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The Gergonne problem

Nikolaos Dergiades

Abstract. An effective method for the proof of geometric inequalities is the use
of the dot product of vectors. In this paper we use this method to solve some
famous problems, namely Heron’s problem, Fermat'’s problem and the extension
of the previous problem in space, the so called Gergonne’s problem. The solution
of this last is erroneously stated, but not proved, in F.G.-M.

1. Introduction

In this paper whenever we writé B we mean the length of the vect&B, i.e.
AB = |AB|. The method of using the dot product of vectors to prove geometric
inequalities consists of using the following well known properties:

(Da-b < albl.

(2)a-i < a-jif iandj are unit vectors and(a,i) > Z(a,j).

Q@) Ifi= @—B is the unit vector alond\ B, then the length of the segmeAB

B|
is given by
AB =1i-AB.

2. The Heron problem and the Fermat point

2.1 Heron'sproblem. A point O on alineXY gives the smallest sum of distances
from the pointsA, B (on the same side ofY) if /XOA = ZBOY.

Proof. If M is an arbitrary point orX'Y (see Figure 1) anil j are the unit vectors
of OA, OB respectively, then the vectar+ j is perpendicular taX'Y since it
bisects the angle betweémandj. Hence(i + j) - OM = 0 and

OA+OB = i-OA+j-OB
i (OM+MA)+j-(OM + MB)
(i+j)-OM+i-MA+j-MB

i MA +j-MB

iIMA| + j|[MB|

MA+ MB.

Al
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Figure 1 Figure 2

2.2 The Fermat point. If none of the angles of a trianglé BC' exceedd 2(?, the
point O inside a triangleABC' such that BOC = Z/COA = ZAOB = 12(°
gives the smallest sum of distances from the verticed BU'. See Figure 2.

Proof. If M is an arbitrary point andl j, k are the unit vectors dDA, OB, OC,
theni + j 4+ k = 0 since this vector does not changes b\2& rotation. Hence,

OA+0OB+0C = i-OA+j-OB+k-0OC
= i-(OM+MA)+j-(OM+MB) + k- (OM + MC)
= (i+j+k)-OM+i-MA +j -MB +k-MC
= i-MA+j-MB+k-MC
< [i||MA]| +[j||MB| + |k||MC]|

MA+ MB+ MC.

3. The Gergonne problem

Given a planer and a triangleA BC' not lying in the plane, the Gergonne prob-
lem [3] asks for a poinD on a planer such that the suWA + OB + OC'is
minimum. This is an extention of Fermat’s problem to 3 dimensions. According to
[2, pp. 927-928]! this problem had hitherto been unsolved (for at least 90 years).
Unfortunately, as we show igd.1 below, the solution given there, for the special
case when the planesand ABC' are parallel, is erroneous. We present a solution
here in terms of the centroidal line of a trihedron. We recall the definition which is
based on the following fact. See, for example, [1, p.43].

Proposition and Definition. The three planes determined by the edges of a trihe-
dral angle and the internal bisectors of the respective opposite faces intersect in a
line. Thislineis called the centroidal line of the trihedron.

Theorem 1. If O is a point on the plane 7 such that the centroidal line of the
trihedron O.ABC is perpendicular to w,then OA+ OB+ OC < MA+ MB +
MC for every point M on .

Iproblem 742-111, especially 1901 c3.
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C/

Figure 3

Proof. Let M be an arbitrary point omr, andi, j, k the unit vectors alon@A,
OB, OC respectively. The vectdr+ j + k is parallel to the centroidal line of the
trihedronO.ABC. Since this line is perpendicular toby hypothesis we have

i+j+k) -OM=0. QD
Hence,

OA+ OB+ 0C i-0OA+j-OB+k-OC
i-(OM+MA)+j-(OM+MB) + k- (OM + MC)
(i+j+k)-OM+i-MA +j-MB +k-MC

i-MA +j-MB +k-MC

[i[[MA] + [j||[MB| + k|| MC]|

MA+ MB + MC.

