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A Pair of Kiepert Hyperbolas

Jean-Pierre Ehrmann

Abstract. The solution of a locus problem of Hatzipolakis can be expressed in
terms of a simple relationship concerning points on a pair of Kiepert hyperbolas
associated with a triangle. We study a generalization.

Let P be a finite point in the plane of triangleABC. Denote bya, b, c the
lengths of the sidesBC, CA, AB respectively, and byAH , BH , CH the feet of
the altitudes. We consider rays throughP in the directions of the altitudesAAH ,
BBH , CCH , and, for a nonzero constantk, choose pointsA′, B′, C ′ on these rays
such that

PA′ = ka, PB′ = kb, PC ′ = kc. (1)

Antreas P. Hatzipolakis [1] has asked, fork = 1, for the locus ofP for which
triangleA′B′C ′ is perspective withABC.

A

B

C

A′

B′

C′

P

Figure 1

We tackle the general case by making use of homogeneous barycentric coor-
dinates with respect toABC. Thus, writeP = (u : v : w). In the notations
introduced by John H. Conway,1

A′ =(uS − k(u + v + w)a2 :vS + k(u + v + w)SC :wS + k(u + v + w)SB),

B′ =(uS + k(u + v + w)SC :vS − k(u + v + w)b2 :wS + k(u + v + w)SA),

C ′ =(uS + k(u + v + w)SB :vS + k(u + v + w)SA:wS − k(u + v + w)c2).

Publication Date: January 18, 2002. Communicating Editor: Paul Yiu.
The author expresses his sincere thanks to Floor van Lamoen and Paul Yiu for their help and their

valuable comments.
1Let ABC be a triangle of side lengthsa, b, c, and area1

2
S. For eachφ, Sφ := S · cot φ. Thus,

SA = 1
2
(b2 + c2 − a2), SB = 1

2
(c2 + a2 − b2), andSC = 1

2
(a2 + b2 − c2). These satisfy

SASB + SBSC + SCSA = S2 and other simple relations. For a brief summary, see [3,§1].
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The equations of the linesAA′, BB′, CC ′ are

(wS + k(u + v + w)SB)y−(vS + k(u + v + w)SC)z =0, (2)

−(wS + k(u + v + w)SA)x +(uS + k(u + v + w)SC)z =0, (3)

(vS + k(u + v + w)SA)x− (uS + k(u + v + w)SB)y =0. (4)

These three lines are concurrent if and only if∣∣∣∣∣∣
0 wS + k(u + v + w)SB −(vS + k(u + v + w)SC)

−(wS + k(u + v + w)SA) 0 uS + k(u + v + w)SC

vS + k(u + v + w)SA −(uS + k(u + v + w)SB) 0

∣∣∣∣∣∣ = 0.

This condition can be rewritten as

kS(u + v + w)(S · K(u, v,w) − k(u + v + w)L(u, v,w)) = 0,

where

K(u, v,w) =(b2 − c2)vw + (c2 − a2)wu + (a2 − b2)uv, (5)

L(u, v,w) =(b2 − c2)SAu + (c2 − a2)SBv + (a2 − b2)SCw. (6)

Note thatK(u, v,w) = 0 andL(u, v,w) = 0 are respectively the equations of the
Kiepert hyperbola and the Euler line of triangleABC. SinceP is a finite point
andk is nonzero, we conclude, by writingk = tan φ, that the locus ofP for which
A′B′C ′ is perspective withABC is the rectangular hyperbola

SφK(u, v,w) − (u + v + w)L(u, v,w) = 0 (7)

in the pencil generated by the Kiepert hyperbola and the Euler line.

Floor van Lamoen [2] has pointed out that this hyperbola (7) is the Kiepert hy-
perbola of a Kiepert triangle of the dilated (anticomplementary) triangle ofABC.
Specifically, letK(φ) be the Kiepert triangle whose vertices are the apexes of sim-
ilar isosceles triangles of base anglesφ constructed on the sides ofABC. It is
shown in [3] that the Kiepert hyperbola ofK(φ) has equation

2Sφ(
∑
cyclic

(b2 − c2)yz) + (x + y + z)(
∑
cyclic

(b2 − c2)(SA + Sφ)x) = 0.

If we replacex, y, z respectively byv+w, w+u, u+v, this equation becomes (7)
above. This means that the hyperbola (7) is the Kiepert hyperbola of the Kiepert
triangleK(φ) of the dilated triangle ofABC.2

The orthocenterH and the centroidG are always on the locus. Trivially, if
P = H, the perspector is the same pointH. For P = G, the perspector is the
point 3 (

1
3kSA + S

:
1

3kSB + S
:

1
3kSC + S

)
,

2The Kiepert triangleK(φ) of the dilated triangle ofABC is also the dilated triangle of the
Kiepert triangleK(φ) of triangleABC.

3In the notations of [3], this is the Kiepert perspectorK(arctan 3k).
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the second common point of Kiepert hyperbola and the tangent atP to the locus of
P , the Kiepert hyperbola of the dilated triangle ofK(φ).

Now we identify the perspector whenP is different fromG. Addition of the
equations (2,3,4) of the linesAA′, BB′, CC ′ gives

(v − w)x + (w − u)y + (u − v)z = 0.

This is the equation of the line joiningP to the centroidG, showing that the per-
spector lies on the lineGP .

We can be more precise. Reorganize the equations (2,3,4) as
k(SBy − SCz)u+(k(SBy − SCz) − Sz)v+(k(SBy − SCz) + Sy)w = 0, (8)

(k(SCz − SAx) + Sz)u+ (k(SCz − SAx)v+(k(SCz − SAx) − Sx)w = 0, (9)

(k(SAx − SBy) − Sy)u+(k(SAx − SBy) + Sx)v+ k(SAx − SBy)w = 0. (10)

Note that the combinationx·(8) + y·(9) + z·(10) gives

k(u + v + w)(x(SBy − SCz) + y(SCz − SAx) + z(SAx − SBy) = 0.

Sincek andu + v + w are nonzero, we have

(SC − SB)yz + (SA − SC)zx + (SB − SA)xy = 0,

or equivalently,(b2 − c2)yz + (c2 − a2)zx + (a2 − b2)xy = 0. It follows that the
perspector is also on the Kiepert hyperbola.

G

H

A

B

C

P
A′

B′

C′

Q

Figure 2

We summarize these results in the following theorem.
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Theorem. Let k = tan φ be nonzero, and points A′, B′, C ′ be given by (1) along
the rays through P parallel to the altitudes. The lines AA′, BB′, CC ′ are concur-
rent if and only if P lies on the Kiepert hyperbola of the Kiepert triangle K(φ) of
the dilated triangle. The intersection of these lines is the second intersection of the
line GP and the Kiepert hyperbola of triangle ABC .

If we change, for example, the orientation ofPA′, the locus ofP is the rectangu-
lar hyperbola with center at the apex of the isosceles triangle onBC of base angle
φ, 4 asymptotes parallel to theA-bisectors, and passing through the orthocenterH
(and also theA-vertexAG = (−1 : 1 : 1) of the dilated triangle). ForP = AG,

the perspector is the point

(
1

kSA + S
:

1
kSB − S

:
1

kSC − S

)
, and forP �= AG,

the second common point of the linePAG and the rectangular circum-hyperbola
with center the midpoint ofBC.

We conclude by noting that for a positivek, the locus ofP for which we can
choose pointsA′, B′, C ′ on the perpendiculars throughP to BC, CA, AB such
that the linesAA′, BB′, CC ′ concur and the distances fromP to A′, B′, C ′
are respectivelyk times the lengths of the corresponding side is the union of 8
rectangular hyperbolas.
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Some Concurrencies from Tucker Hexagons

Floor van Lamoen

Abstract. We present some concurrencies in the figure of Tucker hexagons to-
gether with the centers of their Tucker circles. To find the concurrencies we make
use of extensions of the sides of the Tucker hexagons, isosceles triangles erected
on segments, and special points defined in some triangles.

1. The Tucker hexagon Tφ and the Tucker circle Cφ
Consider a scalene (nondegenerate) reference triangleABC in the Euclidean

plane, with sidesa = BC, b = CA andc = AB. LetBa be a point on the sideline
CA. LetCa be the point where the line throughBa antiparallel toBC meetsAB.
Then letAc be the point where the line throughCa parallel toCA meetsBC.
Continue successively the construction of parallels and antiparallels to complete
a hexagonBaCaAcBcCbAb of which BaCa, AcBc andCbAb are antiparallel to
sidesBC, CA andAB respectively, whileBcCb, AcCa andAbBa are parallel to
these respective sides.

A

B

C

KA

KB

KC

Ba

Ca

Ab

Cb

Ac

Bc

T
K

Figure 1

This is the well known way to construct aTucker hexagon. Each Tucker
hexagon is circumscribed by a circle, theTucker circle. The three antiparallel
sides are congruent; their midpointsKA, KB andKC lie on the symmedians of
ABC in such a way thatAKA : AK = BKB : BK = CKC : CK, whereK
denotes the symmedian point. See [1, 2, 3].

1.1. Identification by central angles. We label byTφ the specific Tucker hexagon
in which the congruent central angles on the chordsBaCa, CbAb andAcBc have
measure2φ. The circumcircle of the Tucker hexagon is denoted byCφ, and its
radius byrφ. In this paper, the pointsBa, Ca, Ab, Cb, Ac andBc are the vertices
of Tφ, andT denotes the center of the Tucker circleCφ.

Publication Date: January 25, 2002. Communicating Editor: Paul Yiu.
The author thanks the Communicating Editor for his assistance with§7.
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Let Ma, Mb andMc be the midpoints ofAbAc, BaBc andCaCb respectively.
Since

∠MbTMc = B + C, ∠McTMa = C +A, ∠MaTMb = A+B,

the top angles of the isosceles trianglesTAbAc, TBcBa andTCaCb have measures
2(A− φ), 2(B − φ), and2(C − φ) respectively.1

From these top angles, we see that the distances fromT to the sidelines of tri-
angleABC arerφ cos(A− φ), rφ cos(B − φ) andrφ cos(C − φ) respectively, so
that in homogeneous barycentric coordinates,

T = (a cos(A− φ) : b cos(B − φ) : c cos(C − φ)).

For convenience we writeφ := π
2 − φ. In the notations introduced by John H.

Conway,2

T = (a2(SA + Sφ) : b2(SB + Sφ) : c2(SC + Sφ)). (1)

This shows thatT is the isogonal conjugate of the Kiepert perspectorK(φ).3 We
shall, therefore, writeK∗(φ) for T . It is clear thatK∗(φ) lies on the Brocard axis,
the line through the circumcenterO and symmedian pointK.

Some of the most importantK∗(φ) are listed in the following table, together
with the corresponding number in Kimberling’s notation of [4, 5]. We writeω for
the Brocard angle.

φ K∗(φ) Kimberling’s Notation
0 Circumcenter X3

ω Brocard midpoint X39

±π
4 Kenmotu points X371,X372

±π
3 Isodynamic centersX15,X16

π
2 Symmedian point X6

1.2. Coordinates. LetK′ andC′
b be the feet of the perpendiculars fromK∗(φ) and

Cb toBC. By considering the measures of sides and angles inCbC
′
bK

′K∗(φ) we
find that the (directed) distancesα fromCb toBC as

α = rφ(cos(A− φ) − cos(A+ φ))
= 2rφ sinA sinφ. (2)

In a similar fashion we find the (directed) distanceβ fromCb toAC as

β = rφ(cos(B − φ) + cos(A− C + φ))

= 2rφ sinC sin(A+ φ). (3)

1Here, a negative measure implies a negative orientation for the isosceles triangle.
2For an explanation of the notation and a brief summary, see [7,§1].
3This is the perspector of the triangle formed by the apexes of isosceles triangles on the sides of

ABC with base anglesφ. See, for instance, [7].
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Combining (2) and (3) we obtain the barycentric coordinates ofCb:

Cb =(a2 sinφ : bc(sin(A+ φ) : 0)

=(a2 : SA + Sφ : 0).

In this way we find the coordinates for the vertices of the Tucker hexagon as

Ba = (SC + Sφ : 0 : c2), Ca = (SB + Sφ : b2 : 0),
Ac = (0 : b2 : SB + Sφ), Bc = (a2 : 0 : SA + Sφ),
Cb = (a2 : SA + Sφ : 0), Ab = (0 : SC + Sφ : c2).

(4)

Remark. The radius of the Tucker circle isrφ = R sinω
sin(φ+ω) .

2. Triangles of parallels and antiparallels

With the help of (4) we find that the three antiparallels from the Tucker hexagons
bound a triangleA1B1C1 with coordinates:

A1 =
(
a2(SA − Sφ)
SA + Sφ

: b2 : c2
)
,

B1 =
(
a2 :

b2(SB − Sφ)
SB + Sφ

: c2
)
, (5)

C1 =
(
a2 : b2 :

c2(SC − Sφ)
SC + Sφ

)
.

A

B

C

A1

B1

C1

A2

B2

C2

Ba

Ca

Ab

Cb

Ac

Bc

TK

Figure 2

In the same way the parallels bound a triangleA2B2C2 with coordinates:

A2 =(−(SA − Sφ) : b2 : c2),

B2 =(a2 : −(SB − Sφ) : c2), (6)

C2 =(a2 : b2 : −(SC − Sφ)).
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It is clear that the three triangles are perspective at the symmedian pointK.
See Figure 2. SinceABC andA2B2C2 are homothetic, we have a very easy con-
struction of Tucker hexagons without invoking antiparallels: construct a triangle
homothetic toABC throughK, and extend the sides of this triangles to meet the
sides ofABC in six points. These six points form a Tucker hexagon.

3. Congruent rhombi

Fix φ. Recall thatKA,KB andKC are the midpoints of the antiparallelsBaCa,
AbCb andAcBc respectively. With the help of (4) we find

KA =(a2 + 2Sφ : b2 : c2),

KB =(a2 : b2 + 2Sφ : c2), (7)

KC =(a2 : b2 : c2 + 2Sφ).

Reflect the pointK∗(φ) throughKA, KB andKC to Aφ, Bφ andCφ respec-
tively. These three points are the opposite vertices of three congruent rhombi from
the pointT = K∗(φ). Inspired by the figure of theKenmotu point X371 in [4,
p.268], which goes back to a collection ofSangaku problems from 1840, the au-
thor studied these rhombi in [6] without mentioning their connection to Tucker
hexagons.

B′
a

C′
aA′

c

B′
c

C′
b

A′
b

T ′

A′
φ

B′
φ

C′
φ

Ba

Ca

Ab

Cb

Ac

Bc

T

Aφ

Bφ

Cφ

Figure 3
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With the help of the coordinates forK∗(φ) andKA found in (1) and (7) we find
after some calculations,

Aφ =(a2(SA − Sφ) − 4S2 : b2(SB − Sφ) : c2(SC − Sφ)),

Bφ =(a2(SA − Sφ) : b2(SB − Sφ) − 4S2 : c2(SC − Sφ)), (8)

Cφ =(a2(SA − Sφ) : b2(SB − Sφ) : c2(SC − Sφ) − 4S2).

From these, it is clear thatABC andAφBφCφ are perspective atK∗(−φ).
The perspectivity gives spectacular figures, because the rhombi formed fromTφ

andT−φ are parallel. See Figure 3. In addition, it is interesting to note thatK∗(φ)
andK∗(−φ) are harmonic conjugates with respect to the circumcenterO and the
symmedian pointK.

4. Isosceles triangles on the sides of AbAcBcBaCaCb

Consider the hexagonAbAcBcBaCaCb. Define the pointsA3, B3, C3, A4, B4

andC4 as the apexes of isosceles trianglesAcAbA3,BaBcB3,CbCaC3,BaCaA4,
CbAbB4 andAcBcC4 of base angleψ, where all six triangles have positive orien-
tation whenψ > 0 and negative orientation whenψ < 0. See Figure 4.

A3

B3

C3

A4

B4

C4

Ba

CaAc

Bc

Cb

Ab

A

B

C

Figure 4

Proposition 1. The lines A3A4, B3B4 and C3C4 are concurrent.

Proof. Let BaCa = CbAb = AcBc = 2t, wheret is given positive sign when
CaBa andBC have equal directions, and positive sign when these directions are
opposite. Note thatKAKBKC is homothetic toABC and thatK∗(φ) is the cir-
cumcenter ofKAKBKC . Denote the circumradius ofKAKBKC by ρ. Then we
find the following:

• the signed distance fromKAKc toAC is t sinB = t |KAKC |
2ρ ;

• the signed distance fromAC toB3 is 1
2 tanψ|KAKC | − t tanψ cosB;

• the signed distance fromA4C4 toKAKC is t tanψ cosB.
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Adding these signed distances we find that the signed distance fromA4C4 to B3

is equal to( t2ρ + tanψ
2 )|KAKC |. By symmetry we see the signed distances from

the sidesB4C4 andA4B4 to A3 andC3 respectively are|KBKC | and |KAKB |
multiplied by the same factor. Since trianglesKAKBKC andA4B4C4 are similar,
the three distances are proportional to the sidelengths ofA4B4C4. Thus,A3B3C3

is a Kiepert triangle ofA4B4C4. From this, we conclude thatA3A4, B3B4 and
C3C4 are concurrent. �

5. Points defined in pap triangles

Let φ vary and consider the triangleA2CaBa formed by the linesBaAb, BaCa
andCaAc. We call this theA-pap triangle, because it consists of aparallel, an
antiparallel and again aparallel. Let the parallelsBaAb andCaAc intersect inA2.
Then,A2 is the reflection ofA throughKA. It clearly lies on theA−symmedian.
See also§2. TheA-pap triangleA2CaBa is oppositely similar toABC. Its vertices
are

A2 =(−(SA − Sφ) : b2 : c2),

Ca =(SB + Sφ : b2 : 0), (9)

Ba =(SC + Sφ : 0 : c2).

Now letP = (u : v : w) be some point given in homogeneous barycentric coordi-
nates with respect toABC. ForX ∈ {A,B,C}, the locus of the counterpart ofP
in theX-pap triangles for varyingφ is a line throughX. This can be seen from the
fact that the quadranglesACaA2Ba in all Tucker hexagons are similar. Because
the sums of coordinates of these points given in (9) are equal, we find that the
A-counterpart ofP , namely,P evaluated inA2CaBa, sayPA−pap, has coordinates

PA−pap ∼u ·A2 + v · Ca + w ·Ba
∼u(−(SA − Sφ) : b2 : c2) + v(SB + Sφ : b2 : 0) + w(SC + Sφ : 0 : c2)

∼(−SAu+ SBv + SCw + (u+ v + w)Sφ : b2(u+ v) : c2(u+ w)).

From this, it is clear thatPA−pap lies on the lineAP̃ where

P̃ =
(

a2

v + w
:

b2

w + u
:

c2

u+ v

)
.

Likewise, we consider the counterparts ofP in theB-pap andC-pap triangles
CbB2Ab andBcAcC2. By symmetry, the loci ofPB−pap andPC−pap are theB-
andC-cevians ofP̃ .

Proposition 2. For every φ, the counterparts of P in the three pap-triangles of the
Tucker hexagon Tφ form a triangle perspective with ABC at the point P̃ .
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Ba
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Figure 5

6. Circumcenters of apa triangles

As with thepap-triangles in the preceding section, we name the triangleA1BcCb
formed by theantiparallelBcCb, theparallelAbCb, and theantiparallelAcBc the
A-apa triangle. The other twoapa-triangles areAcB1Ca andAbBaC1. Unlike
thepap-triangles, these are in general not similar toABC. They are nevertheless
isosceles triangles. We have the following interesting results on the circumcenters.

A

B

C

A1

B1

C1

A2

B2

C2

Ba

Ca

Ab

Cb

Ac

Bc

Figure 6

We note that the quadranglesBAcOB−apaCa for all possibleφ are homothetic
throughB. Therefore, the locus ofOB−apa is a line throughB. To identify this
line, it is sufficient to findOB−apa for oneφ. Thus, for one special Tucker hexagon,
we take the one withCa = A andAc = C. Then theB-apa triangle is the isosce-
les triangle erected on sideb and having a base angle ofB, and its circumcenter
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OB−apa is the apex of the isosceles triangle erected on the same side with base
angle2B − π

2 . Using the identity4

S2 = SAB + SAC + SBC ,

we find that

OB−apa =(SC + S2B−π
2

: −b2 : SA + S2B−π
2
)

=(a2(a2SA + b2SB) : b2(SBB − SS) : c2(b2SB + c2SC)),

after some calculations. From this, we see that theOB−apa lies on the lineBN∗,
where

N∗ =
(

a2

b2SB + c2SC
:

b2

a2SA + c2SC
:

c2

c2SC + b2SB

)
is the isogonal conjugate of the nine point centerN . Therefore, the locus of
OB−apa for all Tucker hexagons is theB-cevian ofN∗. By symmetry, we see that
the loci ofOA−apa andOC−apa are theA- andC-cevians ofN∗ respectively. This,
incidentally, is the same as the perspector of the circumcenters of thepap-triangles
in the previous section.

Proposition 3. For X ∈ {A,B,C}, the line joining the circumcenters of the X-
pap-triangle and the X-apa-triangle passes through X. These three lines intersect
at the isogonal conjugate of the nine point center of triangle ABC .

7. More circumcenters of isosceles triangles

From the centerT = K∗(φ) of the Tucker circle and the vertices of the Tucker
hexagonTφ, we obtain six isosceles triangles. Without giving details, we present
some interesting results concerning the circumcenters of these isosceles triangles.

(1) The circumcenters of the isosceles trianglesTBaCa, TCbAb andTAcBc
form a triangle perspective withABC at

K∗(2φ) = (a2(SA + S · tan 2φ) : b2(SB + S · tan 2φ) : c2(SC + S · tan 2φ)).

See Figure 7, where the Tucker hexagonT2φ and Tucker circleC2φ are also indi-
cated.

T ′

Ba

CaAc

Bc

Cb

Ab

T

A

B

C

OK

Figure 7

4Here,SXY stands for the productSXSY .
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(2) The circumcenters of the isosceles trianglesTAbAc, TBcBa andTCaCb
form a triangle perspective withABC at(

a2

S2(3S2 − SBC) + 2a2S2 · Sφ + (S2 + SBC)Sφφ
: · · · : · · ·

)
.

See Figure 8.

Ba

CaAc

Bc

Cb

Ab

T

A

B

C

Figure 8

Ba

CaAc

Bc

Cb

Ab

T

A

B

C

Figure 9

(3) The three lines joining the circumcenters ofTBaCa, TAbAc; . . . are concur-
rent at the point

(a2(S2(3S2 − SωA) + 2S2(Sω + SA)Sφ + (2S2 − SBC + SAA)Sφφ) : · · · : · · · ).
See Figure 9.
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Congruent Inscribed Rectangles

Jean-Pierre Ehrmann

Abstract. We solve the construction problem of an interior pointP in a given
triangle ABC with congruent rectangles inscribed in the subtrianglesPBC,
PCA andPAB.

1. Congruent inscribed rectangles

Given a triangle with sidelengthsa, b, c, let Lm = min (a, b, c); L ∈ (0, Lm)
andµ > 0. Let P be a point insideABC with distancesda, db, dc to the sidelines
of ABC. Suppose that a rectangle with lengths of sidesL andµL is inscribed in
the trianglePBC, with two vertices with distanceL on the segmentBC, the other

vertices on the segmentsPB andPC. Then,
L

da − µL
=

a

da
, or da =

µaL

a − L
.

PI

A

B

C

Figure 1

If we can inscribe congruent rectangles with side lengthsL andµL in the three
trianglesPBC, PCA, PAB, we have necessarily

fµ(L) :=
a2

a − L
+

b2

b − L
+

c2

c − L
− 2∆

µL
= 0, (1)

where∆ is the area of triangleABC. This is becauseada + bdb + cdc = 2∆.

