq) from (3). Now,P̂ , the
isotomic conjugate of the isogonal conjugate ofP , has coordinates(p

a2 ,
q
b2
, r

c2
) [3].

PuttingR = P̂ , the complement ofR has coordinates(cq + br, ar + cp, bp+ aq),
which are the coordinates ofT . So the transformation of pointT to its isogonal
tripolar t can be described as

t = isogonal tripolar ofT
= polar ofT with respect toΦ
= polar ofP with respect toΓ,

where
−→
RG= 2

−→
GT , andP = R̂, the isogonal conjugate of the isotomic conjugate

of R. In other words, the transformation of a pointP with trilinear coordinates
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(p, q, r) to its isogonal tripolar(pα + qβ + rγ = 0) is a dilatation(G,−2), fol-
lowed by isotomic transformation, then isogonal transformation, and finally polar
reciprocation in the circumcircleΓ.

We conclude with the remark that the two well known systems of homogeneous
coordinates, viz. trilinear(α, β, γ) and barycentric(x, y, z), generate two analo-
gous imaginary conicsΦ andΨ, whose real centers and real axes coincide with
the corresponding elements of notable real inconics of the triangle. In each case,
the imaginary conic reciprocates an arbitrary pointP to the corresponding linep,
whose line coordinates are identical to the point coordinates ofP . And in each
case, reciprocation in the imaginary conic is the equivalent of well known transfor-
mations of the real plane.
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