Al

4. Examples

We set up a rectangular coordinate system such ghaB, C, are the points
(a,0,p), (0,b,q) and(0,c, 7). Let A’, B’, C' be the orthogonal projections df,
B, C on the planer. Write the coordinates aP as(z,y,0). Thez- andy-axes
are the altitude from¥’ and the lineB'C" of triangle A’ B’C" in the planer. Since

-1

i = (x_auyu_p)a
V(z —a)2+y2 +p?
j — ( )
= z,Yy—0,—q),
Va4 (y —b)? + ¢
-1
k = (xvy_cv _T)v

\/x2+(y—c)2+r2

it is sufficient to put in (1) forOM the vectorg1,0,0) and(0, 1,0). From these,
we have
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r—a

X X
V(z—a)?+y?>+p? * V2 +(y—b)2+¢° + Va2 +(y—c)2+r2

= 0,
(2)

Yy y—=b y—c _
V(z—a)2+y2+p? + V22 +(y—b)2+¢2 + Va2t (y—c)24r: 0
The solution of this system cannot in general be expressed in terms of radicals,
as it leads to equations of high degree. It is therefore in general not possible to con-
struct the pointD using straight edge and compass. We present several examples
in which O is constructible. In each of these examples, the underlying geometry
dictates thayy = 0, and the corresponding equation can be easily written down.

4.1 7 parallel to ABC. It is very easy to mistake foD the Fermat point of tri-
angleA’B’C’, as in [2, loc. cit.]. fwetakep = g =r = 3,a = 14,b = 2, and
¢ = —2, the system (2) giveg = 0 and
r—14 n 2x B
Vi —14)2+9 Va2 +13
This leads to the quartic equation
3zt — 8423 + 61122 4 364z — 2548 = 0.

This quartic polynomial factors ds — 2)(32% — 7822 + 455z + 1274), and the
only positive root of which isc = 2. 2 Hence/B'OC’ = 90°, ZA'OB’ = 135°,
andZA'OC’ = 135°, showing thaO is not the Fermat point of triangld B'C". 3

0, z > 0.

4.2 ABC isosceleswith A on 7 and BC parallel ton. Inthis casep =0,q =7,
¢ = —b, and we may assume> 0. The system (2) reduces o= 0 and

T —a 2x

+ —0
lz—al /224242

Sincel < z < a, we get
/02 + ¢*
(xvy) = ( Ta 0)

with b2 + ¢> < 3a®. Geometrically, sincé)B = OC, the vectors, j — k are
parallel torr. We have

i-(i+j+k)=0, (i+j+k(G-k) =0

Equivalently,

i-jri-k=-1, i-j—i-k=0.
Thus,i-j=i-k = —% or ZAOB = ZAOC = 120°, afact that is a generalization
of the Fermat point to 3 dimensions.

2The cubic factor has one negative reot—2.03472, and two non-real roots. If, on the other
hand, we take = ¢ = r = 2, the resulting equation becom@s® — 84> +5962:2 + 2242 — 1568 =
0, which is irreducible over rational numbers. It roots are not constructible using ruler and compass.
The positive real root is ~ 1.60536. There is a negative roet —1.61542 and two non-real roots.

3The solution given in [2] assumes erroneoudiyi, OB, OC equally inclined to the planes
and of triangleABC.
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If b2 + ¢> > 3a?, the centroidal line cannot be perpendiculart@nd Theorem
1 does not help. In this case we take as pairib be the intersection af-axis and
the planeM BC. It is obvious that

MA+ MB+ MC >0A+0B+0C = |z —a|+2vz?+ b2+ ¢°

We write f (z) = |z — a| + 2v/2? + b + ¢°.
/ . 2‘,1/. - . - .
If 0 <a<azxthenf/(z) =1+ T > 0 and fis an increasing function.
< / - _ 21 . . .
Forx <0, f'(x) 1+ Nreeeerw < 0andf is a decreasing function.

fo<ax<ac< \/bbng, thendz? < 22 + b2 + ¢° so thatf'(z) = —1 +

P < 0 and f is a decreasing function. Hence we have minimum when

/I2+b2+q2
z =aandO = A.

4.3 B,Connx. Ifthe pointsB, C lie on, then the vector+j+k is perpendicular
to the vectorg andk. From these, we obtain the interesting equalityOB =
ZAOC. Note that they are not neccesarily equal26°, as in Fermat’s case. Here
is an example. It = 10, b = 8, ¢ = —8, p = 3, ¢ = r = 0 the system (2) gives
y=0and

z—10 N 20 _
V(—102+9  Va?+ 64
which leads to the equation
3zt — 602> 4 27222 + 12802 — 6400 = 0.

This quartic polynomial factors ds — 4) (323 — 4822 + 80z + 1600). It follows
that the only positive root is = 4. Hence we have

0, 0 <z <10,

LAOB = LAOC = arccos(—%) and £ZBOC = arccos(—g).
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“The cubic factor has one negative reot-4.49225, and two non-real roots.