Publication Date: February 7, 2002. Communicating Editor: Bernard Gibert.



16 J.-P. Ehrmann

The functionfµ(L) increases from−∞ to +∞ whenL moves on(0, Lm). The
equationfµ(L) = 0 has a unique rootLµ in (0, Lm) and the point

Pµ =
(

a2

a − Lµ
:

b2

b − Lµ
:

c2

c − Lµ

)

in homogeneous barycentric coordinates is the only pointP insideABC for which
we can inscribe congruent rectangles with side lengthsLµ andµLµ in the three
trianglesPBC, PCA, PAB. If H0 is the circumhyperbola throughI (incenter)
andK (symmedian point), the locus ofPµ whenµ moves on(0,+∞) is the open
arcΩ of H0 from I to the vertex ofABC opposite to the shortest side. See Figure
1. For µ = 1, the smallest rootL1 of f1(L) = 0 leads to the pointP1 with
congruent inscribed squares.

P1

A

B

C

Figure 2

2. Construction of congruent inscribed rectangles

ConsiderP ∈ Ω, Q andE the reflections ofP andC with respect to the line
IB. The parallel toAB throughQ intersectsBP at F . The linesEF andAP
intersect atX. Then the parallel toAB throughX is a sideline of the rectangle
inscribed inPAB. The reflections of this line with respect toAI andBI will each
give a sideline of the two other rectangles.1

Proof. We have
BE

BA
=

a

c
,

BP

BF
=

dc

da
=

c

a

a − Lµ

c − Lµ
. Applying the Menelaus

theorem to trianglePAB and transversalEFX, we have

XA

XP
=

FB

FP

EA

EB
=

Lµ − c

Lµ
.

More over, the sidelines of the rectangles parallel toBC, CA,AB form a triangle
homothetic atI with ABC. �

1This construction was given by Bernard Gibert.
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Q
E

F

X

P

A

B

C

I

Figure 3

3. Construction of Pµ

The pointPµ is in general not constructible with ruler and compass. We give
here a construction as the intersection of the arcΩ with a circle.

Consider the points

X100 =
(

a

b − c
:

b

c − a
:

c

a − b

)

and

X106 =
(

a2

b + c − 2a
:

b2

c + a − 2b
:

c2

a + b − 2c

)

on the circumcircle.2 Note that the lineX100X106 passes through the incenterI.
The line joiningX106 to the symmedian pointK intersects the circumcircle again
at

X101 =
(

a2

b − c
:

b2

c − a
:

c2

a − b

)
.

Construction. Draw outwardly a line� parallel toAC at a distanceµb from AC,
intersecting the lineCK at S. The parallel atS to the lineCX101 intersects the
line KX101X106 at Yµ. ThenPµ is the intersection of the arcΩ with the circle
throughX100, X106, andYµ. See Figure 4.

Proof. From

L =
2a∆x

2∆x + µa2(x + y + z)
=

2b∆y

2∆x + µb2(x + y + z)
=

2c∆z

2∆z + µa2(x + y + z)
,

2We follow the notations of [1]. Here,X100 is the isogonal conjugate of the infinite point of the
trilinear polar of the incenter, andX106 is the isogonal conjugate of the infinite point of the lineGI
joining the centroid and the incenter.
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we note thatPµ lies on the three hyperbolasHa, Hb andHc with equations

µbc(x + y + z)(cy − bz) + 2∆(b − c)yz =0, (Ha)

µca(x + y + z)(az − cx) + 2∆(c − a)zx =0, (Hb)

µab(x + y + z)(bx − ay) + 2∆(a − b)xy =0. (Hc)

Computinga2(a−b)(c−a)(Ha)+b2(b−c)(a−b)(Hb)+c2(c−a)(b−c)(Hc),
we see thatPµ lies on the circleΓµ:

µabc(x + y + z)Λ + 2∆(a − b)(b − c)(c − a)(a2yz + b2zx + c2xy) = 0,

where

Λ = bc(b − c)(b + c− 2a)x + ca(c− a)(c + a− 2b)y + ab(a + b − 2c)(a − b)z.

As Λ = 0 is the lineX100X106, the circleΓµ passes throughX100 andX106.
Now, as� is the line2∆y + µb2(x + y + z) = 0, we have

S =
(

a2 : b2 : −
(

a2 + b2 +
2∆
µ

))
.

The parallel throughS to CX101 is the line

µ(b + a − 2c)(x + y + z) + 2∆
(

(b − c)x
a2

+
(a − c)y

b2

)
= 0,

andKX101 is the line
b2c2(b − c)(b + c − 2a)x + c2a2(c − a)(c + a − 2b)y + a2b2(a − b)(a + b − 2c)z = 0.

We can check that these two lines intersect at the point

Yµ =(a2(2∆(c − a)(a − b) + µ(−a2(b2 + c2) + 2abc(b + c) + (b4 − 2b3c − 2bc3 + c4))

:b2(2∆(a − b)(b − c) + µ(−b2(c2 + a2) + 2abc(c + a) + (c4 − 2c4a − 2ca3 + a4))

:c2(2∆(b − c)(c − a) + µ(−c2(a2 + b2) + 2abc(a + b) + (a4 − 2a3b − 2ab3 + b4)))

on the circleΓµ. �

Remark. The circle throughX100, X106 and Pµ is the only constructible circle
throughPµ, and there is no constructible line throughPµ.
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Yµ

X106

X100
X101

PµI
K
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B

C

S

Figure 4
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Collineations, Conjugacies, and Cubics

Clark Kimberling

Abstract. If F is an involution andϕ a suitable collineation, thenϕ ◦ F ◦ ϕ−1

is an involution; this form includes well-known conjugacies and new conjuga-
cies, includingaleph, beth, complementary, andanticomplementary. If Z(U)
is the self-isogonal cubic with pivotU , thenϕ carriesZ(U) to a pivotal cubic.
Particular attention is given to the Darboux and Lucas cubics,D andL, and
conjugacy-preserving mappings betweenD andL are formulated.

1. Introduction

The defining property of the kind of mapping calledcollineation is that it carries
lines to lines. Matrix algebra lends itself nicely to collineations as in [1, Chapter
XI] and [5]. In order to investigate collineation-induced conjugacies, especially
with regard to triangle centers, suppose that an arbitrary pointP in the plane of
�ABC has homogeneous trilinear coordinatesp : q : r relative to�ABC, and
write

A = 1 : 0 : 0, B = 0 : 1 : 0, C = 0 : 0 : 1,
so that 

 A
B
C


 =


 1 0 0

0 1 0
0 0 1


 .

Suppose now that suitably chosen pointsPi = pi : qi : ri andP ′
i = p′i : q′i : r′i

for i = 1, 2, 3, 4 are given and that we wish to represent the unique collineationϕ
that maps eachPi to P ′

i . (Precise criteria for “suitably chosen” will be determined
soon.) Let

P =


 p1 q1 r1

p2 q2 r2

p3 q3 r3


 , P

′ =


 p′1 q′1 r′1

p′2 q′2 r′2
p′3 q′3 r′3


 .

We seek a matrixM such thatϕ(X) = XM for every pointX = x : y : z, where
X is represented as a1 × 3 matrix:

X =
(

x y z
)

In particular, we wish to have

PM = DP
′ and P4M =

(
gp′4 gq′4 gr′4

)
,

Publication Date: March 11, 2002. Communicating Editor: Paul Yiu.



22 C. Kimberling

where

D =


 d 0 0

0 e 0
0 0 f




for some multipliersd, e, f , g. By homogeneity, we can, and do, putg = 1. Then
substitutingP

−1
DP

′ for M givesP4P
−1

D = P
′
4(P

′)−1. Writing out both sides
leads to

d =
(q′2r′3 − q′3r′2)p′4 + (r′2p′3 − r′3p′2)q′4 + (p′2q′3 − p′3q′2)r′4
(q2r3 − q3r2)p4 + (r2p3 − r3p2)q4 + (p2q3 − p3q2)r4

,

e =
(q′3r

′
1 − q′1r

′
3)p

′
4 + (r′3p

′
1 − r′1p

′
3)q

′
4 + (p′3q

′
1 − p′1q

′
3)r

′
4

(q3r1 − q1r3)p4 + (r3p1 − r1p3)q4 + (p3q1 − p1q3)r4
,

f =
(q′1r′2 − q′2r′1)p′4 + (r′1p′2 − r′2p′1)q′4 + (p′1q′2 − p′2q′1)r′4
(q1r2 − q2r1)p4 + (r1p2 − r2p1)q4 + (p1q2 − p1q2)r4

.

The pointD := d : e : f is clearly expressible as quotients of determinants:

D =

∣∣∣∣∣∣
p′4 q′4 r′4
p′2 q′2 r′2
p′3 q′3 r′3

∣∣∣∣∣∣∣∣∣∣∣∣
p4 q4 r4

p2 q2 r2

p3 q3 r3

∣∣∣∣∣∣
:

∣∣∣∣∣∣
p′4 q′4 r′4
p′3 q′3 r′3
p′1 q′1 r′1

∣∣∣∣∣∣∣∣∣∣∣∣
p4 q4 r4

p3 q3 r3

p1 q1 r1

∣∣∣∣∣∣
:

∣∣∣∣∣∣
p′4 q′4 r′4
p′1 q′1 r′1
p′2 q′2 r′2

∣∣∣∣∣∣∣∣∣∣∣∣
p4 q4 r4

p1 q1 r1

p2 q2 r2

∣∣∣∣∣∣
.

With D determined1, we write

M = P
−1

DP
′

and are now in a position to state the conditions to be assumed about the eight
initial points:

(i) P andP
′ are nonsingular;

(ii) the denominators in the expressions ford, e, f are nonzero;
(iii) def �= 0.
Conditions (i) and (ii) imply that the collineationϕ is given byϕ(X) = XM,

and (iii) ensures thatϕ−1(X) = XM
−1. A collineationϕ satisfying (i)-(iii) will

be calledregular. If ϕ is regular then clearlyϕ−1 is regular.
If the eight initial points are centers (i.e., triangle centers) for which no three

Pi are collinear and no threeP′
i are collinear, then for every centerX, the image

ϕ(X) is a center. IfP1, P2, P3 are respectively theA-, B-, C- vertices of a central
triangle [3, pp. 53-57] andP4 is a center, and if the same is true forP′

i for i = 1,
2, 3, 4, then in this case, too,ϕ carries centers to centers.

1A geometric realization ofD follows. LetP̂ denote the circle

(p1α + p2β + p3γ)(aα + bβ + cγ) + p4(aβγ + bγα + cαβ) = 0,

and letQ̂, R̂, P̂ ′, Q̂′, R̂′ be the circles likewise formed from the pointsPi andP ′
i . Following [3,

p.225], letΛ andΛ′ be the radical centers of circleŝP , Q̂, R̂ andP̂ ′, Q̂′, R̂′, respectively. ThenD
is the trilinear quotientΛ/Λ′.
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The representationϕ(X) = XM shows that forX = x : y : z, the imageϕ(X)
has the form

f1x + g1y + h1z : f2x + g2y + h2z : f3x + g3y + h3z.

Consequently, ifΛ is a curve homogeneous of degreen ≥ 1 in α, β, γ, then
ϕ(Λ) is also a curve homogeneous of degreen in α, β, γ. In particular,ϕ carries
a circumconic onto a conic that circumscribes the triangle having verticesϕ(A),
ϕ(B), ϕ(C), and likewise for higher order curves. We shall, in§5, concentrate on
cubic curves.

Example 1. Suppose

P = p : q : r, U = u : v : w, U ′ = u′ : v′ : w′

are points, none lying on a sideline of�ABC, andU′ is not on a sideline of the
cevian triangle ofP (whose vertices are the rows of matrixP

′ shown below). Then
the collineationϕ that carriesABC to P

′ andU to U ′ is regular. We have

P
′ =


 0 q r

p 0 r
p q 0


 , and (P′)−1 =

1
|P′|


 −p q r

p −q r
p q −r


 ,

leading to

ϕ(X) = XM = p(ey + fz) : q(fz + dx) : r(dx + ey), (1)

where

d : e : f =
1
u

(
−u′

p
+

v′

q
+

w′

r

)
:

1
v

(
u′

p
− v′

q
+

w′

r

)
:

1
w

(
u′

p
+

v′

q
− w′

r

)
.

(2)

Example 2. Continuing from Example 1,ϕ−1 is the collineation given by

ϕ−1(X) = XM
−1 =

1
d

(
−x

p
+

y

q
+

z

r

)
:

1
e

(
x

p
− y

q
+

z

r

)
:

1
f

(
x

p
+

y

q
− z

r

)
. (3)

2. Conjugacies induced by collineations

SupposeF is a mapping on the plane of�ABC andϕ is a regular collineation,
and consider the following diagram:

F (X) ϕ(F (X))

X ϕ(X)

On writing ϕ(X) asP, we havem(P ) = ϕ(F (ϕ−1(P ))). If F (F (X)) = X,
thenm(m(P )) = P ; in other words, ifF is an involution, thenm is an involution.
We turn now to Examples 3-10, in whichF is a well-known involution andϕ is
the collineation in Example 1 or a special case thereof. In Examples 11 and 12,ϕ
is complementation and anticomplementation, respectively.
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Example 3. For any pointX = x : y : z not on a sideline of�ABC, the isogonal
conjugate ofX is given by

F (X) =
1
x

:
1
y

:
1
z
.

SupposeP,U, ϕ are as in Example 1. The involutionm given bym(X) = ϕ(F (ϕ−1(X)))
will be formulated: equation (3) implies

F (ϕ−1(X)) =
d

−x
p + y

q + z
r

:
e

x
p − y

q + z
r

:
f

x
p + y

q − z
r

,

and substituting these coordinates into (1) leads to

m(X) = m1 : m2 : m3, (4)

where

m1 = m1(p, q, r, x, y, z) = p

(
e2

x
p − y

q + z
r

+
f2

x
p + y

q − z
r

)
(5)

andm2 andm3 are determined cyclically fromm1; for example,m2(p, q, r, x, y, z) =
m1(q, r, p, y, z, x).

In particular, ifU = 1 : 1 : 1 andU′ = p : q : r, then from equation (2), we
haved : e : f = 1 : 1 : 1, and (5) simplifies to

m(X) = x

(
−x

p
+

y

q
+

z

r

)
: y
(
x

p
− y

q
+

z

r

)
: z
(
x

p
+

y

q
− z

r

)
.

This is theP -Ceva conjugate ofX, constructed [3, p. 57] as the perspector of the
cevian triangle ofP and the anticevian triangle ofX.

Example 4. Continuing with isogonal conjugacy forF and withϕ as in Example
3 (with U = 1 : 1 : 1 andU ′ = p : q : r), here we useϕ−1 in place ofϕ, so that
m(X) = ϕ−1(F (ϕ(X)). The result is (4), with

m1 = −q2r2x2 + r2p2y2 + p2q2z2 + (−q2r2 + r2p2 + p2q2)(yz + zx + xy).

In this case,m(X) is theP -aleph conjugate of X.

Let

n(X) =
1

y + z
:

1
z + x

:
1

x + y
.

ThenX = n(X)-aleph conjugate ofX. Another easily checked property is that a
necessary and sufficient condition that

X = X-aleph conjugate of the incenter

is thatX = incenter or elseX lies on the conicβγ + γα + αβ = 0.
In [4], various triples(m(X), P,X) are listed. A selection of these permuted

to (X,P,m(X)) appears in Table 1. The notationXi refers to the indexing of
triangle centers in [4]. For example,

X57 =
1

b + c− a
:

1
c + a− b

:
1

a + b− c
= tan

A

2
: tan

B

2
: tan

C

2
,
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abbreviated in Table 1 and later tables as “57, tan A
2 ”. In Table 1 and the sequel,

the areaσ of �ABC is given by

16σ2 = (a + b + c)(−a + b + c)(a − b + c)(a + b− c).

Table 1. Selected aleph conjugates

center,X P P -aleph conj. ofX

57, tan A
2 7, sec2 A

2 57, tan A
2

63, cot A 2, 1
a 1, 1

57, tan A
2 174, sec A

2 1, 1
2, 1

a 86, bc
b+c 2, 1

a

3, cosA 21, 1
cos B+cos C 3, cosA

43, ab + ac− bc 1, 1 9, b + c− a

610, σ2 − a2 cotA 2, 1
a 19, tan A

165, tan B
2 + tan C

2 − tan A
2 100, 1

b−c 101, a
b−c

Example 5. Here,F is reflection about the circumcenter:

F (x : y : z) = 2R cosA− hx : 2R cosB − hy : 2R cosC − hz,

whereR = circumradius, andh normalizes2 X. Keepingϕ as in Example 4, we
find

m1(x, y, z) = 2abc(cos B + cos C)

(
x(b + c − a)

p
+

y(c + a − b)

q
+

z(a + b − c)

r

)
− 16σ2x,

which, via (4), defines theP -beth conjugate of X.

Table 2. Selected beth conjugates

center,X P P -beth conj. ofX

110, a
b2−c2

643, b+c−a
b2−c2

643, b+c−a
b2−c2

6, a 101, a
b−c 6, a

4, secA 8, csc2 A
2 40, cos B + cosC − cosA− 1

190, bc
b−c 9, b + c− a 292, a/(a2 − bc)

11, 1 − cos(B − C) 11, 1 − cos(B − C) 244, (1 − cos(B −C)) sin2 A
2

1, 1 99, bc
b2−c2

85, b2c2

b+c−a

10, b+c
a 100, 1

b−c 73, cosA(cosB + cosC)
3, cosA 21, 1

cos B+cos C 56, 1 − cosA

Among readily verifiable properties of beth-conjugates are these:
(i) ϕ(X3) is collinear with every pair{X,m(X)}.
(ii) Since each lineL throughX3 has two points fixed under reflection inX3,

the lineϕ(L) has two points that are fixed bym, namelyϕ(X3) andϕ(L ∩ L∞).

2If X /∈ L∞, thenh = 2σ/(ax + by + cz); if X ∈ L∞ andxyz �= 0, thenh = 1/x + 1/y +
1/z; otherwise,h = 1. For X /∈ L∞, the nonhomogeneous representation forX as the ordered
triple (hx, hy, hz) gives the actual directed distanceshx, hy, hz from X to sidelinesBC, CA, AB,
respectively.
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(iii) When P = X21, ϕ carries the Euler lineL(3, 4, 20, 30) to L(1, 3, 56, 36),
on which them-fixed points areX1 andX36, andϕ carries the lineL(1, 3, 40, 517)
to L(21, 1, 58, 1078), on which them-fixed points areX1 andX1078.

(iv) If X lies on the circumcircle, then theX21-beth conjugate,X′, of X lies on
the circumcircle. Such pairs(X,X′) include(Xi,Xj) for these(i, j): (99, 741),
(100, 106), (101, 105), (102, 108), (103, 934), (104, 109), (110, 759).

(v) P = P -beth conjugate ofX if and only if X = P ·X56 (trilinear product).

Example 6. Continuing Example 5 withϕ−1 in place ofϕ leads to theP -gimel
conjugate of X, defined via (4) by

m1(x, y, z) = 2abc
(
−cosA

p
+

cosB
q

+
cosC

r

)
S − 8σ2x,

whereS = x(bq + cr) + y(cr + ap) + z(ap + bq).
It is easy to check that ifP ∈ L∞, thenm(X1) = X1.

Table 3. Selected gimel conjugates

center,X P P -gimel conjugate ofX

1, 1 3, cosA 1, 1
3, cosA 283, cos A

cos B+cos C 3, cosA
30, cosA− 2 cosB cosC 8, csc2 A

2 30, cosA− 2 cosB cosC
4, secA 21, 1

cos B+cos C 4, secA

219, cos A cot A
2 63, cot A 6, a

Example 7. For distinct pointsX′ = x′ : y′ : z′ andX = x : y : z, neither lying
on a sideline of�ABC, theX′-Hirst inverse ofX is defined [4, Glossary] by

y′z′x2 − x′2yz : z′x′y2 − y′2zx : x′y′z2 − z′2xy.

We chooseX′ = U = U ′ = 1 : 1 : 1. Keepingϕ as in Example 4, forX �= P we
obtainm as in expression (4), with

m1(x, y, z) = p

(
y

q
− z

r

)2

+ x

(
2x
p

− y

q
− z

r

)
.

In this example,m(X) defines theP -daleth conjugate of X. The symbolω in
Table 5 represents the Brocard angle of�ABC.

Table 4. Selected daleth conjugates

center,X P P -daleth conjugate ofX

518, b2 + c2 − a(b + c) 1, 1 37, b + c
1, 1 1, 1 44, b + c− 2a

511, cos(A + ω) 3, cosA 216, sin 2A cos(B − C)
125, cos A sin2(B − C) 4, secA 125, cosA sin2(B − C)

511, cos(A + ω) 6, a 39, a(b2 + c2)
672, a(b2 + c2 − a(b + c)) 6, a 42, a(b + c)

396, cos(B − C) + 2 cos(A− π
3 ) 13, csc(A + π

3 ) 30, cosA− 2 cosB cosC
395, cos(B − C) + 2 cos(A + π

3 ) 14, csc(A− π
3 ) 30, cosA− 2 cosB cosC
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Among properties of daleth conjugacy that can be straightforwardly demon-
strated is that for givenP , a pointX satisfies the equation

P = P -daleth conjugate ofX

if and only if X lies on the trilinear polar ofP .

Example 8. Continuing Example 7, we useϕ−1 in place ofϕ and define the re-
sulting imagem(X) as theP -he conjugate of X.3 We havem as in (4) with

m1(x, y, z) = −p(y + z)2 + q(z + x)2 + r(x + y)2

+
qr

p
(x + y)(x + z) − rp

q
(y + z)(y + x) − pq

r
(z + x)(z + y).

Table 5. Selected he conjugates

center,X P P -he conjugate ofX

239, bc(a2 − bc) 2, 1
a 9, b + c− a

36, 1 − 2 cosA 6, a 43, cscB + cscC − cscA
514, b−c

a 7, sec2 A
2 57, tan A

2
661, cot B − cotC 21, 1

cos B+cos C 3, cosA
101, a

b−c 100, 1
b−c 101, a

b−c

Example 9. TheX1-Ceva conjugate ofX not lying on a sideline of is�ABC is
the point

−x(−x + y + z) : y(x− y + z) : z(x + y − z).
Taking this forF and keepingϕ as in Example 4 leads to

m1(x, y, z) = p(x2q2r2 + 2p2(ry − qz)2 − pqr2xy − pq2rxz),

which viam as in (4) defines theP -waw conjugate of X.

Table 6. Selected waw conjugates

center,X P P -waw conjugate ofX

37, b + c 1, 1 354, (b − c)2 − ab− ac

5, cos(B − C) 2, 1
a 141, bc(b2 + c2)

10, b+c
a 2, 1

a 142, b + c− (b−c)2

a
53, tanA cos(B − C) 4, secA 427, (b2 + c2) secA

51, a2 cos(B − C) 6, a 39, a(b2 + c2)

Example 10. Continuing Example 9 withϕ−1 in place ofϕ gives

m1(x, y, z) = p(y + z)2 − ry2 − qz2 + (p− r)xy + (p− q)xz,

which viam as in (4) defines theP -zayin conjugate of X. WhenP = incenter,
this conjugacy is isogonal conjugacy. Other cases are given in Table 7.

3The fifth letter of the Hebrew alphabet ishe, homophonous withhay.
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Table 7. Selected zayin conjugates

center,X P P -zayin conjugate ofX

9, b + c− a 2, 1
a 9, b + c− a

101, a
b−c 2, 1

a 661, cot B − cotC
108, sinA

sec B−sec C 3, cosA 656, tan B − tanC

109, sinA
cos B−cos C 4, secA 656, tan B − tanC

43, ab + ac− bc 6, a 43, ab + ac− bc

57, tan A
2 7, sec2 A

2 57, tan A
2

40, cosB + cosC − cosA− 1 8, csc2 A
2 40, cosB + cosC − cosA− 1

Example 11. The complement of a pointX not onL∞ is the pointX′ satisfying
the vector equation −−−→

X ′X2 =
1
2
−−−→
X2X.

If X = x : y : z, then

X ′ =
by + cz

a
:
cz + ax

b
:
ax + by

c
. (6)

If X ∈ L∞, then (6) defines the complement ofX. The mappingϕ(X) = X′ is a
collineation. LetP = p : q : r be a point not on a sideline of�ABC, and let

F (X) =
1
px

:
1
qy

:
1
rz

,

theP -isoconjugate ofX. Thenm as in (4) is given by

m1(x, y, z) =
1
a

(
b2

q(ax− by + cz)
+

c2

r(ax + by − cz)

)
and defines theP -complementary conjugate of X. TheX1-complementary con-
jugate ofX2, for example, is the symmedian point of the medial triangle,X141,
andX10 is its ownX1-complementary conjugate. Moreover,X1-complementary
conjugacy carriesL∞ onto the nine-point circle. Further examples follow:

Table 8. Selected complementary conjugates

centerX P P -complementary conjugate ofX

10, b+c
a 2, 1

a 141, bc(b2 + c2)
10, b+c

a 3, cosA 3, cosA
10, b+c

a 4, secA 5, cos(B − C)
10, b+c

a 6, a 2, 1
a

141, bc(b2 + c2) 7, sec2 A
2 142, b + c− (b−c)2

a
9, b + c− a 9, b + c− a 141, bc(b2 + c2)

2, 1
a 19, tan A 5, cos(B − C)

125, cos A sin2(B − C) 10, b+c
a 513, b − c
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Example 12. The anticomplement of a pointX is the pointX′′ given by

X ′′ =
−ax + by + cz

a
:
ax− by + cz

b
:
ax + by − cz

c
.

KeepingF andϕ as in Example 11, we haveϕ−1(X) = X ′′ and definem by
m = ϕ−1 ◦ F ◦ ϕ, Thus,m(X) is determined as in (4) from

m1(x, y, z) =
1
a

(
b2

q(ax + cz)
+

c2

r(ax + by)
− a2

p(by + cz)

)
.

Here,m(X) defines theP -anticomplementary conjugate of X. For example, the
centroid is theX1-anticomplementary conjugate ofX69 (the symmedian point of
the anticomplementary triangle), and the Nagel point,X8, is its own selfX1-
anticomplementary conjugate. Moreover,X1-anticomplementary conjugacy car-
ries the nine-point circle ontoL∞. Further examples follow:

Table 9. Selected anticomplementary conjugates

center,X P P -anticomplementary conj. ofX

3, cosA 1, 1 4, secA
5, cos(B − C) 1, 1 20, cosA− cosB cosC

10, b+c
a 2, 1

a 69, bc(b2 + c2 − a2)
10, b+c

a 3, cosA 20, cosA− cosB cosC
10, b+c

a 4, secA 4, secA

10, b+c
a 6, a 2, 1

a
5, cos(B − C) 19, tan A 2, 1

a

125, cos A sin2(B −C) 10, b+c
a 513, b − c

3. The Darboux cubic, D

This section formulates a mappingΨ on the plane of�ABC; this mapping
preserves two pivotal properties of the Darboux cubicD. In Section 4,Ψ(D) is
recognized as the Lucas cubic. In Section 5, collineations will be applied toD,
carrying it to cubics having two pivotal configurations with properties analogous
to those ofD.

The Darboux cubic is the locus of a pointX such that the pedal triangle ofX is a
cevian triangle. The pedal triangle ofX has for itsA-vertex the point in which the
line throughX perpendicular to lineBC meets lineBC, and likewise for theB-
andC- vertices. We denote these three vertices byXA,XB ,XC , respectively. To
say that their triangle is a cevian triangle means that the linesAXA, BXB , CXC

concur. LetΨ(P ) denote the point of concurrence. In order to obtain a formula for
Ψ, we begin with the pedal triangle ofP :

 XA

XB

XC


 =


 0 β + αc1 γ + αb1

α + βc1 0 γ + βa1

α + γb1 β + γa1 0


 ,
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wherea1 = cosA, b1 = cosB, c1 = cosC. Then

BXB ∩ CXC =(α + βc1)(α + γb1) : (β + γa1)(α + βc1) : (γ + βa1)(α + γb1),

CXC ∩AXA =(α + γb1)(β + αc1) : (β + γa1)(β + αc1) : (γ + αb1)(β + γa1),

AXA ∩BXB =(α + βc1)(γ + αb1) : (β + αc1)(γ + βa1) : (γ + αb1)(γ + βa1).

Each of these three points isΨ(X). Multiplying and taking the cube root gives
the following result:

Ψ(X) = ψ(α, β, γ, a, b, c) : ψ(β, γ, α, b, c, a) : ψ(γ, α, β, c, a, b),

where

ψ(α, β, γ, a, b, c) = [(α + βc1)2(α + γb1)2(β + αc1)(γ + αb1)]1/3.

The Darboux cubic is one of a family of cubicsZ(U) given by the form (e.g.,
[3, p.240])

uα(β2 − γ2) + vβ(γ2 − α2) + wγ(α2 − β2) = 0, (7)

where the pointU = u : v : w is called the pivot ofZ(U), in accord with
the collinearity ofU, X, and the isogonal conjugate,X−1, of X, for every point
X = α : β : γ onZ(U). The Darboux cubic isZ(X20); that is,

(a1 − b1c1)α(β2 − γ2) + (b1 − c1a1)β(γ2 − α2) + (c1 − a1b1)γ(α2 − β2) = 0.

This curve has a secondary pivot, the circumcenter,X3, in the sense that ifX lies
onD, then so does the reflection ofX in X3. SinceX3 itself lies onD, we have
here a second system of collinear triples onD.

The two types of pivoting lead to chains of centers onD:

X1
refl−→ X40

isog−→ X84
refl−→ · · · (8)

X3
isog−→ X4

refl−→ X20
isog−→ X64

refl−→ · · · . (9)

Each of the centers in (8) and (9) has a trilinear representation in polynomials with
all coefficients integers. One wonders if all such centers onD can be generated by
a finite collection of chains using reflection and isogonal conjugation as in (8) and
(9).

4. The Lucas cubic, L

Transposing the roles of pedal and cevian triangles in the description ofD leads
to the Lucas cubic,L, i.e., the locus of a pointX = α : β : γ whose cevian triangle
is a pedal triangle. Mimicking the steps in Section 3 leads to

Ψ−1(X) = λ(α, β, γ, a, b, c) : λ(β, γ, α, b, c, a) : λ(γ, α, β, c, a, b),

whereλ(α, β, γ, a, b, c) =

{[α2 − (αa1 −γc1)(αa1 −βb1)]([(αβ +γ(αa1 −βb1)][(αγ +β(αa1 −γc1)]}1/3.

It is well known [1, p.155] that “the feet of the perpendiculars from two isogo-
nally conjugate points lie on a circle; that is, isogonal conjugates have a common
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pedal circle. . . ” Consequently,L is self-cyclocevian conjugate [3, p. 226]. Since
L is also self-isotomic conjugate, certain centers onL are generated in chains:

X7
isot−→ X8

cycl−→ X189
isot−→ X329

cycl−→ · · · (10)

X2
cycl−→ X4

isot−→ X69
cycl−→ X253

isot−→ X20
cycl−→ · · · . (11)

The mappingΨ, of course, carriesD to L, isogonal conjugate pairs onD to
cyclocevian conjugate pairs onL, reflection-in-circumcenter pairs onD to isotomic
conjugate pairs onL, and chains (8) and (9) to chains (10) and (11).

5. Cubics of the form ϕ(Z(U))

Every line passing through the pivot of the Darboux cubicD meetsD in a pair
of isogonal conjugates, and every line through the secondary pivotX3 of D meets
D in a reflection-pair. We wish to obtain generalizations of these pivotal properties
by applying collineations toD. As a heuristic venture, we apply toD trilinear
division by a pointP = p : q : r for which pqr �= 0: the setD/P of pointsX/P
asX traversesD is easily seen to be the cubic

(a1 − b1c1)px(q2y2 − r2z2) + (b1 − c1a1)qy(r2z2 − p2x2)

+(c1 − a1b1)rz(p2x2 − q2y2) = 0.

This is the self-P -isoconjugate cubic with pivotX20/P and secondary pivotX3/P .
The cubicD/P , for some choices ofP , passes through many “known points,” of
course, and this is true if forD we substitute any cubic that passes through many
“known points”.

The above preliminary venture suggests applying a variety of collineations to
various cubicsZ(U). To this end, we shall call a regular collineationϕ a tricentral
collineation if there exists a mappingm1 such that

ϕ(α : β : γ) = m1(α : β : γ) : m1(β : γ : α) : m1(γ : α : β) (12)

for all α : β : γ. In this case,ϕ−1 has the form given by

n1(α : β : γ) : n1(β : γ : α) : n1(γ : α : β),

hence is tricentral.
The tricentral collineation (12) carriesZ(U) in (7) to the cubicϕ(Z(U)) having

equation
uα̂(β̂2 − γ̂2) + vβ̂(γ̂2 − α̂2) + wγ̂(α̂2 − β̂2) = 0, (13)

where
α̂ : β̂ : γ̂ = n1(α : β : γ) : n1(β : γ : α) : n1(γ : α : β).

Example 13. Let

ϕ(α : β : γ) = p(β + γ) : q(γ + α) : r(α + β),

so that

ϕ−1(α : β : γ) = −α

p
+

β

q
+

γ

r
:
α

p
− β

q
+

γ

r
:
α

p
+

β

q
− γ

r
.
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In accord with (13), the cubicϕ(Z(U)) has equation

uα

p

(
−α

p
+

β

q
+

γ

r

)(
β

q
− γ

r

)
+

vβ

q

(
α

p
− β

q
+

γ

r

)(
γ

r
− α

p

)

+
wγ

r

(
α

p
+

β

q
− γ

r

)(
α

p
− β

q

)
= 0.

Isogonic conjugate pairs onZ(U) are carried as in Example 3 toP -Ceva con-
jugate pairs onϕ(Z(U)). Indeed, each collinear tripleX,U,X−1 is carried to a
collinear triple, so thatϕ(U) is a pivot forϕ(Z(U)).

If U = X20, so thatZ(U) is the Darboux cubic, then collinear triplesX, X3, X̃ ,
whereX̃ denotes the reflection ofX in X3, are carried to collinear triplesϕ(X),
ϕ(X3), ϕ(X̃), whereϕ(X̃) is theP -beth conjugate ofX, as in Example 5.

Example 14. Continuing Example 13 withϕ−1 in place ofϕ, the cubicϕ−1(Z(U))
is given by

s(u, v,w, p, q, r, α, β, γ)+s(v,w, u, q, r, p, β, γ, α)+s(w, u, v, r, p, q, γ, α, β) = 0,

where

s(u, v,w, p, q, r, α, β, γ) = up(β + γ)(q2(γ + α)2 − r2(α + β)2).

Collinear triplesX,U,X−1 onZ(U) yield collinear triples onϕ−1(Z(U)), so that
ϕ−1(U) is a pivot forϕ−1(Z(U)). The pointϕ−1(X−1) is theP -aleph conjugate
of X, as in Example 4.

On the Darboux cubic, collinear triplesX,X3, X̃, yield collinear triplesϕ−1(X),
ϕ−1(X3), ϕ−1(X̃), this last point being theP -gimel conjugate ofX, as in Exam-
ple 6.
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Equilateral Chordal Triangles

Floor van Lamoen

Abstract. When a circle intersects each of the sidelines of a triangle in two
points, we can pair the intersections in such a way that three chords not along
the sidelines bound a triangle, which we call achordal triangle. In this paper we
show that equilateral chordal triangles are homothetic to Morley’s triangle, and
identify all cases.

1. Chordal triangles

Let T = ABC be the triangle of reference, and let a circleγ intersect sidea
in pointsBa andCa, sideb in Ab andCb and sidec in Ac andBc. The chords
a′ = CbBc, b′ = AcCa and c′ = AbBa enclose a triangleT ′, which we call a
chordal triangle. See Figure 1. We begin with some preliminary results. In writing
these the expression(	1, 	2) denotes the directed angle from	1 to 	2.

B

C

A Ac Bc

Ca

Ba

Cb

Ab

B′
A′

C′

Figure 1

Proposition 1. The sides of the chordal triangle T′ satisfy

(a′, a) + (b′, b) + (c′, c) = 0 (mod π).

Proof. Note that(a′, c) = (BcCb, BcA) and

(c′, b) = −(AbA,AbBa) = (BcBa, BcCb) (mod π)

while also

(b′, a) = −(CaC,CaAc) = (BcAc, BcBa) (mod π).

We conclude that(a′, c) + (c′, b) + (b′, a) = 0 (mod π), and the proposition
follows from the fact that the internal directed angles of a triangle have sumπ. �

Publication Date: April 4, 2002. Communicating Editor: Jean-Pierre Ehrmann.
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Proposition 2. The triangle T ′ is perspective to ABC .

Proof. From Pascal’s hexagon theorem applied toCaBaAbCbBcAc we see that the
points of intersectionCaBa∩CbBc, BcAc∩BaAb andAbCb∩AcCa are collinear.
Therefore, trianglesABC and A′B′C ′ are line perspective, and by Desargues’
two-triangle theorem, they are point perspective as well. �

The triangleT ′′ enclosed by the linesa′′ = (a ∩ b′) ∪ (a′ ∩ b) and similarly
definedb′′ and c′′ is also a chordal triangle, which we will call thealternative
chordal triangle of T ′. 1

Proposition 3. The corresponding sides of T′ and T ′′ are antiparallel with respect
to triangle T .

Proof. From the fact thatBcAcAbCb is a cyclic quadrilateral, immediately we see
∠ABcCb = ∠AAbAc, so thata′ anda′′ are antiparallel. By symmetry this proves
the proposition. �

We now see that there is a family of chordal triangles homothetic toT′. From
a starting point on one of the sides ofABC we can construct segments to the
next sides alternately parallel to corresponding sides ofT′ andT ′′.2 Extending the
segments parallel toT ′ we get a chordal triangle homothetic toT′. 3

B

C

A

Ab

Cb

Ac Bc

Ca

Ba

A′′

C′′

B′′

A′

C′

B′

b1
c1a1 b2

c2a2

c1
a1 b1

c2
a2b2c1

b1
a1

c2
b2a2

R

Q

Figure 2

1This is the triangle enclosed by the linesAbAc, BcBa andCaCb in Figure 2. The definition of
T ′′ from T andT ′ is exactly dual to the definition of ‘desmic mate’ (see [1,§4]). This yields also
thatT , T ′ andT ′′ are perspective through one perspector, which will be shown differently later this
section, in order to keep this paper self contained.

2This is very similar to the well known construction of the Tucker hexagon.
3In fact it is easy to see that starting with any pair of trianglesT ′ andT ′′ satisfying Propositions

1 and 3, we get a family of chordal triangles with this construction.
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With the knowledge of Propositions 1-3 we can indicate angles as in Figure 2. In
this figure we have also drawn altitudesC′′Q andC′′R toBC andAC respectively.

Note that

C ′′Q = sin(b1) sin(b2) csc(C ′′) · AbBa,
C ′′R = sin(a1) sin(a2) csc(C ′′) · AbBa.

This shows that the (homogeneous) normal coordinates4 for C ′′ are of the form

(csc(a1) csc(a2) : csc(b1) csc(b2) : · · · ).
From this we see thatT andT ′′ have perspector

(csc(a1) csc(a2) : csc(b1) csc(b2) : csc(c1) csc(c2)).

Clearly this perspector is independent from choice ofT′ or T ′′, and depends only
on the anglesa1, a2, b1, b2, c1 andc2.

B

C

A

Cb

Ab

Bc Ac

Ba

Ca

A′

C′

B′

A′′

C′′

B′′

Figure 3

Proposition 4. All chordal triangles homothetic to a chordal triangle T′, as well
as all chordal triangles homothetic to the alternative chordal triangle of T′, are
perspective to T through one perspector.

2. Equilateral chordal triangles

Jean-Pierre Ehrmann and Bernard Gibert have given a magnificently elegant
characterization of lines parallel to sides of Morley’s trisector triangle.

Proposition 5. [2, Proposition 5]A line 	 is parallel to a side of Morley’s trisector
triangle if and only if

(	, a) + (	, b) + (	, c) = 0 (mod π).

4These are traditionally called (homogeneous) trilinear coordinates.
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An interesting consequence of Proposition 5 in combination with Proposition 1
is that Morley triangles of chordal triangles are homothetic to the Morley triangle
of ABC. Furthermore, equilateral chordal triangles themselves are homothetic to
Morley’s triangle. This means that they are not in general constructible by ruler
and compass.

B

C

A Ac

Ca

Cb

Bc

Ba

Ab

Mb

Mc

Ma

Figure 4

With this knowledge we can identify all equilateral chordal triangles. First we
can specify the angles(a′, c), (c′, b), and(b′, a). There are six possibilities. Now
we can fix one point, sayBa, and use the specified angles and Proposition 3 to find
the other vertices of hexagonCaBaAbCbBcAc. The rest is easy.

We can now identify all equilateral chordal triangles by (homogeneous) normal
coordinates. As an example we will study the family

(a′, c) =
2
3
B +

1
3
C, (c′, b) =

2
3
A +

1
3
B, (b′, a) =

2
3
C +

1
3
A.

From the derivation of Proposition 4 we see that the perspector of this family has
normal coordinates(

csc
2B + C

3
csc

B + 2C
3

: csc
2A + C

3
csc

A + 2C
3

: csc
2A + B

3
csc

A + 2B
3

)
.

Writing (TU) for the directed arc fromT to U , and defining

ta = (CbBc), tb = (AcCa), tc = (BaAb),
ua = (CaBa), ub = (AbCb), uc = (BcAc),

we find the following system of equations

(CbAc) = ta + uc = 4
3B + 2

3C, (AbBc) = ub + ta = 4
3C + 2

3B,

(BaCb) = tc + ub = 4
3A + 2

3B, (CaAb) = ua + tc = 4
3B + 2

3A,

(AcBa) = tb + ua = 4
3C + 2

3A, (BcCa) = uc + tb = 4
3A + 2

3C.
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This system can be solved with one parameterτ to be

ta = 4(B+C)
3 − 2τ tb = 4(C+A)

3 − 2τ tc = 4(A+B)
3 − 2τ

ua = −2A
3 + 2τ ub = −2B

3 + 2τ uc = −2C
3 + 2τ

The coordinates of the centers of these circles are now given by5

(
± cos

(
A

3
+ τ

)
: ± cos

(
B

3
+ τ

)
: ± cos

(
C

3
+ τ

))
.

Assuming all cosines positive, these centers describe a line, which passes (take
τ = 0) through the perspector of the adjoint Morley triangle andABC, in [3,4]
numbered asX358. By takingτ = π

2 we see the line also passes through the point(
sin

A

3
: sin

B

3
: sin

C

3

)
.

Hence, the equation of this line through the centers of the circles is
∑
cyclic

(
sin

B

3
cos

C

3
− cos

B

3
sin

C

3

)
x = 0,

or simply ∑
cyclic

sin
B − C

3
x = 0.

One can find the other families of equilateral chordal triangles by adding and/or
subtracting appropriate multiples ofπ

3 to the inclinations of the sides ofT′ with
respect toT . The details are left to the reader.
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5We have to be careful with this type of conclusion. We cannot blindly give signs to the coor-
dinates. In particular, we cannot blindly follow the signs of the cosines below - if we would add
360 degrees toua, this would yield a change of sign for the first coordinate for the same figure. To
establish signs, one can shuffle the hexagonCaBaAbCbBcAc in such a way that the central angles
on the segments on the sides are all positive and the sum of central angles is exactly2π. From this
we can draw conclusions on the location of the center with respect to the sides.
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The Napoleon Configuration

Gilles Boutte

Abstract. It is an elementary fact in triangle geometry that the two Napoleon
triangles are equilateral and have the same centroid as the reference triangle. We
recall some basic properties of the Fermat and Napoleon configurations, and use
them to study equilateral triangles bounded by cevians. There are two families
of such triangles, the triangles in the two families being oppositely oriented.
The locus of the circumcenters of the triangles in each family is one of the two
Napoleon circles, and the circumcircles of each family envelope a conchoid of a
circle.

1. The Fermat-Napoleon configuration

Consider a reference triangle ABC , with side lengths a, b, c. Let F +
a be the

point such that CBF +
a is equilateral with the same orientation as ABC; similarly

for F+

b and F+
c . See Figure 1.

A

B C

F+
a

F
+

b

F+
c

ΓA

ΓB

ΓC

F+

Figure 1. The Fermat configuration

A

B C

F+

N+
a

N
+

b

N+
c

ΓB

ΓC

Figure 2. The Napoleon configuration

The triangle F +
a F+

b F+
c is called the first Fermat triangle. It is an elementary

fact that triangles F +
a F+

b F+
c and ABC are perspective at the first Fermat point

F+. We define similarly the second Fermat triangle F −

a F−

b F−

c in which CBF−

a ,
ACF−

b and BAF−

c are equilateral triangles with opposite orientation of ABC .
This is perspective with ABC at the second Fermat point F−. 1 Denote by ΓA the
circumcircle of CBF +

a , and N+
a its center; similarly for ΓB , ΓC , N+

b , N+
c . The

Publication Date: April 30, 2002. Communicating Editor: Paul Yiu.
1In [1], these are called the isogonic centers, and are referenced as X13 and X14.
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triangle N+
a N+

b N+
c is called the first Napoleon triangle, and is perspective with

ABC at the first Napoleon point N+. Similarly, we define the second Napoleon
triangle N−

a N−

b N−

c perspective with ABC at the second Napoleon point N−. 2

See Figure 2. Note that N−

a is the antipode of F +
a on ΓA.

We summarize some of the important properties of the Fermat and Napoleon
points.

Theorem 1. Let ABC be a triangle with side lengths a, b, c and area 4.

(1) The first Fermat point F+ is the common point to ΓA, ΓB and ΓC .
(2) The segments AF +

a , BF+

b , CF+
c have the same length ` given by

`2 =
1

2
(a2 + b2 + c2 + 4

√
34).

(3) The first Napoleon triangle N+
a N+

b N+
c is equilateral with the same orien-

tation as ABC . Its circumradius is `
3

.
(4) The Fermat and Napoleon triangles have the same centroid G as ABC .
(5) The first Fermat point lies on the circumcircle of the second Napoleon tri-

angle. We shall call this circle the second Napoleon circle.
(6) The lines N+

b N+
c and AF+ are respectively the line of centers and the

common chord of ΓB and ΓC . They are perpendicular.

Remarks. (i) Similar statements hold for the second Fermat and Napoleon points
F− and N−, with appropriate changes of signs.

(ii) (4) is an easy corollary of the following important result: Given a triangle
A′B′C ′ with ABC ′, BCA′, CAB′ positively similar. Thus ABC and A′B′C ′

have the same centroid. See, for example, [3, p.462].

A

B C

G

F+
a

F
+

b

F+
c F−

a

F
−

b

F−

c

N+
a

N
+

b

N+
c

N−

a N
−

b

N−

c

Figure 3. The Fermat and Napoleon
triangles

A

B C

F+

N−

a

N
−

b

N−

c

Figure 4. The Fermat point on the second
Napoleon circle

2In [1], the Napoleon points as X17 and X18.
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2. Equilateral triangles bounded by cevians

Let A1B1C1 be an equilateral triangle, with the same orientation as ABC and
whose sides are cevian lines in ABC , i.e. A lies on B1C1, B lies on C1A1, C lies
on A1B1. See Figure 5. Thus, CB is seen from A1 at an angle

π

3
, i.e., ∠CA1B =

π
3

, and A1 lies on ΓA. Similarly B1 lies on ΓB and C1 lies on ΓC . Conversely, let
A1 be any point on ΓA. The line A1B intersects ΓC at B and C1, the line A1C

intersects ΓB at C and B1.

A

B C

F+

O1

A1

B1

C1

N−

a

N
−

b

N−

c

Figure 5. Equilateral triangle bounded by cevians

Three of the angles of the quadrilateral A1B1AC1 are
π

3
; so A lies on B1C1 and

A1B1C1 is equilateral with the same orientation as ABC . We obtain an equilateral
triangle bounded by cevians. There is an infinity of such triangles.

Let O1 be the center of A1B1C1. BO1 is seen from A1 at an angle
π

6
(mod π);

similarly for BN−

a . The line A1O1 passes through N−

a . Similarly the lines B1O1

and C1O1 pass through N−

b and N−

c respectively. It follows that N−

b N−

c and B1C1

are seen from O1 at the same angle
2π

3
= −π

3
(mod π), and the point O1 lies on

the circumcircle of N−

a N−

b N−

c . Thus we have:

Theorem 2. The locus of the center of equilateral triangles bounded by cevians,
and with the same orientation as ABC , is the second Napoleon circle.

Similarly, the locus of the center of equilateral triangles bounded by cevians,
and with the opposite orientation of ABC , is the first Napoleon circle.
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3. Pedal curves and conchoids

We recall the definitions of pedal curves and conchoids from [2].

Definitions. Given a curve C and a point O,

(1) the pedal curve of C with respect to O is the locus of the orthogonal pro-
jections of O on the tangent lines of C;

(2) for a positive number k, the conchoid of C with respect to O and with offset
k is the locus of the points P for which there exists M on C with O, M , P

collinear and MP = k.

For the constructions of normal lines, we have

Theorem 3. Let PO be the pedal curve of C with respect to O. For any point M on
C, if P is the projection of O on the tangent to C at M , and Q is such that OPMQ

is a rectangle, then the line PQ is normal to PO at P .

O

C

PO

M

P

Q

Figure 6. The normal to a pedal curve

Theorem 4. Let CO,k be the conchoid of C with respect to O and offset k. For any
point P on CO,k, if M is the intersection of the line OP with C, then the mormal
lines to CO,k at P and to C at M intersect on the perpendicular to OP at O.

4. Envelope of the circumcircles

Consider one of the equilateral triangles with the same orientation of ABC . Let
C1 be the circumcircle of A1B1C1, R1 its radius. Its center O1 lies on the Napoleon
circle and the vertex A1 lies on the circle ΓA. The latter two circles pass through
F+ and N−

a . The angles ∠N−

a A1F+ and ∠N−

a O1F+ have constant magnitudes.
The shape of triangle A1O1F+ remains unchanged when O1 traverses the second

Napoleon circle N . The ratio
O1A1

O1F+

=
R1

O1F+

remains constant, say, λ.
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O

C

CO

M P
P ′

Q

Figure 7. The normal to a conchoid

A

B C

F+

O1

N−

a

A1

B1

C1

ΓA

C1

Figure 8. Equilateral triangle
bounded by cevians and its circumcir-
cle

F F ′

P

M

Q

O′

O1

N

C0

Figure 9. The pedal of C0 with respect
to F

For convenience we denote by N the Napoleon circle which is the locus of O1,
F the Fermat point lying on this circle, F ′ the antipode of F on N , and C0 the
particular position of C1 when O1 and F ′ coincide. See Figure 7. Let P be any
point on N , the line PF ′ intersects C0 at Q and Q′ (F ′ between P and Q), we
construct the point M such that FPQM is a rectangle. The locus PF of M is the
pedal curve of C0 with respect to F and, by Theorem 3, the line MP is the normal
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to PF at M . The line MP intersects N at P and O1 and the circle through M with
center O1 is tangent to PF at M .

The triangles FMO1 and FQF ′ are similar since ∠FMO1 = ∠FQF ′ and

∠FO1M = ∠FF ′Q. 3 It follows that
O1M

O1F
=

F ′Q

F ′F
= λ, and O1M = R1. The

circle through M with center O1 is one in the family of circle for which we search
the envelope.

Furthermore, the line FM intersects N at F and O ′, and O′MQF ′ is a rectan-
gle. Thus, O′M = F ′Q, the radius of C0. It follows that M lies on the external
branch of the conchoid of N with respect to F and the length R = radius of C0.

By the same reasoning for the point Q′, we obtain M ′ on PF , but on the internal
branch of the conchoid. Each circle C1 touches both branches of the conchoid.

Theorem 5. Let F be the family of circumcircles of equilateral triangles bounded
by cevians whose locus of centers is the Napoleon circle N passing through the
Fermat point F . The envelope of this family F is the pedal with respect to F of
the circle C0 of F whose center is the antipode of F on N , i.e. the conchoid of N
with respect to F and offset the radius of C0. Each circle of F is bitangent to the
envelope.

A

B C

A1

B1

C1

N+
a

N
+

b

N+
c

F−

G

O1

Figure 10. The envelope of the circumcirles (λ < 1)

3
FP is seen at the same angle from O1 and from F

′.
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A

B C

N−

a

N
−

b

N−

c

A1

B1

C1

F+

G
O1

Figure 11. The envelope of the circumcirles (λ > 1)

Let i be the inversion with respect to a circle C whose center is F and such that
C0 is invariant under it. The curve i(PF ) is the image of C0 by the reciprocal polar
transformation with respect to C, i.e., a conic with one focus at F . This conic is :

(1) a hyperbola for λ < 1 (F is exterior at C0) ;
(2) a parabola for λ = 1 (F lies on C0) ;
(3) an ellipse for λ > 1 (F is interior at C0).

So the envelope P of the circumcircles C1 is the inverse of this conic with respect
to one of its foci, i.e., a conchoid of circle which is :

(1) a limaçon of Pascal for λ < 1 : the hyperbola i(P) as two asymptotes, so
F is a node on P;

(2) a cardioid for λ = 1 : the parabola i(P) is tangent to the line at infinity, so
F is a cusp on P;

(3) a curve without singularity for λ > 1 : all points of the ellipse i(P) are at
finite distance.

We illustrate (1) and (3) in Figures 12 and 13. 4 It should be of great interest
to see if always λ > 1 for F+ (and < 1 for F−). We think that the answer is
affirmative, and that λ = 1 is possible if and only if A, B, C are collinear.

4Images of inversion of the limaçon of Pascal and the cardioid can also be found in the websites
http://www-history.mcs.st-andrews.ac.uk/history/Curves and
http://xahlee.org/SpecialPlaneCurves.



46 G. Boutte

A

B
C

N+
a

N
+

b

N+
c

F−

G

Figure 12. The inverse of the envelope (λ < 1)

A

B C

N−

a

N
−

b

N−

c

F+

G

Figure 13. The inverse of the envelope (λ > 1)
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The Lemoine Cubic and Its Generalizations

Bernard Gibert

Abstract. For a given triangle, the Lemoine cubic is the locus of points whose
cevian lines intersect the perpendicular bisectors of the corresponding sides of
the triangle in three collinear points. We give some interesting geometric prop-
erties of the Lemoine cubic, and study a number of cubics related to it.

1. The Lemoine cubic and its constructions

In 1891, Lemoine published a note [5] in which he very briefly studied a cubic
curve defined as follows. LetM be a point in the plane of triangleABC. Denote
by Ma the intersection of the lineMA with the perpendicular bisector ofBC
and defineMb andMc similarly. The locus ofM such that the three pointsMa,
Mb, Mc are collinear on a lineLM is the cubic in question. We shall denote this
cubic byK(O), and follow Neuberg [8] in referring to it as the Lemoine cubic.
Lemoine claimed that the circumcenterO of the reference triangle was a triple
point of K(O). As pointed out in [7], this statement is false. The present paper
considerably develops and generalizes Lemoine’s note.

We use homogeneous barycentric coordinates, and adopt the notations of [4] for
triangle centers. Since the second and third coordinates can be obtained from the
first by cyclic permutations ofa, b, c, we shall simply give the first coordinates.
For convenience, we shall also write

SA =
b2 + c2 − a2

2
, SB =

c2 + a2 − b2

2
, SC =

a2 + b2 − c2

2
.

Thus, for example, the circumcenter isX3 = [a2SA].
Figure 1 shows the Lemoine cubicK(O) passing throughA, B, C, the ortho-

centerH, the midpointsA′, B′, C ′ of the sides of triangleABC, the circumcenter

O, and several other triangle centers such asX32 = [a4], X56 =
[

a2

b+c−a

]
and its

extraversions.1 Contrary to Lemoine’s claim, the circumcenter is a node. When
M traverses the cubic, the lineLM envelopes the Kiepert parabola with focus

Publication Date: May 10, 2002. Communicating Editor: Paul Yiu.
The author sincerely thanks Edward Brisse, Jean-Pierre Ehrmann and Paul Yiu for their friendly

and efficient help. Without them, this paper would never have been the same.
1The three extraversions of a point are each formed by changing in its homogeneous barycentric

coordinates the signs of one ofa, b, c. Thus,X56a =
(

a2

b+c+a
: b2

c−a−b
: c2

−a+b−c

)
, and similarly

for X56b andX56c.
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F = X110 =
[

a2

b2−c2

]
and directrix the Euler line. The equation of the Lemoine

cubic is ∑
cyclic

a4SAyz(y − z) + (a2 − b2)(b2 − c2)(c2 − a2)xyz = 0.

X32

X56

O

H

M

A

B

C

X110

LM

Ma

Mb

Mc

Figure 1. The Lemoine cubic with the Kiepert parabola

We give two equivalent constructions of the Lemoine cubic.

Construction 1. For any pointQ on the lineGK, the trilinear polarq of Q meets
the perpendicular bisectorsOA′, OB′,OC ′ atQa, Qb,Qc respectively.2 The lines
AQa, BQb, CQc concur atM on the cubicK(O).

ForQ = (a2 + t : b2 + t : c2 + t), this point of concurrency is

M =
(

a2 + t

b2c2 + (b2 + c2 − a2)t
:

b2 + t

c2a2 + (c2 + a2 − b2)t
:

c2 + t

a2b2 + (a2 + b2 − c2)t

)
.

2The tripolarq envelopes the Kiepert parabola.
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G
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M
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Qb

Qc

O

H

A

B

C

Figure 2. The Lemoine cubic as a locus of perspectors (Construction 1)

Q

M

Qa

QbQc

O

H

A

B

C

F

Figure 3. The Lemoine cubic as a locus of perspectors (Construction 2)

This gives a parametrization of the Lemoine cubic. This construction also yields
the following points onK(O), all with very simple coordinates, and are not in [4].

i Q = Xi M = Mi

69 SA
SA

b4+c4−a4

86 1
b+c

1
a(b+c)−(b2+bc+c2)

141 b2 + c2 b2+c2

b4+b2c2+c4−a4

193 b2 + c2 − 3a2 SA(b2 + c2 − 3a2)
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Construction 2. For any pointQ on the Euler line, the perpendicular bisector of
FQ intersects the perpendicular bisectorsOA′, OB′, OC ′ atQa, Qb, Qc respec-
tively. The linesAQa, BQb, CQc concur atM on the cubicK(O).

See Figure 3 and Remark following Construction 4 on the construction of tan-
gents toK(O).

2. Geometric properties of the Lemoine cubic

Proposition 1. The Lemoine cubic has the following geometric properties.

(1) The two tangents at O are parallel to the asymptotes of the Jerabek hyper-
bola.

(2) The tangent at H passes through the center X125 = [(b2 − c2)2SA] of the
Jerabek hyperbola. 3

(3) The tangents at A, B, C concur at X184 = [a4SA], the inverse of X125 in
the Brocard circle.

(4) The asymptotes are parallel to those of the orthocubic, i.e., the pivotal
isogonal cubic with pivot H .

(5) The “third” intersections HA, HB, HC of K(O) and the altitudes lie on
the circle with diameter OH . 4 The triangles A′B′C ′ and HAHBHC are
perspective at a point

Z1 =
[
a4SA(a4 + b4 + c4 − 2a2(b2 + c2))

]
on the cubic. 5

(6) The “third” intersections A′′, B′′, C ′′ of K(O) and the sidelines of the
medial triangle form a triangle perspective with HAHBHC at a point

Z2 =
[

a4S2
A

3a4 − 2a2(b2 + c2) − (b2 − c2)2

]

on the cubic. 6

(7) K(O) intersects the circumcircle of ABC at the vertices of the circumnor-
mal triangle of ABC . 7

3This is also tangent to the Jerabek hyperbola atH .
4In other words, these are the projections ofO on the altitudes. The coordinates ofHA are(

2a4SA

a2(b2 + c2) − (b2 − c2)2
: SC : SB

)
.

5Z1 is the isogonal conjugate ofX847. It lies on a large number of lines, 13 using only triangle
centers from [4], for example,X2X54, X3X49, X4X110, X5X578, X24X52 and others.

6This pointZ2 is not in the current edition of [4]. It lies on the linesX3X64, X4X122 and
X95X253.

7These are the pointsU , V , W on the circumcircle for which the linesUU∗, V V ∗, WW ∗

(joining each point to its own isogonal conjugate) all pass throughO. As such, they are, together
with the vertices, the intersections of the circumcircle and the McCay cubic, the isogonal cubic with
pivot the circumcenterO. See [3, p.166,§6.29].



The Lemoine cubic 51

We illustrate (1), (2), (3) in Figure 4, (4) in Figure 5, (5), (6) in Figure 6, and (7)
in Figure 7 below.

K

A

B

C

X125

X184
O

H

Figure 4. The tangents to the Lemoine cubic atO and the Jerabek hyperbola

A

B

C

H

O

Figure 5. The Lemoine cubic and the orthocubic have parallel asymptotes
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HA

HB

HC

A′′

B′′

C′′
Z1

O

H

A

B

C

A′

B′

C′

Z2

Figure 6. The perspectorsZ1 andZ2

O

H

A

B

C

Figure 7. The Lemoine cubic with the circumnormal triangle
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3. The generalized Lemoine cubic

Let P be a point distinct fromH, not lying on any of the sidelines of triangle
ABC. Consider its pedal trianglePaPbPc. For every pointM in the plane, let
Ma = PPa ∩ AM . DefineMb andMc similarly. The locus ofM such that the
three pointsMa, Mb, Mc are collinear on a lineLM is a cubicK(P ) called the
generalized Lemoine cubic associated withP . This cubic passes throughA, B,
C, H, Pa, Pb, Pc, andP which is a node. Moreover, the lineLM envelopes the
inscribed parabola with directrix the lineHP and focusF the antipode (on the
circumcircle) of the isogonal conjugate of the infinite point of the lineHP .8 The
perspectorS is the second intersection of the Steiner circum-ellipse with the line

throughF and the Steiner pointX99 =
[

1
b2−c2

]
.

With P = (p : q : r), the equation ofK(P ) is

∑
cyclic

x
(
r(c2p + SBr)y2 − q(b2p + SCq)z2

)
+


 ∑

cyclic

a2p(q − r)


xyz = 0.

The two constructions in§1 can easily be adapted to this more general situation.

Construction 3. For any pointQ on the trilinear polar ofS, the trilinear polarq
of Q meets the linesPPa, PPb, PPc atQa, Qb, Qc respectively. The linesAQa,
BQb, CQc concur atM on the cubicK(P ).

Construction 4. For any pointQ on the lineHP , the perpendicular bisector of
FQ intersects the linesPPa, PPb, PPc atQa, Qb, Qc respectively. The linesAQa,
BQb, CQc concur atM on the cubicK(P ).

Remark. The tangent atM to K(P ) can be constructed as follows: the perpendic-
ular atQ to the lineHP intersects the perpendicular bisector ofFQ atN , which is
the point of tangency of the line throughQa, Qb, Qc with the parabola. The tangent
atM to K(P ) is the tangent atM to the circum-conic throughM andN . Given a
pointM on the cubic, first constructMa = AM ∩ PPa andMb = BM ∩ PPb,
thenQ the reflection ofF in the lineMaMb, and finally apply the construction
above.

Jean-Pierre Ehrmann has noticed thatK(P ) can be seen as the locus of pointM
such that the circum-conic passing throughM and the infinite point of the linePM
is a rectangular hyperbola. This property gives another very simple construction
of K(P ) or the construction of the “second” intersection ofK(P ) and any line
throughP .

Construction 5. A line �P throughP intersectsBC atP1. The parallel to�P atA
intersectsHC atP2. AB andP1P2 intersect atP3. Finally,HP3 intersects�P at
M on the cubicK(P ).

Most of the properties of the Lemoine cubicK(O) also hold forK(P ) in general.

8Construction ofF : draw the perpendicular atA to the lineHP and reflect it about a bisector
passing throughA. This line meets the circumcircle atA andF .
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Proposition 2. Let K(P ) be the generalized Lemoine cubic.

(1) The two tangents at P are parallel to the asymptotes of the rectangular
circum-hyperbola passing through P .

(2) The tangent at H to K(P ) is the tangent at H to the rectangular circum-
hyperbola which is the isogonal image of the line OF . The asymptotes of
this hyperbola are perpendicular and parallel to the line HP .

(3) The tangents at A, B, C concur if and only if P lies on the Darboux cubic.9

(4) The asymptotes are parallel to those of the pivotal isogonal cubic with
pivot the anticomplement of P .

(5) The “third” intersections HA, HB , HC of K(P ) with the altitudes are on
the circle with diameter HP . The triangles PaPbPc and HAHBHC are
perspective at a point on K(P ). 10

(6) The “third” intersections A′′, B′′, C ′′ of K(P ) and the sidelines of PaPbPc

form a triangle perspective with HAHBHC at a point on the cubic.

Remarks. (1) The tangent ofK(P ) at H passes through the center of the rectan-
gular hyperbola throughP if and only if P lies on the isogonal non-pivotal cubic
KH ∑

cyclic

x (c2y2 + b2z2) − Φx y z = 0

where

Φ =

∑
cyclic

(
2b2c2(a4 + b2c2) − a6(2b2 + 2c2 − a2)

)
4SASBSC

.

We shall study this cubic in§6.3 below.
(2) The polar conic ofP can be seen as a degenerate rectangular hyperbola. If

P �= X5, the polar conic of a point is a rectangular hyperbola if and only if it lies
on the linePX5. From this, there is only one point (apart fromP ) on the curve
whose polar conic is a rectangular hyperbola. Very obviously, the polar conic ofH
is a rectangular hyperbola if and only ifP lies on the Euler line. IfP = X5, all the
points in the plane have a polar conic which is a rectangular hyperbola. This very
special situation is detailed in§4.2.

4. Special Lemoine cubics

4.1. K(P ) with concuring asymptotes. The three asymptotes ofK(P ) are concur-
rent if and only ifP lies on the cubicKconc∑

cyclic

(
SB

(
c2(a2 + b2) − (a2 − b2)2

)
y − SC

(
b2(a2 + c2) − (a2 − c2)2

)
z
)
x2

− 2(a2 − b2)(b2 − c2)(c2 − a2)xyz = 0.

9The Darboux cubic is the isogonal cubic with pivot the de Longchamps pointX20.
10The coordinates of this point are(p2(−SAp + SBq + SCr) + a2pqr : · · · : · · · ).
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The three asymptotes ofK(P ) are all real if and only ifP lies inside the Steiner
deltoid H3. 11 For example, the pointX76 =

[
1
a2

]
lies on the cubicKconc and

inside the Steiner deltoid. The cubicK(X76) has three real asymptotes concurring
at a point onX5X76. See Figure 8. On the other hand, the de Longchamps point
X20 also lies onKconc, but it is not always insideH3. See Figure 10. The three
asymptotes ofK(X20), however, intersect at the real pointX376, the reflection of
G in O.

We shall study the cubicKconc in more detail in§6.1 below.

H

O

X76
X5

A

B

C

Figure 8.K(X76) with three concurring asymptotes

4.2. K(P ) with asymptotes making 60◦ angles with one another. K(P ) has three
real asymptotes making60◦ angles with one another if and only ifP is the nine-
point centerX5. See Figure 9. The asymptotes ofK(X5) are parallel again to those
of the McCay cubic and their point of concurrence is12

Z3 =
[
a2((b2 − c2)2 − a2(b2 + c2))(a4 − 2a2(b2 + c2) + b4 − 5b2c2 + c4)

]
.

11Cf. Cundy and Parry [1] have shown that for a pivotal isogonal cubic with pivotP , the three
asymptotes are all real if and only ifP lies inside a certain “critical deltoid” which is the anticom-
plement ofH3, or equivalently, the envelope of axes of inscribed parabolas.

12Z3 is not in the current edition of [4]. It is the common point of several lines, e.g.X5X51,
X373X549 andX511X547.
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H

O

X5
Z3

A

B

C

Figure 9. K(X5) with three concurring asymptotes making60◦ angles

4.3. Generalized Lemoine isocubics. K(P ) is an isocubic if and only if the points
Pa, Pb, Pc are collinear. It follows thatP must lie on the circumcircle. The line
throughPa, Pb, Pc is the Simson line ofP and its trilinear poleR is the root of
the cubic. WhenP traverses the circumcircle,R traverses the Simson cubic. See
[2]. The cubicK(P ) is a conico-pivotal isocubic: for any pointM on the curve,
its isoconjugateM∗ (under the isoconjugation with fixed pointP ) lies on the curve
and the lineMM∗ envelopes a conic. The pointsM andM∗ are obtained from
two pointsQ andQ′ (see Construction 4) on the lineHP which are inverse with
respect to the circle centered atP going throughF , focus of the parabola in§2.
(see remark in§5 for more details)

5. The construction of nodal cubics

In §3, we have seen how to constructK(P ) which is a special case of nodal
cubic. More generally, we give a very simple construction valid for any nodal
circum-cubic with a node atP , intersecting the sidelines again at any three points
Pa, Pb, Pc. LetRa be the trilinear pole of the line passing through the pointsAB∩
PPb andAC ∩ PPc. Similarly defineRb andRc. These three points are collinear
on a lineL which is the trilinear polar of a pointS. For any pointQ on the lineL,
the trilinear polarq of Q meetsPPa, PPb, PPc atQa, Qb, Qc respectively. The
linesAQa, BQb, CQc concur atM on the sought cubic and, as usual,q envelopes
the inscribed conicγ with perspectorS.

Remarks. (1) The tangents atP to the cubic are those drawn fromP to γ. These
tangents are
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(i) real and distinct whenP is outsideγ and is a ”proper” node,
(ii) imaginary whenP is insideγ and is an isolated point, or

(iii) identical whenP lies onγ and is a cusp, the cuspidal tangent being the
tangent atP to γ.

It can be seen that this situation occurs if and only ifP lies on the cubic tangent
atPa, Pb, Pc to the sidelines ofABC and passing through the pointsBC ∩ PbPc,
CA∩PcPa,AB∩PaPb. In other words and generally speaking, there is no cuspidal
circum-cubic with a cusp atP passing throughPa, Pb, Pc.

(2) WhenPa,Pb,Pc are collinear on a line�, the cubic becomes a conico-pivotal
isocubic invariant under isoconjugation with fixed pointP : for any pointM on the
curve, its isoconjugateM∗ lies on the curve and the lineMM∗ envelopes the conic
Γ inscribed in the anticevian triangle ofP and in the triangle formed by the lines
APa, BPb, CPc. The tangents atP to the cubic are tangent to both conicsγ and
Γ.

6. Some cubics related to K(P )

6.1. The cubic Kconc . The circumcubicKconc considered in§4.1 above contains
a large number of interesting points: the orthocenterH, the nine-point centerX5,
the de Longchamps pointX20, X76, the point

Z4 = [a2S2
A(a2(b2 + c2) − (b2 − c2)2)]

which is the anticomplement ofX389, the center of the Taylor circle.13 The cubic
Kconc also contains the traces ofX69 on the sidelines ofABC, the three cusps of
the Steiner deltoid, and its contacts with the altitudes of triangleABC.14 Z is also
the common point of the three lines each joining the trace ofX69 on a sideline of
ABC and the contact of the Steiner deltoid with the corresponding altitude. See
Figure 10.

Proposition 3. The cubic Kconc has the following properties.

(1) The tangents at A, B, C concur at X53, the Lemoine point of the orthic
triangle.

(2) The tangent at H is the line HK .
(3) The tangent at X5 is the Euler line of the orthic triangle, the tangential

being the point Z4. 15

(4) The asymptotes of Kconc are parallel to those of the McCay cubic and
concur at a point 16

Z5 =
[
a2(a2(b2 + c2) − (b2 − c2)2)(2S2

A + b2c2)
]
.

13The pointZ4 is therefore the center of the Taylor circle of the antimedial triangle. It lies on the
line X4X69.

14The contact with the altitudeAH is the reflection of its trace onBC about the midpoint of
AH .

15This line also containsX51, X52 and other points.
16Z5 is not in the current edition of [4]. It is the common point of quite a number of lines, e.g.

X3X64, X5X51, X113X127, X128X130, andX140X185. The three asymptotes of the McCay cubic
are concurrent at the centroidG.
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(5) Kconc intersects the circumcircle at A, B, C and three other points which
are the antipodes of the points whose Simson lines pass through X389.

We illustrate (1), (2), (3) in Figure 11, (4) in Figure 12, and (5) in Figure 13.

A

B

C

X76

Z4

G

X5H

X20

X389

Figure 10.Kconc with the Steiner deltoid

A

B

C

Z

X5

X53

Z5X51X52

Figure 11. Tangents ofKconc
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A

B

C

G

Z4
X5

X53

Z5

X51X52

Figure 12.Kconc with the McCay cubic

A

B

C

O

X389

Figure 13.Kconc with the circumcircle and the Taylor circle

6.2. The isogonal image of K(O). Under isogonal conjugation,K(O) transforms
into another nodal circum-cubic∑

cyclic

b2c2 x (SBy
2 − SCz

2) + (a2 − b2)(b2 − c2)(c2 − a2)xyz = 0.
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The node is the orthocenterH. The cubic also passes throughO, X8 (Nagel point)

and its extraversions,X76, X847 = Z∗
1 , and the traces ofX264 =

[
1

a2SA

]
. The tan-

gents atH are parallel to the asymptotes of the Stammler rectangular hyperbola17.
The three asymptotes are concurrent at the midpoint ofGH,18 and are parallel to
those of the McCay cubic.

G
H

A

B

C

O

X76

X8

Figure 14. The Lemoine cubic and its isogonal

This cubic was already known by J. R. Musselman [6] although its description
is totally different. We find it again in [9] in a different context. LetP be a point
on the plane of triangleABC, andP1, P2, P3 the orthogonal projections ofP on
the perpendicular bisectors ofBC,CA,AB respectively. The locus ofP such that
the triangleP1P2P3 is in perspective withABC is the Stammler hyperbola and the
locus of the perspector is the cubic which is the isogonal transform ofK(O). See
Figure 15.

17The Stammler hyperbola is the rectangular hyperbola through the circumcenter, incenter, and
the three excenters. Its asymptotes are parallel to the lines throughX110 and the two intersections of
the Euler line and the circumcircle

18This isX381 = [a2(a2 + b2 + c2) − 2(b2 − c2)2].
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G

H

P

P1

P2

P3
A

B

C

Figure 15. The isogonal ofK(O) with the Stammler hyperbola

6.3. The cubic KH . Recall from Remark (1) following Proposition 2 that the tan-
gent atH to K(P ) passes through the center of the rectangular circum-hyperbola
passing throughP if and only if P lies on the cubicKH . This is a non-pivotal
isogonal circum-cubic with root atG. See Figure 14.

Proposition 4. The cubic KH has the following geometric properties.

(1) KH passes through A, B, C , O, H , the three points HA, HB , HC and
their isogonal conjugates H∗

A, H∗
B , H∗

C . 19

(2) The three real asymptotes are parallel to the sidelines of ABC .
(3) The tangents of KH at A, B, C are the sidelines of the tangential triangle.

Hence, KH is tritangent to the circumcircle at the vertices A, B, C .
(4) The tangent at A (respectively B, C) and the asymptote parallel to BC

(respectively CA, AB) intersect at a point Ã (respectively B̃, C̃) on KH .
(5) The three points Ã, B̃, C̃ are collinear on the perpendicular L to the line

OK at the inverse of X389 in the circumcircle.20

19The pointsHA, HB, HC are on the circle, diameterOH . See Proposition 1(5). Their isogonal
conjugates are on the linesOA. OB, OC respectively.

20In other words, the lineL is the inversive image of the circle with diameterOX389 . Hence,Ã
is the common point ofL and the tangent atA to the circumcircle, and the parallel throughÃ to BC
is an asymptote ofKH .
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H

A

B

CZ6

Z∗
6

O

HA

HB

HC

H∗
A

H∗
B

H∗
C

B̃

B̃∗

L

K

Figure 16. The cubicKH with the Jerabek hyperbola

(6) The isogonal conjugate of Ã is the “third” intersection of KH with the
parallel to BC through A; similarly for the isogonal conjugates ofB̃ and
C̃ .

(7) The third intersection with the Euler line, apart from O and H , is the
point 21

Z6 =
[
(b2 − c2)2 + a2(b2 + c2 − 2a2)

(b2 − c2)SA

]
.

(8) The isogonal conjugate of Z6 is the sixth intersection of KH with the Jer-
abek hyperbola.

We conclude with another interesting property of the cubicKH . Recall that the
polar circle of triangleABC is the unique circle with respect to which triangle
ABC is self-polar. This is in the coaxal system generated by the circumcircle and
the nine-point circle. It has centerH, radiusρ given by

ρ2 = 4R2 − 1
2
(a2 + b2 + c2),

and is real only when triangleABC is obtuse angled. LetC be the concentric circle
with radius ρ√

2
.

Proposition 5. KH is the locus of point M whose pedal circle is orthogonal to
circle C.

21This is not in [4]. It is the homothetic ofX402 (Gossard perspector) in the homothety with
centerG, ratio 4 or, equivalently, the anticomplement of the anticomplement ofX402.
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O

H

M

M∗

C

A

B

C

Figure 17. The cubicKH for an obtuse angled triangle

In fact, more generally, every non-pivotal isogonal cubic can be seen, in a unique
way, as the locus of pointM such that the pedal circle ofM is orthogonal to a fixed
circle, real or imaginary, proper or degenerate.
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A Simple Construction of the Golden Section

Kurt Hofstetter

Abstract. We construct the golden section by drawing 5 circular arcs.

We denote by P (Q) the circle with P as center and PQ as radius. Figure 1
shows two circles A(B) and B(A) intersecting at C and D. The line AB intersects
the circles again at E and F . The circles A(F ) and B(E) intersect at two points
X and Y . It is clear that C , D, X, Y are on a line. It is much more interesting to
note that D divides the segment CX in the golden ratio, i.e.,

CD

CX
=

√
5 − 1
2

.

This is easy to verify. If we assume AB of length 2, then CD = 2
√

3 and CX =√
15 +

√
3. From these,

CD

CX
=

2
√

3√
15 +

√
3

=
2√

5 + 1
=

√
5 − 1
2

.

X

D

C

BA FE

Y

Figure 1

This shows that to construct three collinear points in golden section, we need
four circles and one line. It is possible, however, to replace the line AB by a circle,
say C(D). See Figure 2. Thus, the golden section can be constructed with compass
only, in 5 steps.

Publication Date: May 31, 2002. Communicating Editor: Paul Yiu.
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X

D

C

BA
FE

Y

Figure 2

It is interesting to compare this with Figure 3 which also displays the golden
section. See [1, p.105, note on 3.5(b)] and [2]. 1 Here, ABC is an equilateral trian-
gle. The line joining the midpoints D, E of two sides intersects the circumcircle at
F . Then E divides DF in the golden section, i.e.,

DE

DF
=

√
5 − 1
2

.

However, it is unlikely that this diagram can be constructed in fewer than 5 steps,
using ruler and compass, or compass alone.

D

CB

A

F
E

Figure 3
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A Rapid Construction of Some Triangle Centers

Lawrence S. Evans

Abstract. We give a compass and ruler construction of fifteen centers associated
with a triangle by drawing 6 circles and 23 lines.

Given triangleT with verticesA, B, andC, draw a red circle centered atA
passing throughB, another centered atB going throughC, and a third centered
at C going throughA. Now, draw a blue circle centered atA passing throughC,
one centered atC going throughB, and one centered atB going throughA. There
will be 12 intersections of red circles with blue ones. Three of them areA, B, and
C. Three are apices of equilateral triangles erected on the sides ofT and pointing
outward. Denote such an apex byA+, B+, C+. Three are the apices of equilateral
triangles erected on the sides pointing inward. Denote them byA−, B−, C−. The
last three are the reflections of the vertices ofT in the opposite sides, which we
shall callA∗, B∗, C∗.

A

B

C

A+

B+

C+

A−

B−

C−

A∗

B∗

C∗

Figure 1. Construction ofA±, B±, C±, A∗, B∗, C∗

The four trianglesT = ABC, T+ = A+B+C+, T− = A−B−C−, andT ∗ =
A∗B∗C∗ are pairwise in perspective. The 6 centers of perspectivity are

(1) [T, T+] = F+, the inner Fermat point,
(2) [T, T−] = F−, the outer Fermat point,
(3) [T, T ∗] = H, the orthocenter,

Publication Date: June 18, 2002. Communicating Editor: Paul Yiu.
Expanded from a presentation at the MAA Meeting, Urbana, Illinois, March 22, 2001.



68 L. S. Evans

(4) [T+, T−] = O, the circumcenter,
(5) [T+, T ∗] = J−, the outer isodynamic point,
(6) [T−, T ∗] = J+, the inner isodynamic point.

Only two lines,AA+ andBB+, are needed to determineF+ by intersection. Like-
wise, 10 more are necessary to determine the other 5 centersF−, H, O, J− and
J+. We have drawn twelve lines so far.1 See Figure 2, where the green lines only
serve to indicate perspectivity; they are not necessary for the constructions of the
triangle centers.

J−

J−

A

B

C

A+

B+

C+

A−

B−

C−

A∗

B∗

C∗

O

H

F+

F−

J+

Figure 2. Construction ofF±, H , O, J±

Define three more lines: the Euler lineOH, the Fermat lineF+F−, and the
Apollonius lineJ+J−. The Apollonius lineJ+J− is also known as the Brocard
axis. It contains the circumcenterO and the (Lemoine) symmedian pointK. Then,

(7) K = J+J− ∩ F+F−;
(8) D = OH ∩ F+F− is the center of orthocentroidal circle, the midpoint of

between the centroid and the orthocenter.

We construct six more lines to locate four more centers:

(9) the outer Napoleon point isN+ = HJ+ ∩ OF+,

1The 18 pointsA, A±, A∗, B, B±, B∗, C, C±, C∗, H , O, F±, J± all lie on a third degree
curve called the Neuberg cubic.
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(10) the inner Napoleon point isN− = HJ− ∩ OF−;
(11) the centroidG = OH ∩ J+F− (or OH ∩ J−F+);
(12) the nine-point centerNp = OH ∩ N−F+ (or OH ∩ N+F−).

G

O

H

Np

K

D
J−

F+

F−

N+

N−

J+

Figure 3. Construction ofK, D, N±, G, Np

The lineN−F+ (used in (12) above to locateNp) intersectsOK = J+J− at
the isogonal conjugate ofN−. Likewise, the linesN+F− andOK intersect at the
isogonal conjugate ofN+. We also note that the lineJ+N− intersects the Euler
line OH at the nine-point centerN′

p of the medial triangle. Thus,
(13) N∗

+ = N+F− ∩ OK,
(14) N∗− = N−F+ ∩ OK, and
(15) N ′

p = J+N− ∩ OH (or J−N+ ∩ OH).

See Figure 4, in which we note that the pointsG, N+ andN∗− are collinear, so are
G, N− andN∗

+.
We have therefore constructed 15 centers with 6 circles and 23 lines: 12 to

determineO, H, F±, J± as the 6 centers of perspectivity ofT , T± andT ∗; then 9
to determineK, D, N±, G, Np, N∗−, and finally 2 more to giveN∗

+ andN ′
p.

Remark. The triangle centers in this note appear in [1, 2] asXn for n given below.
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center O H F+ F− J+ J− K D N+ N− G Np N∗
+ N∗

− N ′
p

n 3 4 13 14 15 16 6 381 17 18 2 5 61 62 140

F−

J−

N ′
p

G

O

H

Np

K

N∗
+

N∗
−

F+

N+ N−

J+

Figure 4. Construction ofN∗
+, N∗

−, andN ′
p

This construction uses Kimberling’s list [1] of collinearities among centers. It
can be implemented on a dynamic software like the Geometer’s Sketchpad. After
hiding the circles and lines, one is left withT and the centers, which can be ob-
served to move in concert as one drags a vertex ofT on the computer screen. Some
important centers we do not get here are the incenter, the Gergonne and the Nagel
points.
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A Generalization of the Tucker Circles

Peter Yff

Abstract. Let hexagonPQRSTU be inscribed in triangleA1A2A3 (ordered
counterclockwise) such thatP andS are on lineA3A1, Q andT are on line
A1A2, andR andU are on lineA2A3. If PQ, RS, andTU are respectively
parallel toA2A3, A1A2, andA3A1, while QR, ST , andUP are antiparallel
to A3A1, A2A3, andA1A2 respectively, the vertices of the hexagon are on one
circle. Now, let hexagonP ′Q′R′S′T ′U ′ be described as above, with each of
its sides parallel to the corresponding side ofPQRSTU . Again the six vertices
are concyclic, and the process may be repeated indefinitely to form an infinite
family of circles (Tucker [3]). This family is a coaxaloid system, and its locus
of centers is the Brocard axis of the triangle, passing through the circumcenter
and the symmedian point. J. A. Third ([2]) extended this idea by relaxing the
conditions for the directions of the sides of the hexagon, thus finding infinitely
many coaxaloid systems of circles. The present paper defines a further extension
by allowing the directions of the sides to be as arbitrary as possible, resulting in
families of homothetic conics with properties analogous to those of the Tucker
circles.

1. Circles of Tucker and Third

The system of Tucker circles is a special case of the systems of Third circles. In
a Third system the directions ofPQ, QR, andRS may be taken arbitrarily, while
ST is made antiparallel toPQ (with respect to angleA2A1A3). Similarly,TU and
UP are made antiparallel toQR andRS respectively. The hexagon may then be
inscribed in a circle, and a different starting pointP′ with the same directions pro-
duces another circle. It should be noted that the six vertices need not be confined
to the sides of the triangle; each point may lie anywhere on its respective sideline.
Thus an infinite family of circles may be obtained, and Third shows that this is a
coaxaloid system. That is, it may be derived from a coaxal system of circles by
multiplying every radius by a constant. (See Figures 1a and 1b). In particular, the
Tucker system is obtained from the coaxal system of circles through the Brocard

pointsΩ andΩ′ by multiplying the radius of each circle by
R

OΩ
, R being the cir-

cumradius of the triangle andO its circumcenter ([1, p.276]). In general, the line
of centers of a Third system is the perpendicular bisector of the segment joining the
pair of isogonal conjugate points which are the common points of the correspond-
ing coaxal system. Furthermore, although the coaxal system has no envelope, it

Publication Date: July 5, 2002. Communicating Editor: Clark Kimberling.
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will be seen later that the envelope of the coaxaloid system is a conic tangent to the
sidelines of the triangle, whose foci are the points common to the coaxal circles.

Figure 1a: Coaxaloid system with elliptic envelope, and its corresponding coaxal system

Figure 1b: Coaxaloid system with hyperbolic envelope, and its corresponding coaxal
system

2. Two-circuit closed paths in a triangle

2.1. Consider a polygonal path fromP on A3A1 to Q on A1A2 to R on A2A3

to S on A3A1 to T on A1A2 to U on A2A3, and back toP . Again the six points
may be selected anywhere on their respective sidelines. The vertices of the triangle
are numbered counterclockwise, and the lengths of the corresponding sides are
denoted bya1, a2, a3. Distances measured along the perimeter of the triangle in the
counterclockwise sense are regarded as positive. The length ofPA1 is designated
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by λ, which is negative in caseA1 is betweenA3 andP . Thus,A3P = a2 − λ,
and the barycentric coordinates ofP are(a2 −λ : 0 : λ). Also, six “directions”wi

are defined:

w1 =
PA1

A1Q
, w2 =

QA2

A2R
, w3 =

RA3

A3S
,

w4 =
SA1

A1T
, w5 =

TA2

A2U
, w6 =

UA3

A3P
.

Any direction may be positive or negative depending on the signs of the directed

segments. Then,A1Q =
λ

w1
, QA2 =

a3w1 − λ

w1
, A2R =

a3w1 − λ

w1w2
, and so on.

2.2. A familiar example is that in whichPQ andST are parallel toA2A3, QR
andTU are parallel toA3A1, andRS andUP are parallel toA1A2 (Figure 2).
Then

w1 = w4 =
a2

a3
, w2 = w5 =

a3

a1
, w3 = w6 =

a1

a2
.

It is easily seen by elementary geometry that this path closes after two circuits
around the sidelines of the triangle.

A3

A1

A2 R

S
T

U

PQ

R′

S′
T ′

U ′

P ′ Q′

Figure 2. Hexagonal paths formed by parallels
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2.3. Closure is less obvious, but still not difficult to prove, when “parallel” in the
first example is replaced by “antiparallel” (Figure 3). Here,

w1 = w4 =
a3

a2
, w2 = w5 =

a1

a3
, w3 = w6 =

a2

a1
.

A3

A1

A2

R

S

T

U

P

Q

R′

S′

T ′

U ′

P ′

Q′

Figure 3. Hexagonal paths formed by antiparallels

2.4. Another positive result is obtained by using isoscelizers ([1, p.93]). That is,
PA1 = A1Q, QA2 = A2R, RA3 = A3S, . . . ,UA3 = A3P . Therefore,

w1 = w2 = w3 = w4 = w5 = w6 = 1.

2.5. These examples suggest that, ifw1 = w4, w2 = w5, w3 = w6, the condition
w1w2w3 = 1 is sufficient to close the path after two circuits. Indeed, by computing
lengths of segments around the triangle, one obtains

A3P =
UA3

w3
=

a1w
2
1w

2
2w3 − a3w

2
1w2w3 + a2w1w2w3 − a1w1w2 + a3w1 − λ

w2
1w

2
2w

2
3

.

But alsoA3P = a2 − λ, and equating the two expressions yields

(1 − w1w2w3)(a1w1w2 − a2w1w2w3 − a3w1 + λ(1 + w1w2w3)) = 0. (1)

In order that (1) may be satisfied for all values ofλ, the solution isw1w2w3 = 1.
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A3

A1

A2 R

S

T

U

P

Q

R′

S′

T ′

U ′

P ′
Q′

Figure 4. Hexagonal paths formed by isoscelizers

2.6. As a slight digression, the other factor in (1) gives the special solution

λ =
w1(a2w2w3 − a1w2 + a3)

1 + w1w2w3
,

and calculation shows that this value ofλ causes the path to close after only one
circuit, that isS = P . For example, if antiparallels are used, and ifP is the foot of
the altitude fromA2, the one-circuit closed path is the orthic triangle ofA1A2A3.

Furthermore, if alsow1w2w3 = 1, the special value ofλ becomes

a2 − a1w1w2 + a3w1

2
,

and the ceviansA1R, A2P , andA3Q are concurrent at the point (in barycentric
coordinates, as throughout this paper)(

1
−a1w1w2 + a2 + a3w1

:
1

a1w1w2 − a2 + a3w1
:

1
a1w1w2 + a2 − a3w1

)
.

(2)
It follows that there exists a conic tangent to the sidelines of the triangle atP , Q,
R. The coordinates of the center of the conic are(a1w1w2 : a2 : a3w1).

2.7. Returning to the conditionsw1w2w3 = 1, w1 = w4, w2 = w5, w3 = w6, the
coordinates of the six points may be found:
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P =(a2 − λ : 0 : λ),

Q =(a3w1 − λ : λ : 0),

R =(0 : a1w1w2 − a3w1 + λ : a3w1 − λ),

S =(a1w1w2 − a3w1 + λ : 0 : a2 − a1w1w2 + a3w1 − λ),

T =(a1w1w2 − a2 + λ : a2 − a1w1w2 + a3w1 − λ : 0),

U =(0 : a2 − λ : a1w1w2 − a2 + λ).

These points are on one conic, given by the equation

λ(a2 − a1w1w2 + a2w1 − λ)x2
1

+(a3w1 − λ)(a1w1w2 − a2 + λ)x2
2

+(a2 − λ)(a1w1w2 − a3w1 + λ)x2
3

−(a2
1w

2
1w

2
2 + 2a2a3w1 − a3a1w

2
1w2 − a1a2w1w2

+ 2(a1w1w2 − a2 − a3w1)λ + 2λ2)x2x3

−(a2
2 + a2a3w1 − a1a2w1w2 + 2(a1w1w2 − a2 − a3w1)λ + 2λ2)x3x1

−(a2
3w

2
1 + a2a3w1 − a3a1w

2
1w2 + 2(a1w1w2 − a2 − a3w1)λ + 2λ2)x1x2

=0. (3)

This equation may also be written in the form

λ(a2 − a1w1w2 + a3w1 − λ)(x1 + x2 + x3)2

+a3w1(a1w1w2 − a2)x2
2 + a2w1(a1w2 − a3)x2

3

−(a2
1w

2
1w

2
2 + 2a2a3w1 − a3a1w

2
1w2 − a1a2w1w2)x2x3

−a2(a2 − a1w1w2 + a3w1)x3x1

−a3w1(a2 − a1w1w2 + a3w1)x1x2

=0. (4)

Asλ varies, (3) or (4) represents an infinite family of conics. However,λ appears
only when multiplied by(x1 + x2 + x3)2, so it has no effect at infinity, where
x1 + x2 + x3 = 0. Hence all conics in the system are concurrent at infinity.
If they have two real points there, they are hyperbolas with respectively parallel
asymptotes. This is not sufficient to make them all homothetic to each other, but it
will be shown later that this is indeed the case. If the two points at infinity coincide,
all of the conics are tangent to the line at infinity at that point. Therefore they are
parabolas with parallel axes, forming a homethetic set. Finally, if the points at
infinity are imaginary, the conics are ellipses and their asymptotes are imaginary.
As in the hyperbolic case, any two conics have respectively parallel asymptotes
and are homothetic to each other.

2.8. The center of (3) may be calculated by the method of [1, p.234], bearing in
mind the fact that the author uses trilinear coordinates instead of barycentric. But it
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is easily shown that the addition of any multiple of(x1 +x2 +x3)2 to the equation
of a conic has no effect on its center. Therefore (4) shows that the expression
containingλ may be ignored, leaving all conics with the same center. Moreover,
this center has already been found, because the conic tangent to the sidelines at
P = S, Q = T , R = U is a special member of (3), obtained whenλ has the
value 1

2(a2 − a1w1w2 + a3w1). Thus, the common center of all the members of
(3) is (a1w1w2 : a2 : a3w1); and if they are homothetic, any one of them may be
obtained from another by a dilatation about this point. (See Figures 2, 3, 4).

Since the locus of centers is not a line, this system differs from those of Tucker
and Third and may be regarded as degenerate in the context of the general thery.
One case worthy of mention is that in which the sides of the hexagon are isoceliz-
ers, so that

w1 = w2 = w3 = w4 = w5 = w6 = 1.

Exceptionally this is a Third system, because every isocelizer is both parallel and
antiparallel to itself. Therefore, the conics are concentric circles, the smallest real
one being the incircle of the triangle (Figure 4).

Since the “center” of a parabola is at infinity, (3) consists of parabolas only when
a1w1w2 + a2 + a3w1 = 0. This can happen if some of the directions are negative,
which was seen earlier as a possibility.

2.9. Some perspectivities will now be mentioned. If

PU ∩ QR = B1, ST ∩ PU = B2, QR ∩ ST = B3,

the three linesAiBi are concurrent at (2) for every value ofλ. Likewise, if

RS ∩ TU = C1, PQ ∩ RS = C2, TU ∩ PQ = C3,

the linesAiCi also concur at (2). Thus for eachi the pointsBi andCi move on a
fixed line throughAi.

2.10. Before consideration of the general case it may be noted that whenever the
directionsw1, w2, w3 lead to a conic circumscribing hexagonPQRSTU (that is,
w1w2w3 = 1), any permutation of them will do the same. Any permutation of
w−1

1 , w−1
2 , w−1

3 will also work. Other such triples may be invented, such asw2
w3

,
w3
w1

, w1
w2

.

3. The general case

3.1. Using all six directionswi, one may derive the following expressions for the
lengths of segments:
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A1Q =w−1
1 λ,

QA2 =w−1
1 (a3w1 − λ),

A2R =w−1
1 w−1

2 (a3w1 − λ),

RA3 =w−1
1 w−1

2 (a1w1w2 − a3w1 + λ),

A3S =w−1
1 w−1

2 w−1
3 (a1w1w2 − a3w1 + λ),

SA1 =w−1
1 w−1

2 w−1
3 (a2w1w2w3 − a1w1w2 + a3w1 − λ),

A1T =w−1
1 w−1

2 w−1
3 w−1

4 (a2w1w2w3 − a1w1w2 + a3w1 − λ),

TA2 =w−1
1 w−1

2 w−1
3 w−1

4 (a3w1w2w3w4 − a2w1w2w3 + a1w1w2 − a3w1 + λ).

Then working clockwise fromP to U to T ,

A3P =a2 − λ,

UA3 =w6(a2 − λ),
A2U =a1 − a2w6 + w6λ,

TA2 =w5(a1 − a2w6 + w6λ).

Equating the two expressions forTA2 shows that, if the equality is to be in-
dependent ofλ, the productw1w2w3w4w5w6 must equal 1. From this it follows
that

w5 =
a1w1w2 + a2(1 − w1w2w3) − a3w1(1 − w2w3w4)

a1w1w2w3w4
. (5)

Hencew5 and w6 may be expressed in terms of the other directions. GivenP
and the first four directions, pointsQ, R, S, T are determined, and the five points
determine a conic. Independence ofλ, used above, ensures thatU is also on this
conic.

Now the coordinates of the six points may be calculated:

P =(a2 − λ : 0 : λ),

Q =(a3w1 − λ : λ : 0),

R =(0 : a1w1w2 − a3w1 + λ : a3w1 − λ),

S =(a1w1w2 − a3w1 + λ : 0 : a2w1w2w3 − a1w1w2 + a3w1 − λ),

T =(a3w1w2w3w4 − a2w1w2w3 + a1w1w2 − a3w1 + λ

: a2w1w2w3 − a1w1w2 + a3w1 − λ : 0),

U =(0 : a2 − λ : a3w1w2w3w4 − a2w1w2w3 + a1w1w2 − a3w1 + λ).

3.2. These points are on the conic whose equation may be written in the form
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λ(a2w1w2w3 − a1w1w2 + a3w1 − λ)(x1 + x2 + x3)2

+a3w1(a3w1w2w3w4 − a2w1w2w3 + a1w1w2 − a3w1 + (1 − w2w3w4)λ)x2
2

+a2(a1w1w2 − a3w1 + (1 − w1w2w3)λ)x2
3

−(a2
1w

2
1w

2
2 + a2

3w
2
1(1 − w2w3w4) + a2a3w1(1 + w1w2w3)

− a3a1w
2
1w2(2 − w2w3w4) − a1a2w

2
1w

2
2w3 − (a2(1 − w1w2w3)

+ a3w1(1 − w2w3w4))λ)x2x3

−a2(a2w1w2w3 − a1w1w2 + a3w1 − (1 − w1w2w3)λ)x3x1

−a3w1(a2w1w2w3 − a1w1w2 + a3w1 − (1 − w2w3w4)λ)x1x2

=0. (6)

The part of (6) not containing the factor(x1 + x2 + x3)2, being linear inλ,
represents a pencil of conics. Each of these conics is transformed by a dilatation
about its center, induced by the expression containing(x1 + x2 + x3)2. Thus
(6) suggests a system of conics analogous to a coaxaloid system of circles. In
order to establish the analogy with the Tucker circles, it will be necessary to find
a dilatation which transforms every conic by the same ratio of magnification and
also transforms (6) into a pencil of conics.

First, if (6) be solved simultaneously withx1 + x2 + x3 = 0, it will be found
that all terms containingλ vanish. As in the special case, all conics are concurrent
at infinity, and it will be shown that all of them are homothetic to each other.

3.3. It is also expected that the centers of the conics will be on one line. When the
coordinates(y1 : y2 : y3) of the center are calculated, the results are too long to be
displayed here. Suffice it to say that each coordinate is linear inλ, showing that the
locus of(y1 : y2 : y3) is a line. If this line is represented byc1x1+c2x2+c3x3 = 0,
the coefficients, after a large common factor of degree 4 has been removed, may
be written as

c1 =a2a3w1w3(w1 − w4)(a2w2w3 − a1w2 + a3),

c2 =a3w1(a3w3w4 − a2w3 + a1)(a1w1w2(1 − y) + a2(1 − x) − a3w1(1 − y)),

c3 =a2(a1w1w2 − a3w1 + a2)(−a1(1 − x) + a2w3(1 − x) − a3w1w3(1 − y)).

For brevity the productsw1w2w3 and w2w3w4 have been represented by the
lettersx andy respectively.

3.4. As has been seen, addition of any multiple of(x1 +x2 +x3)2 to the equation
of a conic apparently induces a dilatation of the conic about its center. What must
now be done, in order to establish an analogy with the system of Tucker circles, is
to select a numberσ such that the addition ofσ(x1 + x2 + x3)2 to (6) dilates every
conic by the same ratioρ and transforms the system of conics into a pencil with
two common points besides the two at infinity.
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Using a formula for the distance between two points (e.g., [1, p.31]), it may
be shown that a dilatation with center(y1 : y2 : y3) sending(x1 : x2 : x3) to
(x1 : x2 : x3) with ratioρ is expressed byxi ∼ yi + kxi, (i = 1, 2, 3), where

k =
±ρ(y1 + y2 + y3)

(1 ∓ ρ)(x1 + x2 + x3)

or

ρ =
±(x1 + x2 + x3)

(y1 + kx1) + (y2 + kx2) + (y3 + kx3)
.

In particular, if the conic
∑

aijxixj = 0 is dilated about its center(y1 : y2 : y3)
with ratioρ, so that the new equation is

∑
aijxixj + σ(x1 + x2 + x3)2 = 0,

then

ρ2 = 1 +
σ(y1 + y2 + y3)2∑

aijyiyj
.

Here the ambiguous sign is avoided by choosing theaij so that the denominator of
the fraction is positive.

Since it is required thatρ be the same for all conics in (6), it must be free of the
parameterλ. For the center(y1 : y2 : y3) of (6), whose coordinates are linear inλ,
it may be calculated thaty1 + y2 + y3 is independent ofλ. As for

∑
aijyiyj, let it

first be noted that ∑
aijyjxi =(a11y1 + a12y2 + a13y3)x1

+(a12y1 + a22y2 + a23y3)x2

+(a13y1 + a23y2 + a33y3)x3.

(By convention,aij = aji). Also,
∑

aijyjxi = 0 is the equation of the polar line of
the center with respect to the conic, but this is the line at infinityx1 +x2 +x3 = 0.
Therefore the coefficients ofx1, x2, x3 in the above equation are all equal, and it
follows that ∑

aijyiyj = (a11y1 + a12y2 + a13y3)(y1 + y2 + y3),

and

ρ2 = 1 +
σ(y1 + y2 + y3)

a11y1 + a12y2 + a13y3
.

Since theaij are quadratic inλ, and theyi are linear, the denominator of the fraction
is at most cubic inλ. Calculation shows that

a11y1 + a12y2 + a13y3 = M(Aλ2 + Bλ + C),

in which
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M =a1w1(a2w2w3 − a1w2 + a3)·
(−a2

1w1w2 + a2
2w3 + a2

3w1w3w4 − a2a3w3(w1 + w4)

+ a3a1w1(1 − y) − a1a2(1 − x)),
A =a1w1w2 + a2 + a3w1w2w3w4,

B =w1(a2
1w1w

2
2 − a2

2w2w3 − a2
3w1w2w3w4 − 2a2a3

− a3a1w1w2(1 − y) + a1a2w2(1 − x)),

C =a2a3w
2
1(a2w2w3 − a1w2 + a3).

3.5. If the system (6) is to become a pencil of conics, the equation∑
aijxixj + σ(x1 + x2 + x3)2 = 0

must be linear inλ. Sinceλ2 appears in (6) as−λ2(x1 +xx+x3)2, this will vanish
only if the coefficient ofλ2 in σ is 1. Therefore, to eliminateλ from the fractional
part ofρ2, it follows that

σ = λ2 +
B

A
λ +

C

A
.

With this value ofσ, if σ(x1 + x2 + x3)2 be added to (6), the equation becomes

λ(−a2a3w1(1 − xy)(x1 + x2 + x3)2 + (a1w1w2 + a2 + a3w1y)·
(a3w1(1 − y)x2

2 + a2(1 − x)x2
3 + (a2(1 − x) + a3w1(1 − y))x2x3

+ a2(1 − x)x3x1 + a3w1(1 − y)x1x2))

+a2a3w
2
1(a2w2w3 − a1w2 + a3)(x1 + x2 + x3)2

+(a1w1w2 + a2 + a3w1y)(a3w1(a1w1w2 − a2x − a3w1(1 − y))x2
2

+a2w1(a1w2 − a3)x2
3

−(a2
1w

2
1w

2
2 + a2

3w
2
1(1 − y) + a2a3w1(1 + x)

− a3a1w
2
1w2(2 − y) − a1a2w1w2x)x2x3

+a2(a1w1w2 − a2x − a3w1)x3x1

+a3w1(a1w1w2 − a2x − a3w1)x1x2)
=0. (7)

Since (7) is linear inλ, it represents a pencil of conics. These conics should have
four points in common, of which two are known to be at infinity. In order to facili-
tate finding the other two points, it is noted that a pencil contains three degenerate
conics, each one consisting of a line through two of the common points, and the
line of the other two points. In this pencil the line at infinity and the line of the
other two common points comprise one such degenerate conic. Its equation may
be given by setting equal to zero the product ofx1 + x2 + x3 and a second linear
factor. Since it is known that the coefficient ofλ vanishes at infinity, the conic
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represented byλ = ∞ in (7) must be the required one. The coefficient ofλ does
indeed factor as follows:

(x1 + x2 + x3)(−a2a3w1(1 − xy)x1

+ (a3w1(1 − y)(a1w1w2 + a2 + a3w1y) − a2a3w1(1 − xy))x2

+ (a2(1 − x)(a1w1w2 + a2 + a3w1y) − a2a3w1(1 − xy))x3).

Therefore the second linear factor equated to zero must represent the line through
the other two fixed points of (7).

3.6. These points may be found as the intersection of this line and any other conic
in the system, for example, the conic given byλ = 0. To solve simultaneously the
equations of the line and the conic,x1 is eliminated, reducing the calculation to

a2
3w1w2w3w4x

2
2 − a2a3(1 + w1w

2
2w

2
3w4)x2x3 + a2

2w2w3x
2
3 = 0

or

(a3x2 − a2w2w3x3)(a3w1w2w3w4x2 − a2x3) = 0.

Therefore,
x2

x3
=

a2w2w3

a3
or

a2

a3w1w2w3w4
.

The first solution gives the point

Λ = (a1w2w3w4w5 : a2w2w3 : a3)

and the second solution gives

Λ′ = (a1w1w2 : a2 : a3w1w2w3w4).

Thus the dilatation of every conic of (6) about its center with ratioρ transforms (6)
into pencil (7) with common pointsΛ andΛ′.

3.7. Returning to the question of whether the conics of (6) are all homothetic to
each other, this was settled in the case of parabolas. As for hyperbolas, it was
found that they all have respectively parallel asymptotes, but a hyperbola could be
enclosed in the acute sectors formed by the asymptotes, or in the obtuse sectors.
However, when (6) is transformed to (7), there are at least two hyperbolas in the
pencil that are homothetic. Since the equation of any hyperbola in the pencil may
be expressed as a linear combination of the equations of these two homothetic
ones, it follows that all hyperbolas in the pencil, and therefore in system (6), are
homothetic to each other. A similar argument shows that, if (6) consists of ellipses,
they must all be homothetic. Figure 5 shows a system (6) of ellipses, with one
hexagon left in place. In Figure 6 the same system has been transformed into a
pencil with two common points. Figure 7 shows two hyperbolas of a system (6),
together with their hexagons. The related pencil is not shown.
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A3

A1

A2

Figure 5

3.8. In the barycentric coordinate system, the midpoint(v1 : v2 : v3) of (x1 : x2 :
x3) and(y1 : y2 : y3) is given by

vi ∼ xi

x1 + x2 + x3
+

yi

y1 + y2 + y3
, i = 1, 2, 3.

Thus it may be shown that the coordinates of the midpoint ofΛΛ′ are

(2a1w1w2 + a2(1 − x) − a3w1(1 − y) : a2(1 + x) : a3w1(1 + y)).

This point is on the line of centers of (6), expressed earlier as

c1x1 + c2x2 + c3x3 = 0,

so the segmentΛΛ′ is bisected by the line of centers. However, it is not the perpen-
dicular bisector unless (6) consists of circles. This case has already been disposed
of, because if a circle cuts the sidelines ofA1A2A3, PQ andST must be antipar-
allel to each other, as mustQR andTU , andRS andUP . This would mean that
(6) is a Third system.
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ΛΛ′

A3

A1

A2

Figure 6

In system (6) the linesPQ, RS, TU are concurrent for a unique value ofλ,
which has been calculated but will not be written here. The point of concurrence is(

1
−a1w1w2 + a2x + a3w1

:
1

a1w1w2 − a2x + a3w1
:

1
a1w1w2 + a2x − a3w1

)
,

which is a generalization of (2). The same point is obtained whenQR, ST . UP

are concurrent. It will also be written as
(

1
F1

: 1
F2

: 1
F3

)
.

3.9. System (6) has an envelope which may be found by writing (6) as a quadratic
equation inλ. Setting its discriminant equal to zero gives an equation of the enve-
lope. The discriminant contains the factor(x1 + x2 + x3)2, which may be deleted,
leaving ∑

F 2
i x2

i − 2FjFkxjxk = 0.

This is an equation of the conic which touches the sidelines ofA1A2A3 at L1 =
(0 : F3 : F2), L2 = (F3 : 0 : F1), andL3 = (F2 : F1 : 0). The ceviansAiLi are

concurrent at
(

1
F1

: 1
F2

: 1
F3

)
.

The center of the envelope is the midpoint ofΛΛ′, but Λ andΛ′ are not foci
unless they are isogonal conjugates. This happens when(w1w2)(w2w3w4w5) =
(1)(w2w3) = (w1w2w3w4)(1), for which the solution is

w1w4 = w2w5 = w3w6 = 1.

Since this defines a Third system, it follows thatΛ andΛ′ are isogonal conjugates
(and foci of the envelope of (6)) if and only if the conics are circles.
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A3

A1

A2

Figure 7

4. The parabolic case

There remains the question of whether (6) can be a system of parabolas. This
is because the dilatations used above were made from the centers of the conics,
whereas the centers of parabolas may be regarded as being at infinity. If the the-
ory still holds true, the dilatations would have to be translations. That such cases
actually exist may be demonstrated by the following example.

Let the triangle have sidesa1 = 4, a2 = 2, a3 = 3, and let

w1 =
2
3
, w2 =

3
4
, w3 =

1
2
, w4 =

2
3
, w5 = 3, w6 = 2.

Substitution of these values in (6) gives the equation (after multiplication by 2)

λ(1 − 2λ)(x1 + x2 + x3)2 + 3λx2
2 + 3λx2

3

+2(3λ − 4)x2x3 + (3λ − 2)x3x1 + (3λ − 2)x1x2 = 0. (8)

To verify that this is a system of parabolas, solve (8) simultaneously withx1 +
x2 + x3 = 0, and elimination ofx1 gives the double solutionx2 = x3. This
shows that for everyλ the conic is tangent to the line at infinity at the point(−2 :
1 : 1). Hence, every nondegenerate conic in the system is a parabola, and all are
homothetic to each other. (See Figure 8).

The formulae forσ gives the value
(
λ − 2

3

)2
, but (8) was obtained after multi-

plication by 2. Therefore2
(
λ − 2

3

)2 (x1 + x2 + x3)2 is added to (8), yielding the
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ΛΛ′

A1

A2A3

Figure 8. A system of parabolas

equation

(8 − 15λ)x2
1 + 4(2 + 3λ)(x2

2 + x2
3) − 8(7 − 3λ)x2x3 − (2 + 3λ)(x3x1 + x1x2) = 0,

which is linear inλ and represents a pencil of parabolas. The parabolaλ = ∞ is
found by using only terms containingλ, which gives the equation

−15x2
1 + 12x2

2 + 12x2
3 + 24x2x3 − 3x3x1 − 3x1x2 = 0

or

3(x1 + x2 + x3)(−5x1 + 4x2 + 4x3) = 0.

Thus it is the degenerate conic consisting of the line at infinity and the line−5x1 +
4x2 + 4x3 = 0. Calculation shows that this line intersects every parabola of the
pencil atΛ(4 : 1 : 4) andΛ′(4 : 4 : 1). (See Figure 9). The parallel dashed lines
in both figures form the degenerate parabolaλ = 2

3 , which is invariant under the
translation which transformed the system into a pencil.

Finally, since all of the “centers” coincide, this is another exception to the rule
that the line of centers of (6) bisects the segmentΛΛ′.
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ΛΛ′

A1

A2A3

Figure 9. A pencil of parabolas
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A Conic Through Six Triangle Centers

Lawrence S. Evans

Abstract. We show that there is a conic through the two Fermat points, the two
Napoleon points, and the two isodynamic points of a triangle.

1. Introduction

It is always interesting when several significant triangle points lie on some sort
of familiar curve. One recently found example is June Lester’s circle, which passes
through the circumcenter, nine-point center, and inner and outer Fermat (isogonic)
points. See [8], also [6]. The purpose of this note is to demonstrate that there is a
conic, apparently not previously known, which passes through six classical triangle
centers.

Clark Kimberling’s book [6] lists 400 centers and innumerable collineations
among them as well as many conic sections and cubic curves passing through them.
The list of centers has been vastly expanded and is now accessible on the internet
[7]. Kimberling’s definition of triangle center involves trilinear coordinates, and a
full explanation would take us far afield. It is discussed both in his book and jour-
nal publications, which are readily available [4, 5, 6, 7]. Definitions of the Fermat
(isogonic) points, isodynamic points, and Napoleon points, while generally known,
are also found in the same references. For an easy construction of centers used in
this note, we refer the reader to Evans [3]. Here we shall only require knowledge of
certain collinearities involving these points. When pointsX, Y , Z, . . . are collinear
we writeL(X,Y,Z, . . . ) to indicate this and to denote their common line.

2. A conic through six centers

Theorem 1. The inner and outer Fermat, isodynamic, and Napoleon points lie on
a conic section.

Proof. Let O denote the circumcenter of a triangle,H its orthocenter, andG its
centroid. Denote the inner Fermat point byF+, the inner isodynamic point byJ+,
and the inner Napoleon point byN+. Similarly denote the outer Fermat, isody-
namic, and Napoleon points byF−, J−, andN−.

Consider the hexagon whose vertices areF+, N+, J+, F−, N−, andJ−. Kim-
berling lists many collineations of triangle centers which are readily verified when

Publication Date: July 22, 2002. Communicating Editor: Paul Yiu.
Presented at AMS Meeting, Urbana, Illinois, March 20, 1999.
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the centers are given in homogeneous trilinear coordinates. Within the list are these
collinearities involving the sides of the hexagon and classical centers on the Euler
line: L(H,N+, J+),L(H,N−, J−),L(O,F−, N−),L(O,F+, N+),L(G,J+, F−),
andL(G,J−, F+). These six lines pass through opposite sides of the hexagon and
concur in pairs atH, O, andG. But we know thatH, O, andG are collinear, lying
on the Euler line. So, by the converse of Pascal’s theorem there is a conic section
through the six vertices of the hexagon. �

F+

F−

N+ N−

J+

J−

H

O

G

A

B

C

Figure 1. The conic throughF±, N± andJ±

Remark. In modern texts one sometimes sees Pascal’s theorem stated as an “if and
only if” theorem, omitting proper attribution for its converse, first proved indepen-
dently by Braikenridge and by MacLaurin (See [2]). In the proof above, the Euler
line plays the role of the Pascal line for the hexagon.

In Figure 1 the conic is shown as an ellipse, but it can also take the shape of
a parabola or hyperbola. Since its announcement, several geometers have con-
tributed knowledge about it. Peter Yff has calculated the equation of this conic [9],
Paul Yiu has found criteria for it to be an ellipse, parabola, or a hyperbola [10],1

and John H. Conway has generalized the conic [1].

3. Another conic

From Kimberling’s list of collinearities, there is at least one more set of six
points to which similar reasoning applies. We assume the reader is familiar with
the concept of isogonal conjugate, fully explained in [6, 7].

Theorem 2. The inner and outer Fermat (isogonic) and Napoleon points along
with the isogonal conjugates of the Napoleon points all lie on a conic consisting of
two lines intersecting at the center of the nine-point circle.

1This conic is an ellipse, a parabola, or a hyperbola according as the Brocard angle is less than,
equal to, or greater thanarctan 1

3
.
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Proof. Denote the isogonal conjugates of the inner and outer Napoleon points by
N∗

+ andN∗− respectively. Consider the hexagon with verticesF+, F−, N+, N−,
N∗

+, andN∗−. Kimberling lists these collinearities:L(G,N+, N∗−),L(G,N−, N∗
+),

L(O,F+, N+), L(O,F−, N−), L(H,F+, N∗
+), L(H,F−, N∗−), so the converse of

Pascal’s theorem applies with the role of the Pascal line played by the Euler line,
L(O,G,H). The conic is degenerate, consisting of two linesL(F−, N+, N∗

+, Np)
andL(F+, N−, N∗−, Np), meeting at the nine-point centerNp . �

Second proof. The two collinearitiesL(F−, N+, N∗
+, Np) andL(F+, N−, N∗−, Np)

are in Kimberling’s list, whicha fortiori says that the six points in question lie on
the degenerate conic consisting of the two lines. See Figure 2.

F+

F−

N+
N−

N∗
+

N∗
−Np

H

O

G

A

B

C

Figure 2. The degenerate conic throughF±, N± andN∗
±
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Paper-folding and Euler’s Theorem Revisited

Benedetto Scimemi

Abstract. Given three pointsO, G, I , we give a simple construction by paper-
folding for a triangle having these points as circumcenter, centroid, and incenter.
If two further pointsH andN are defined byOH = 3OG = 2ON, we prove
that this procedure is successful if and only ifI lies inside the circle onGH
as diameter and differs fromN . This locus forI is also independently derived
from a famous paper of Euler, by complementing his calculations and properly
discussing the reality of the roots of an algebraic equation of degree 3.

1. Introduction

The so-calledModern Geometry of the Triangle can be said to have been founded
by Leonhard Euler in 1765, when his article [2] entitledEasy Solution to some
Very Difficult Geometrical Problems was published in St. Petersburg. In this fa-
mous paper the distances between the main notable points of the triangle (centroid
G, circumcenterO, orthocenterH, incenterI) are calculated in terms of the side
lengths, so that several relationships regarding their mutual positions can be estab-
lished. Among Euler’s results, two have become very popular and officially bear
his name: the vector equationOH = 3OG, implying the collinearity ofG, O, H
on the Euler line, and the scalar equationOI2 = R(R − 2r) involving the radii of
the circumcircle and the incircle. Less attention has been given to the last part of
the paper, though it deals with the problem Euler seems most proud to have solved
in a very convenient1 way, namely, the “determination of the triangle” from its
pointsO, G, H, I. If one wants to avoid the “tedious calculations” which had
previously prevented many geometricians from success, says Euler in his introduc-
tion, “everything comes down to choosing proper quantities”. This understatement
hides Euler’s masterly use of symmetric polynomials, for which he adopts a clev-
erly chosen basis and performs complicated algebraic manipulations.

A modern reader, while admiring Euler’s far-sightedness and skills, may dare
add a few critical comments:

(1) Euler’s §31 is inspired by the correct intuition that, givenO, G, H, the
location of I cannot be free. In fact he establishes the proper algebraic
conditions but does not tell what they geometrically imply, namely thatI
must always lie inside the circle onGH as diameter. Also, a trivial mistake

Publication Date: August 19, 2002. Communicating Editor: Clark Kimberling.
1Latin: commodissime.
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leads Euler to a false conclusion; his late editor’s formal correction2 does
not lead any further.

(2) As for the determination of the triangle, Euler reduces the problem of find-
ing the side lengths to solving an algebraic equation of degree 3. However,
no attention is given to the crucial requirements that the three roots - in
order to be side lengths - be real positive and the triangle inequalities hold.
On the other hand, Euler’s equation clearly suggests to a modern reader
that the problem cannot be solved by ruler and compass.

(3) In Euler’s words (§20) the main problem is described as follows:Given
the positions of the four points . . . , to construct the triangle. But finding
the side lengths does not imply determining the location of the triangle,
given that of its notable points. The wordconstruct also seems improperly
used, as this term’s traditional meaning does not include solving an alge-
braic equation. It should rather refer, if not to ruler and compass, to some
alternative geometrical techniques.

The problem of the locus of the incenter (and the excenters) has been indepen-
dently settled by Andrew P. Guinand in 1982, who proved in his nice paper [5]
that I must lie inside the critical circle onGH as diameter3 (Theorem 1) and,
conversely, any point inside this circle - with a single exception - is eligible forI
(Theorem 4). In his introduction, Guinand does mention Euler’s paper, but he must
have overlooked its final section, as he claims that in all previous researches “the
triangle was regarded as given and the properties of the centers were investigated”
while in his approach “the process is reversed”.

In this paper we give an alternative treatment of Euler’s problem, which is inde-
pendent both of Euler’s and Guinand’s arguments. Euler’s crucial equation, as we
said, involves the side lengths, while Guinand discusses the cosines of the angles.
We deal, instead, with the coefficients for equations of the sides. But an indepen-
dent interest in our approach may be found in the role played by the Euler point of
the triangle, a less familiar notable point.4 Its properties are particularly suitable
for reflections and suggest a most natural paper-folding reconstruction procedure.
Thus, while the first part (locus) of the following theorem is well-known, the con-
struction mentioned in the last statement is new:

Theorem 1. Let O, G, I be three distinct points. Define two more points H , N on
the line OG by letting OH = 3OG = 2ON. Then there exists a nondegenerate,
nonequilateral triangle T with centroid G, circumcenter O, orthocenter H , and
incenter I , if and only if I lies inside the circle on GH as diameter and differs
from N . In this case the triangle T is unique and can be reconstructed by paper-
folding, starting with the points O, G, I.

2A. Speiser in [2, p.155, footnote].
3This is also known as the orthocentroidal circle. See [7]. This term is also used by Varilly in [9].

The author thanks the referee for pointing out this paper also treats this subject.
4This point is the focus of the Kiepert parabola, indexed asX110 in [7], where the notable points

of a triangle are called triangle centers.
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We shall find the sides of the triangle sides as proper creases,i.e., reflecting
lines, which simultaneously superimpose two given points onto two given lines.
This can be seen as constructing the common tangents to two parabolas, whose foci
and directrices are given. Indeed, the extra power of paper-folding, with respect to
ruler-and-compass, consists in the feasibility of constructing such lines. See [4, 8].

The reconstruction of a triangle from three of its points (e.g. one vertex, the foot
of an altitude and the centroid G) is the subject of an article of William Wernick
[10], who in 1982 listed 139 triplets, among which 41 corresponded to problems
still unsolved. Our procedure solves items 73, 80, and 121 of the list, which are
obviously equivalent.5 It would not be difficult to make slight changes in our
arguments in order to deal with one of the excenters in the role of the incenterI.

As far as we know, paper-folding, which has been successfully applied to tri-
secting an angle and constructing regular polygons, has never yet produced any
significant contribution to the geometry of the triangle.

This paper is structured as follows: in§2 we reformulate the well-known prop-
erties of the Simson line of a triangle in terms of side reflections and apply them to
paper-folding. In§3 we introduce the Euler pointE and study its properties. The
relative positions ofE,O,G are described by analytic geometry. This enables us to
establish the locus ofE and a necessary and sufficient condition for the existence
of the triangle.6 An immediate paper-folding construction of the triangle fromE,
O, G is then illustrated. In§4 we use complex variables to relate pointsE andI.
In §5 a detailed ruler-and-compass construction ofE from I, O, G is described.7

The expected incenter locus is proved in§6 by reducing the problem to the former
results onE, so that the proof of Theorem 1 is complete. In§7 we take up Euler’s
standpoint and interpret his formulas to find once more the critical circle locus as
a necessary condition. Finally, we discuss the discriminant of Euler’s equation and
complete his arguments by supplying the missing algebraic calculations which im-
ply sufficiency. Thus a third, independent, proof of the first part of Theorem 1 is
achieved.

2. Simson lines and reflections

In this section we shall reformulate well-known results on the Simson line in
terms of reflections, so that applications to paper-folding constructions will be nat-
ural. The following formulation was suggested by a paper of Longuet-Higgins [6].

Theorem 2. Let H be the orthocenter, C the circumcircle of a triangle T =
A1A2A3.

(i) For any point P , let Pi denote the reflection of P across the side AjAh

of T . (Here, i, j, h is a permutation of 1, 2, 3). Then the points Pi are
collinear on a line r = r(P ) if and only if P lies on C. In this case H lies
on r.

5GivenI and two ofO, G, H .
6Here too, as in the other approaches, the discussion amounts to evaluating the sign of a

discriminant.
7A ruler and compass construction always entails a paper-folding construction. See [4, 8].
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(ii) For any line r, let ri denote the reflection of r across the side AjAh. Then
the lines ri are concurrent at a point P = P (r) if and only if H lies on r.
In this case P lies on C. When P describes an arc of angle α on C, r(P )
rotates in the opposite direction around H by an angle −α

2 .

All these statements are easy consequences of well-known properties of the Sim-
son line, which is obviously parallel tor(P ). See, for example, [1, Theorems 2.5.1,
2.7.1,2]. This theorem defines a bijective mappingP �→ r(P ). Thus, given any
line e throughH, there exists a unique pointE onC such thatr(E) = e.

We now recall the basic assumption of paper-folding constructions, namely the
possibility of determining a line,i.e., folding a crease, which simultaneously re-
flects two given pointsA, B onto points which lie on two given linesa, b. It
is proved in [4, 8] that this problem has either one or three solutions. We shall
discuss later how these two cases can be distinguished, depending on the relative
positions of the given points and lines. For the time being, we are interested in
the case that three such lines (creases) are found. The following result is a direct
consequence of Theorem 2.

Corollary 3. Given two points A, B and two (nonparallel) lines a, b, assume that
there exist three different lines r such that A (respectively B) is reflected across r
onto a point A′ (respectively B′) lying on a (respectively b). These lines are the
sides of a triangle T such that

(i) a and b intersect at the orthocenter H of T ;
(ii) A and B lie on the circumcircle of T ;

(iii) the directed angle ∠AOB is twice the directed angle from b to a. Here, O
denotes the circumcenter of T .

3. The Euler point

We shall now consider a notable point whose behaviour under reflections makes
it especially suitable for paper-folding applications. The Euler pointE is the
unique point which is reflected across the three sides of the triangle onto the Euler
line OG. Equivalently, the three reflections of the Euler line across the sides are
concurrent atE. 8

We first prove that for any nonequilateral, nondegenerate triangle with pre-
scribedO andG (hence alsoH), the Euler pointE lies outside a region whose
boundary is a cardioid, a closed algebraic curve of degree 4, which is symmetric
with respect to the Euler line and has the centroidG as a double-point (a cusp; see
Figure 3). If we choose cartesian coordinates such that such thatG = (0, 0) and
O = (−1, 0) (so thatH = (2, 0)), then this curve is represented by

(x2 + y2 + 2x)2 − 4(x2 + y2) = 0 or ρ = 2(1 − cos θ). (1)

Since this cardioid is uniquely determined by the choice of the two (different)
pointsG,O, we shall call it theGO-cardioid. As said above, we want to prove that
the locus of Euler pointE for a triangle is the exterior of theGO-cardioid.

8This point can also be described as the Feuerbach point of the tangential triangle.
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O
G

H

E

A3

A1

A2

Figure 1. The Euler point of a triangle

Theorem 4. Let G, O, E be three distinct points. Then there exists a triangle T
whose centroid, circumcenter and Euler point are G, O, E, respectively, if and
only if E lies outside the GO-cardioid. In this case the triangle T is unique and
can be constructed by paper-folding, from the points G, O, E .

Proof. Let us first look at isosceles (nonequilateral) triangles, which can be treated
within ruler-and-compass geometry.9 Here, by symmetry, the Euler pointE lies
on the Euler line; indeed, by definition, it must be one of the vertices, sayA3 =
E = (e, 0). Then being external to theGO-cardioid is equivalent to lying outside
the segmentGHO, whereHO = (−4, 0) is the symmetric ofH with respect toO.
Now the sideA1A2 must reflect the orthocenterH into the pointEO = (−2−e, 0),
symmetric ofE with respect toO, and therefore its equation isx = −e

2 . This
line has two intersections with the circumcircle(x + 1)2 + y2 = (e + 1)2 if and
only if e(e + 4) > 0, which is precisely the condition forE to be outsideGHO.
Conversely, given any two distinct pointsO, G, defineH andHO by GHO =
−2GH = 4GO. Then for any choice ofE on line OG, outside the segment
GHO, we can construct an isosceles triangle havingE, O, G, H as its notable
points as follows: first construct the (circum)-circle centered atO, throughE, and
let EO be diametrically opposite toE. Then, under our assumptions onE, the
perpendicular bisector ofHEO intersects the latter circle at two points, sayA1,
A2, and the isosceles triangleT = A1A2E fulfills our requirements.

We now deal with the nonisosceles case. LetE = (u, v), v �= 0 be the Euler
point of a triangleT . By definition,E is reflected across the three sides of the
triangle into pointsE′ which lie on the liney = 0. Now the line which reflects

9The case of the isosceles triangle is also studied separately by Euler in [2,§§25–29].
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E(u, v) onto a pointE′(t, 0) has equation2(u− t)x+2vy− (u2 +v2− t2) = 0. If
the same line must also reflect (according to Theorem 2) pointEO = (−u−2,−v)
onto the linex = 2 which is orthogonal to the Euler line throughH(2, 0), then a
direct calculation yields the following condition:

t3 − 3(u2 + v2)t+ 2u(u2 + v2) − 4v2 = 0. (2)

Hence we find three different reflecting lines if and only if this polynomial int
has three different real roots. The discriminant is

∆(u, v) = 108v2((u2 + v2 + 2u)2 − 4(u2 + v2)).

Sincev �= 0, the inequality∆(u, v) > 0 holds only if and only ifE lies outside
the cardioid, as we wanted.

The preceding argument can be also used for sufficiency: the assumed locus of
E guarantees that (2) has three real roots. Therefore, three different lines exist
which simultaneously reflectE onto linea = OH andEO onto the lineb through
H, perpendicular toOH. According to Corollary 3, these three lines are the sides
of a triangleT which fulfills our requirements. In fact,H is the intersection of
linesa andb and thereforeH is the orthocenter ofT ; a andb are perpendicular,
henceE andEO must be diametrically opposite points on the circumcircle ofT ,
so that their midpointO is the circumcenter ofT . The three sides reflectE onto
thex-axis, that is the Euler line ofT . Hence, by definition,E is the Euler point of
T . Since a polynomial of degree 3 cannot have more than 3 roots, the triangle is
uniquely determined. �

Let us summarize the procedure for the reconstruction of the sides from the
pointsO,G, E:

(1) Construct pointsH andEO such thatGH = −2GO andOEO = −OE.
(2) Construct linea throughO,H and lineb throughH, perpendicular toa.
(3) Construct three lines that simultaneously reflectE on toa andEO on tob.

4. Coordinates

The preceding results regarding the Euler pointE are essential in dealing with
the incenterI. In fact we shall constructE from G, O and I, so that Theorem
1 will be reduced to Theorem 3. To this end, we introduce the Gauss plane and
produce complex variable equations relatingI andE.10 The cartesian coordinates
will be different from the one we used in§3, but this seems unavoidable if we want
to simplify calculations. A pointZ = (x, y) will be represented by the complex
numberz = x + iy. We writeZ = z and sometimes indicate operations as if
they were acting directly on points rather than on their coordinates. We also write
z∗ = x− iy and|z|2 = x2 + y2.

LetAi = ai be the vertices of a nondegenerate, nonequilateral triangleT . With-
out loss of generality, we can assume for the circumcenter thatO = 0 and|ai| = 1,
so thata−1

i = a∗i . Now the orthocenterH and the Euler pointE have the following
simple expressions in terms of elementary symmetric polynomialsσ1, σ2, σ3.

10A good reference for the use of complex variables in Euclidean geometry is [3].



Paper folding and Euler’s theorem revisited 99

H =a1 + a2 + a3 = σ1,

E =
a1a2 + a2a3 + a3a1

a1 + a2 + a3
=
σ2

σ1
.

The first formula is trivial, asG = 1
3σ andH = 3G. As forE, the equation for

a side, sayA1A2, is z+ a1a2z
∗ = a1 + a2, and the reflection across this line takes

a pointT = t on toT ′ = a1 + a2 − a1a2t
∗. An easy calculation shows thatE′

lies on the Euler linezσ∗1 − z∗σ1 = 0. This holds for all sides, and this property
characterizesE by Theorem 2. Notice thatσ1 �= 0, as we have assumedG �= O. 11

We now introduceσ3 = a1a2a3, k = |OH| and calculate

σ∗
1 = σ2σ

−1
3 , |σ3|2 = 1, |σ1|2 = |σ2|2 = σ1σ2σ

−1
3 = k2.

Hence,

σ3 =
σ1σ2

k2
=

(σ1

k

)2
· σ2

σ1
=

H

|H| · E.

In order to deal with the incenterI, letBi = bi denote the (second) intersection
of the circumcircle with the internal angle bisector ofAi. Thenb−1

i = b∗i and
b2i = ajak, andb1b2b3 = −a1a2a3. SinceI is the orthocenter of triangleB1B2B3,
we have, as above,I = b1 + b2 + b3. Likewise, we define

τ1 = b1 + b2 + b3, τ2 = b1b2 + b2b3 + b3b1, τ3 = b1b2b3, f = |OI|,

and calculate

τ∗1 = τ2τ
−1
3 , |τ3|2 = 1, |τ1|2 = |τ2|2 = τ1τ2τ

−1
3 = f2.

From the definition ofbi, we derive

τ2
2 =σ3(σ1 − 2τ1),

τ3 = − σ3 =
(
τ3
τ2

)2

· τ
2
2

τ3
= −

(
τ1
f2

)2

(σ1 − 2τ1).

Equivalently,

σ3 = −τ3 =
(
τ1
f

)2

· σ1 − 2τ1
f2

,

(
H

|H|

)2

· E =
(
I

|I|

)2

· H − 2I
|I|2 ,

(
G

|G|

)2

·E =
(
I

|I|

)2

· 3G− 2I
|I|2 , (3)

where the Euler equationH = 3G has been used.

11The triangle is equilateral ifG = O.
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5. Construction of the Euler point

The last formulas suggest easy constructions ofE from O, G (or H) and I.
SinceH − 2I = 3G − 2I = G − 2(I − G), our attention moves fromT to
its antimedial triangleT ∗ (the midpoints of whose sides are the vertices ofT )
and the homothetic mapping:Z �→ G − 2(Z − G). ThusI∗ = 3G − 2I is the
incenter ofT ∗. Note that multiplying by aunit complex numbercos θ + i sin θ
is equivalent to rotating aroundO by an angleθ. SinceG/|G| andI/|I| are unit

complex numbers, multiplication by
(I/|I|)2
(G/|G|)2 represents a rotation which is the

product of two reflections, first across the lineOG, then acrossOI. Since|I|2 =
f2, dividing f2 by I∗ is equivalent to invertingI∗ in the circle with centerO and
radiusOI. Altogether, we conclude thatE can be constructed fromO,G andI by
the following procedure. See Figure 2.

(1) Construct linesOG andOI; constructI∗ by the equationGI∗ = −2GI.
(2) Construct the circleΩ centered atO throughI. By inverting I∗ with re-

spect to this circle, constructF∗. Note that this inversion is possible if and
only if I∗ �= O, or, equivalently,I �= N . 12

(3) ConstructE: first reflectF∗ in lineOG, and then its image in lineOI.

Note that all these steps can be performed by ruler and compass.

E

F

F∗

I∗

I

nine-point circle

incircle

circumcircle

O H

NG

HO

Figure 2. Construction of the Euler point fromO, G, I

12It will appear thatF ∗ is the Feuerbach point ofT ∗. Thus, at this stage we have both the
circumcircle (centerO, throughF∗) and the incircle ofT (centerI , throughF , as defined byGF∗ =
−2GF).
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6. The locus of incenter

As we know from§3, one can now apply paper-folding toO,G,E and produce
the sides ofT . But in order to prove Theorem 1 we must show that the critical
circle locus forI is equivalent to the existence of three different good creases. To
this end we check thatI lies inside the orthocentroidalGH-circle if and only ifE
lies outside theGO-cardioid. If we show that the two borders correspond under
the transformationI �→ E described by (3) for givenO,G,H, then, by continuity,
the two ranges, the interior of the circle and the exterior of the cardioid, will also
correspond.

We first notice that the right side of (3) can be simplified whenI lies on the
GH-circle, as|IO| = 2|IN | = |I∗O| implies that the inversion (step 2) does not
affectI∗. In order to compare the transformationI �→ E with our previous results,
we must change scale and return to the cartesian coordinates used in§2, where
G = (0, 0), H = (2, 0). If we setI = (r, s), thenI∗ = (−2r,−2s). The first
reflection (across the Euler line) mapsI∗ on to (−2r, 2s); the second reflection
takes place across lineOI: s(x+ 1) − (r + 1)y = 0 and yieldsE(u, v), where

(u, v) =
(
−2(r3 − 3rs2 + r + 2r2 − s2)

(r + 1)2 + s2
,
−2s(3r2 − s2 + 3r)

(r + 1)2 + s2

)
.

I

I∗

E

O H

NG

HO

Figure 3. Construction of the GO-cardioid from the GH-circle

Notice thatI �= O implies (r + 1)2 + s2 �= 0. Then, by direct calculations, we
have

((u2 + v2 + 2u)2 − 4(u2 + v2))((r+ 1)2 + s2) = 16(r2 + s2 − 2r)(r2 + s2 + r)2

and conclude thatI(r, s) lies on theGH-circlex2 + y2 − 2x = 0 wheneverE lies
on theGO-cardioid (1), as we wanted. Thus the proof of Theorem 1 is complete.
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7. Euler’s theorem revisited

We shall now give a different proof of the first part of Theorem 1 by exploiting
Euler’s original ideas and complementing his calculations.

Necessity. In [2] Euler begins (§§1-20) with a nonequilateral, nondegenerate trian-
gle and calculates the “notable” lengths

|HI| = e, |OI| = f, |OG| = g, |GI| = h, |HO| = k

as functions of the side lengthsa1, a2, a3. From those expressions he derives a
number of algebraic equalities and inequalities, whose geometrical interpretations
he only partially studies.13 In particular, in§31, by observing that some of his
quantities can only assume positive values, Euler explicitly states that the two in-
equalities

k2 <2e2 + 2f2, (4)

k2 >2e2 + f2 (5)

must hold. However, rather than studying their individual geometrical meaning, he
tries to combine them and wrongly concludes, owing to a trivial mistake, that the
inequalities19f2 > 8e2 and13f2 < 19e2 are also necessary conditions. Speiser’s
correction of Euler’s mistake [2, p.155, footnote] does not produce any interesting
result. On the other hand, if one uses the main resultOH = 3OG, defines the
nine-point centerN (by letting OH = 2ON) and applies elementary geometry
(Carnot’s and Apollonius’s theorems), it is very easy to check that the two original
inequalities (4) and (5) are respectively equivalent to

(4′) I is different fromN , and
(5′) I lies inside theGH-circle.

These are precisely the conditions of Theorem 1. It is noteworthy that Euler,
unlike Guinand, could not use Feuerbach’s theorem.

Sufficiency. In §21 Euler begins with three positive numbersf , g, h and derives
a real polynomial of degree 3, whose rootsa1, a2, a3 - in case they are sides of
a triangle - produce indeedf , g, h for the notable distances. It remains to prove
that, under the assumptions of Theorem 1, these roots are real positive and satisfy
the triangle inequalities. In order to complete Euler’s work, we need a couple of
lemmas involving symmetric polynomials.

Lemma 5. (a) Three real numbers a1, a2, a3 are positive if and only if σ1 =
a1 + a2 + a3, σ2 = a1a2 + a2a3 + a3a1 and σ3 = a1a2a3 are all positive.

13The famous result on the collinearity ofO, G, H and the equationOH = 3OG are explicitly
described in [2]. The other famous formulaOI2 = R(R − 2r) is not explicitly given, but can be
immediately derived, by applying the well known formulas for the triangle area1

2
r(a1 +a2 +a3) =

a1a2a3
4R

.
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(b) Three positive real numbers a1, a2, a3 satisfy the triangle inequalities a1+a2 ≥
a3, a2 + a3 ≥ a1 and a3 + a1 ≥ a2 if and only if 14

τ(a1, a2, a3) = (a1 + a2 + a3)(−a1 + a2 + a3)(a1 − a2 +a3)(a1 + a2 − a3) ≥ 0.

Now suppose we are given three different pointsI, O, N and define two more
pointsG, H by 3OG = 2ON = OH. Assume thatI is inside theGH-circle. If
we let

m = |ON |, n = |IN |, f = |OI|,
then we havem > 0, n > 0, f > 0, n+f−m ≥ 0, and also, according to Lemma
5(b), τ(f,m, n) ≥ 0. Moreover, the assumed locus ofI within the critical circle
implies, by Apollonius,f − 2n > 0 so thatf2 − 4n2 = b2 for some realb > 0.
We now introduce the same quantitiesp, q, r of Euler,15 but rewrite their defining
relations in terms of the new variablesm, n, f as follows:

n2r =f4,

4n2q =b2f2,

9h2 =(f − 2n)2 + 2((n + f)2 −m2),

4n2p =27b4 + 128n2b2 + 144h2n2.

Notice that, under our assumptions, all these functions assume positive values, so
that we can define three more positive quantities16

σ1 =
√
p, σ2 =

p

4
+ 2q +

q2

r
, σ3 = q

√
p.

Now leta1, a2, a3 be the (complex) roots of the polynomialx3−σ1x
2 +σ2x−σ3.

The crucial point regards the discriminant

∆(a1, a2, a3) =(a1 − a2)2(a2 − a3)2(a3 − a1)2

=σ2
1σ

2
2 + 18σ1σ2σ3 − 4σ3

1σ3 − 4σ3
2 − 27σ2

3 .

By a tedious but straightforward calculation, involving a polynomial of degree
8 inm, n, f , one finds

n2∆(a1, a2, a3) = b4τ(f,m, n).

Since, by assumption,n �= 0, this implies∆(a1, a2, a3) ≥ 0, so thata1, a2,
a3 are real. By Lemma 5(a), sinceσ1, σ2, σ3 > 0, we also havea1, a2, a3 > 0.

A final calculation yieldsτ(a1, a2, a3) =
4pq2

r
> 0, ensuring, by Lemma 5(b)

again, that the triangle inequalities hold. Therefore, under our assumptions, there
exists a triangle witha1, a2, a3 as sides lengths, which is clearly nondegenerate
and nonequilateral, and whose notable distances aref , m, n. Thus the alternative
proof the first part of Theorem 1 is complete. Of course, the last statement on

14The expressionτ (a1, a2, a3) appears under the square root in Heron’s formula for the area of
a triangle.

15These quantities readP , Q, R in [2, p.149].
16These quantities readp, q, r in [2, p.144].
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construction is missing: the actual location of the triangle, in terms of the location
of its notable points, cannot be studied by this approach.
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Loci Related to Variable Flanks

ZvonkoČerin

Abstract. Let BR1R2C, CR3R4A, AR5R6B be rectangles built on the sides
of a triangleABC such that the oriented distances|BR1|, |CR3|, |AR5| are
λ |BC|, λ |CA|, λ |AB| for some real numberλ. We explore relationships
among the central points of trianglesABC, AR4R5, BR6R1, andCR2R3. Our
results extend recent results by Hoehn, van Lamoen, C. Pranesachar and Venkat-
achala who considered the case whenλ = 1 (with squares erected on sides).

1. Introduction

In recent papers (see [2], [5], and [6]), L. Hoehn, F. van Lamoen, and C. R.
Pranesachar and B. J. Venkatachala have considered the classical geometric config-
uration with squaresBS1S2C, CS3S4A, andAS5S6B erected on the sides of a tri-
angleABC and studied relationships among the central points (see [3]) of the base
triangleτ = ABC and of three interesting trianglesτA = AS4S5, τB = BS6S1,
τC = CS2S3 (calledflanks in [5] andextriangles in [2]). In order to describe their
main results, recall that trianglesABC andXY Z arehomologic provided that the
linesAX, BY , andCZ are concurrent. The pointP in which they concur is their
homology center and the line
 containing the intersections of the pairs of lines
(BC, Y Z), (CA, ZX), and(AB, XY ) is their homology axis. In this situation

we use the notationABC
P
�
�
XY Z, where
 or both
 andP may be omitted. Let

Xi = X i(τ), Xj
i = Xi(τj) (for j = A, B, C), andσi = XA

i XB
i XC

i , whereXi

(for i = 1, . . .) is any of the triangle central point functions from Kimberling’s lists
[3] or [4].

Instead of homologic, homology center, and homology axis many authors use
the termsperspective, perspector, andperspectrix. Also, it is customary to use
lettersI, G, O, H, F , K, andL instead ofX1, X2, X3, X4, X5, X6, andX20

to denote the incenter, the centroid, the circumcenter, the orthocenter, the cen-
ter of the nine-point circle, the symmedian (or Grebe-Lemoine) point, and the de
Longchamps point (the reflection ofH aboutO), respectively.

In [2] Hoehn provedτ � σ3 andτ
Xj
� σi for (i, j) = (1, 1), (2, 4), (4, 2). In

[6] C. R. Pranesachar and B. J. Venkatachala added some new results because they

showed thatτ
Xj
� σi for (i, j) = (1, 1), (2, 4), (4, 2), (3, 6), (6, 3). Moreover,

Publication Date: September 5, 2002. Communicating Editor: Floor van Lamoen.
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they observed that ifτ
X
� XAXBXC , andY , YA, YB , andYC are the isogonal

conjugates of pointsX, XA, XB , andXC with respect to trianglesτ , τA, τB , and

τC respectively, thenτ
Y
� YAYBYC . Finally, they also answered negatively the

question by Prakash Mulabagal of Pune ifτ � XY Z, whereX, Y , andZ are the
points of contact of the incircles of trianglesτA, τB, andτC with the sides opposite
to A, B, andC, respectively.

In [5] van Lamoen said thatXi befriends Xj when τ
Xj
� σi and showed first

thatτ
Xj
� σi impliesτ

Xn
� σm whereXm andXn are the isogonal conjugates ofXi

andXj. Also, he proved thatτ
Xj

� σi is equivalent toτ
Xi
� σj, and thatτ

Xj

� σi for

(i, j) = (1, 1), (2, 4), (3, 6), (4, 2), (6, 3). Then he noted thatτ
K(π

2
−φ)

� K(φ),
whereK(φ) denotes the homology center ofτ and the Kiepert triangle formed
by apexes of similar isosceles triangles with the base angleφ erected on the sides

of ABC. This result implies thatτ
Xi
� σi for i = 485, 486 (Vecten points – for

φ = ±π
4 ), andτ

Xj
� σi for (i, j) = (13, 17), (14, 18) (isogonic or Fermat points

X13 andX14 – for φ = ±π
3 , and Napoleon pointsX17 andX18 – for φ = ±π

6 ).
Finally, van Lamoen observed that the Kiepert hyperbola (the locus ofK(φ)) be-
friends itself; so does its isogonal transform, the Brocard axisOK.

B-flank
A-flank

C-flank

R4

R5

R3

R2

R6

R1

A B

C

Figure 1. TriangleABC with three rectangles and three flanks.

The purpose of this paper is to extend and improve the above results by re-
placing squares with rectangles whose ratio of nonparallel sides is constant. More
precisely, letBR1R2C, CR3R4A, AR5R6B be rectangles built on the sides of a
triangleABC such that the oriented distances|BR1|, |CR3|, |AR5| areλ |BC|,
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λ |CA|, λ |AB| for some real numberλ. Let τλ
A = AR4R5, τλ

B = BR6R1, and
τλ
C = CR2R3 and letXj

i (λ) and σλ
i , for j = A, B, C, have obvious meaning.

The most important central points have their traditional notations so that we shall
often use these because they might be easier to follow. For example,HA(λ) is
the orthocenter of the flankτλ

A andσλ
G is the triangleGA(λ)GB(λ)GC(λ) of the

centroids of flanks.
Since trianglesAS4S5 andAR4R5 are homothetic and the vertexA is the center

of this homothety (and similarly for pairsBS6S1, BR6R1 andCS2S3, CR2R3),
we conclude that{A, XA

i , XA
i (λ)}, {B, XB

i , XB
i (λ)}, and{C, XC

i , XC
i (λ)}

are sets of collinear points so that all statements from [2], [6], and [5] concerning
trianglesσi are also true for trianglesσλ

i .
However, since in our approach instead of a single square on each side we have

a family of rectangles it is possible to get additional information. This is well
illustrated in our first theorem.

Theorem 1. The homology axis of ABC and GA(λ)GB(λ)GC(λ) envelopes the
Kiepert parabola of ABC .

Kiepert parabola

Euler line

Homology axis of ABC and XYZ

Z

X
Y

R4

R3

R2

R1

R6R5

FOCUS X110

C

BA

directrix

Figure 2. The homology axis ofABC andXY Z envelopes the Kiepert parabola
of ABC.

Proof. In our proofs we shall use trilinear coordinates. The advantage of their use
is that a high degree of symmetry is present so that it usually suffices to describe
part of the information and the rest is self evident. For example, when we write
X1(1) or I(1) or simply sayI is 1 this indicates that the incenter has trilinear
coordinates1 : 1 : 1. We give only the first coordinate while the other two are
cyclic permutations of the first. Similarly,X2( 1

a), or G(1
a ), says that the centroid
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has has trilinears1a : 1
b : 1

c , wherea, b, c are the lengths of the sides ofABC. The
expressions in terms of sidesa, b, c can be shortened using the following notation.

da = b− c, db = c−a, dc = a− b, za = b+ c, zb = c+a, zc = a+ b,

t = a + b + c, ta = b + c− a, tb = c + a− b, tc = a + b− c,

m = abc, ma = bc, mb = ca, mc = ab, T =
√
ttatbtc,

For an integern, let tn = an + bn + cn anddna = bn − cn, and similarly for other
cases. Instead oft2, t2a, t2b, andt2c we writek, ka, kb, andkc.

In order to achieve even greater economy in our presentation, we shall describe
coordinates or equations of only one object from triples of related objects and use
cyclic permutationsϕ andψ below to obtain the rest. For example, the first vertex
Aa of the anticomplementary triangleAaBaCa of ABC has trilinears−1

a : 1
b : 1

c .
Then the trilinears ofBa andCa need not be described because they are easily
figured out and memorized by relationsBa = ϕ(Aa) andCa = ψ(Aa). One must
remember always that transformationsϕ andψ are not only permutations of letters
but also of positions,i.e.,

ϕ : a, b, c, 1, 2, 3 �→ b, c, a, 2, 3, 1

and
ψ : a, b, c, 1, 2, 3 �→ c, a, b, 3, 1, 2.

Therefore, the trilinears ofBa andCa are 1
a : −1

b : 1
c and 1

a : 1
b : −1

c .
The trilinears of the pointsR1 andR2 are equal to−2λm : c(T + λkc) : λbkb

and−2λm : λckc : b(T + λkb) (while R3 = ϕ(R1), R4 = ϕ(R2), R5 = ψ(R1),
andR6 = ψ(R2)). It follows that the centroidXA

2 (λ) or GA(λ) of the triangle
AR4R5 is 3T+2a2λ

−a : kcλ
b : kbλ

c .
Hence, the lineGB(λ)GC(λ) has equation

a(T λ2 + 6 z2a λ + 9T )x + b λ(T λ + 3 kc) y + c λ(T λ + 3 kb) z = 0.

It intersects the lineBC whose equation isx = 0 in the point0 : T λ+3 kb
b : T λ+3 kc

−c .
Joining this point with its related points on linesCA and/orAB we get the homol-
ogy axis of trianglesABC andGA(λ)GB(λ)GC (λ) whose equation is

∑
a(T 2 λ2 + 6 a2 T λ + 9 kb kc)x = 0.

When we differentiate this equation with respect toλ and solve forλ we get

λ = −3 (
∑

a3 x)
T (

∑
a x) . Substituting this value back into the above equation of the axis

we obtain the equation
∑

(a2 d2
2a x

2 − 2ma d2b d2c y z) = 0

of their envelope. It is well-known (see [1]) that this is in fact the equation of the
Kiepert parabola ofABC. �

Recall that trianglesABC andXY Z areorthologic provided the perpendiculars
from the vertices ofABC to the sidesY Z, ZX, andXY of XY Z are concurrent.
The point of concurrence of these perpendiculars is denoted by[ABC, XY Z]. It is
well-known that the relation of orthology for triangles is reflexive and symmetric.
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Hence, the perpendiculars from the vertices ofXY Z to the sidesBC, CA, and
AB of ABC are concurrent at a point[XY Z, ABC].

SinceG (the centroid) befriendsH (the orthocenter) it is clear that trianglesτ
andσλ

G are orthologic and[σλ
G, τ ] = H. Our next result shows that point[τ, σλ

G]
traces the Kiepert hyperbola ofτ .

Theorem 2. The locus of the orthology center [τ, σλ
G] of τ and σλ

G is the Kiepert
hyperbola of ABC .

Kiepert hyperbola

Kiepert hyperbola

[ABC, XYZ]

X

R4

Z R3

R2

Y

R1

R6R5

H G

C

BA

Figure 3. The orthology center[ABC, XY Z] of triangles τ = ABC and
σλ

G = XY Z traces the Kiepert hyperbola ofABC.

Proof. The perpendicular fromA onto the lineGB(λ)GC(λ) has equation

b(T λ + 3 kb)y − c(T λ + 3 kc)z = 0.

It follows that [τ, σλ
G] is 1

a(Tλ+3ka) . This point traces the conic with equation∑
ma d2a y z = 0. The verification that this is the Kiepert hyperbola is easy be-

cause we must only check that it goes throughA, B, C, H( 1
a ka

), andG(1
a). �

Theorem 3. For every λ ∈ R, the triangles τ and σλ
O are homothetic, with center

of homothety at the symmedian point K. Hence, they are homologic with homology
center K and their homology axis is the line at infinity.

Proof. The pointT+z2a λ
−abc : λ

c : λ
b is the circumcenterOA(λ) of the flankAR4R5.

Since the determinant ∣∣∣∣∣∣

1 0 0
a b c

T+z2a λ
−abc

λ
c

λ
b

∣∣∣∣∣∣
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is obviously zero, we conclude that the pointsA, K, andOA(λ) are collinear.
In a similar way it follows that{B, K, OB(λ)} and{C, K, OC(λ)} are triples

of collinear points. Hence,τ
K
� σλ

O. Forλ = −T
k , the pointsOA(λ), OB(λ), and

OC(λ) coincide with the symmedian pointK. Forλ 
= −T
k , the lineOB(λ)OC(λ)

has equation(a2 λ + T )x + λa b y + λ c a z = 0 and is therefore parallel to the
sidelineBC. Hence, the trianglesτ andσλ

A are homothetic and the center of this
homothety is the symmedian pointK of τ . �

Theorem 4. For every λ ∈ R, the triangles τ and σλ
O are orthologic. The orthology

center [ τ, σλ
O ] is the orthocenter H while the orthology center [σλ

O, τ ] traces the
line HK joining the orthocenter with the symmedian point.

Proof. Since the trianglesτ and σλ
O are homothetic and their center of simili-

tude is the symmedian pointK, it follows that τ andσλ
O are orthologic and that

[ τ, σλ
O ] = H. On the other hand, the perpendicularp(OA(λ), BC) from OA(λ)

ontoBC has equation

λa d2a ka x + b (λd2a ka − T kb) y + c (λd2a ka + T kc) z = 0.

It follows that [σλ
O, τ ] (= the intersection ofp(OA(λ), BC) andp(OB(λ), CA))

is the pointT kb kc+(2 a6−z2a a4−z2a d2
2a) λ

a . This point traces the line with equation∑
a d2a k

2
a x = 0. One can easily check that the pointsH andK lie on it. �

Theorem 5. The homology axis of τ and σλ
H envelopes the parabola with directrix

the line HK and focus the central point X112.

Parabola

directrix - line HK

Homology axis of ABC and XYZ

FOCUS X112

Z

Y

X

K
R4

R3

R2

R1

R6R5

H

C

BA

Figure 4. The homology axis of trianglesσλ
H = XY Z and τ = ABC en-

velopes the parabola with directrixHK and focusX112.
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Proof. The orthocenterHA(λ) of the flankAR4R5 is T−2λ ka
a ka

: λ
b : λ

c . The line
HB(λ)HC(λ) has equation

a (3 kb kc λ
2 − 4 a2 T λ+T 2)x+ b λ kb (3 kc λ−T ) y+ c λ kc (3 kb λ−T ) z = 0.

It intersects the sidelineBC in the point0 : kc (T−3 kb λ)
b : kb (3 kc λ−T )

c . We infer
that the homology axis of the trianglesτ andσλ

H has equation
∑

a ka (9 kb kc λ
2 − 6 a2 T λ + T 2)x = 0.

It envelopes the conic with equation
∑

(a2 d2
2a k

2
a x

2 − 2ma d2b d2c kb kc y z) = 0.

It is easy to check that the above is an equation of a parabola because it intersects
the line at infinity

∑
ax = 0 only at the pointd2a ka

a . On the other hand, we obtain
the same equation when we look for the locus of all pointsP which are at the same
distance from the central pointX112( a

d2a ka
) and from the lineHK. Hence, the

above parabola has the pointX112 for focus and the lineHK for directrix. �

Theorem 6. For every real number λ the triangles τ and σλ
H are orthologic. The

locus of the orthology center [τ, σλ
H ] is the Kiepert hyperbola of ABC . The locus

of the orthology center [σλ
H , τ ] is the line HK .

Line HK

[XYZ, ABC]

Z

Y
X

K

R4

R3

R2

R1

R6R5 H

C

B
A

Figure 5. The orthology centers[σλ
4 , τ ] are on the lineHK.

Proof. The perpendicularp(A, HB(λ)HC(λ)) fromA onto the lineHB(λ)HC(λ)
has equationM−(b, c) y −M+(c, b) z = 0, where

M±(b, c) = b [(3 a4 ± 2 d2a a
2 ± d2a(b2 + 3 c2))λ− kb T ].
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The linesp(A, HB(λ)HC(λ)), p(B, HC(λ)HA(λ)), andp(C, HA(λ)HB(λ))

concur at the point
1

a [(a4 + 2 z2a a2 − 2m2a − 3 z4a)λ + ka T ]
. Just as in the

proof of Theorem 2 we can show that this point traces the Kiepert hyperbola of
ABC.

The perpendicularp(HA(λ), BC) from HA(λ) ontoBC has equation

2λa d2a ka x + b (2 d2a ka λ + kb T ) y + c (2 d2a ka λ− kc T ) z = 0.

The linesp(HA(λ), BC), p(HB(λ), CA), andp(HC(λ), AB) concur at the point
2 (2 a6 − z2a a

4 − z2a d
2
2a)λ− kb kc T

a
. We infer that the orthology center[σλ

H , τ ]
traces the lineHK because we get its equation by eliminating the parameterλ from
the equationsx = x0, y = y0, andz = z0, wherex0, y0, andz0 are the trilinears
of [σλ

H , τ ]. �

Theorem 7. For every λ ∈ R \ {0}, the triangles ABC and FA(λ)FB(λ)FC(λ)
are homologic if and only if the triangle ABC is isosceles.

Proof. The centerFA(λ) of the nine-point circle of the flankAR4R5 is

(ka − a2)λ− 2T
a

:
λd2b

−b
:
λd2c

c
.

The lineAFA(λ) has equationb d2c y + c d2b z = 0. Hence, the condition for these
three lines to concur (expressed in terms of the side lengths) is2md2a d2b d2c = 0,
which immediately implies our claim. �

When triangleABC is scalene and isosceles, one can show easily that the ho-
mology center ofABC andFA(λ)FB(λ)FC(λ) is the midpoint of the base while
the homology axis envelopes again the Kiepert parabola ofABC (which agrees
with the line parallel to the base through the opposite vertex).

The following two theorems have the same proofs as Theorem 6 and Theorem
1, respectively.

Theorem 8. For every real number λ the triangles ABC and FA(λ)FB(λ)FC(λ)
are orthologic. The orthology centers [σλ

F , τ ] and [ τ, σλ
F ] trace the line HK and

the Kiepert hyperbola, respectively.

Theorem 9. The homology axis of the triangles ABC and KA(λ)KB(λ)KC(λ)
envelopes the Kiepert parabola of ABC .

Theorem 10. For every λ ∈ R\{0}, the triangles ABC and KA(λ)KB(λ)KC(λ)
are orthologic if and only if the triangle ABC is isosceles.

Proof. The symmedian pointKA(λ) of the flankAR4R5 is

(d2
2a − a2 z2a)λ− T (3 ka + 2 a2)

a
: λ b kb : λ c kc.

It follows that the perpendicularp(KA(λ), BC) from KA(λ) to BC has equation

λa d2a T x+b (λd2a T −kb (3 ka +2 a2)) y+c (λd2a T +kc (3 ka +2 a2)) z = 0.
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The trianglesABC andKA(λ)KB(λ)KC(λ) are orthologic if and only if the co-
efficient determinant of the equations of the linesp(KA(λ), BC), p(KB(λ), CA),
andp(KC(λ), AB) is zero. But, this determinant is equal to−16λmd2ad2bd2cT

6,
which immediately implies that our claim is true. �

When the triangleABC is scalene and isosceles one can show easily that the
orthology centers ofABC andKA(λ)KB(λ)KC(λ) both trace the perpendicular
bisector of the base.

The proofs of the following two theorems are left to the reader because they
are analogous to proofs of Theorem 1 and Theorem 6, respectively. However, the
expressions that appear in them are considerably more complicated.

Theorem 11. The homology axis of τ and σλ
x envelopes the Kiepert parabola of

ABC for x = 15, 16, 61, 62.

Theorem 12. For every real number λ the triangles τ and σλ
L are orthologic. The

loci of the orthology centers [ τ, σλ
L ] and [σλ

L, τ ] are the Kiepert hyperbola and
the line HK, respectively.
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Napoleon-like Configurations and Sequences of Triangles

Barukh Ziv

Abstract. We consider the sequences of triangles where each triangle is formed
out of the apices of three similar triangles built on the sides of its predecessor. We
show under what conditions such sequences converge in shape, or are periodic.

1. Introduction

The well-known geometrical configuration consisting of a given triangle and
three equilateral triangles built on its sides, all outwardly or inwardly, has many
interesting properties. The most famous is the theorem attributed to Napoleon that
the centers of the three equilateral triangles built on the sides are vertices of another
equilateral triangle [3, pp. 60–65]. Numerous works have been devoted to this
configuration, including various generalizations [6, 7, 8] and converse problems
[10].

Some authors [5, 9, 1] considered the iterated configurations where construc-
tion of various geometrical objects (e.g. midpoints) on the sides of polygons is
repeated an arbitrary number of times. Douglass [5] called such constructionslin-
ear polygon transformations and showed their relation with circulant matrices. In
this paper, we study the sequence of triangles obtained by a modification of such
a configuration. Each triangle in the sequence is called abase triangle, and is ob-
tained from its predecessor by two successive transformations: (1) the classical
construction on the sides of the base triangle triangles similar to a given (trans-
formation) triangle and properly oriented, (2) a normalization which is a direct
similarity transformation on the apices of these new triangles so that one of the
images lies on a fixed circle. The three points thus obtained become the vertices
of the new base triangle. The normalization step is the feature that distinguishes
the present paper from earlier works, and it gives rise to interesting results. The
main result of this study is that under some general conditions the sequence of base
triangles converges to an equilateral triangle (in a sense defined at the end of§2).
When the limit does not exist, we study the conditions for periodicity. We study
two types of sequences of triangles: in the first, the orientation of the transforma-
tion triangle is given a priori; in the second, it depends on the orientation of the
base triangle.

Publication Date: October 4, 2002. Communicating Editor: Floor van Lamoen.
The author is grateful to Floor van Lamoen and the referee for their valuable suggestions in

improving the completeness and clarity of the paper.
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The rest of the paper is organized as follows. In§2, we explain the notations
and definitions used in the paper. In§3, we give a formal definition of the trans-
formation that generates the sequence. In§4, we study the first type of sequences
mentioned above. In§5, we consider the exceptional case when the transforma-
tion triangle degenerates into three collinear points. In§6, we consider the second
type of sequences mentioned above. In§7, we study a generalization for arbitrary
polygons.

2. Terminology and definitions

We adopt the common notations of complex arithmetic. For a complex number
z, Re(z) denotes its real part, Im(z) its imaginary part,|z| its modulus, arg(z)
its argument (chosen in the interval(−π, π]), andz its conjugate. The primitive
complexn-th root of unitycos 2π

n + i sin 2π
n , is denoted byζn. Specifically, we

write ω = ζ3 andη = ζ6. The important relation between the two isω2 + η = 0.
A triangle is oriented if an ordering of its vertices is specified. It is positively

(negatively) oriented if the vertices are ordered counterclockwise (clockwise). Two
oriented triangles are directly (oppositely) similar if they have the same (opposite)
orientation and pairs of corresponding vertices may be brought into coincidence by
similarity transformations.

Throughout the paper, we coordinatized points in a plane by complex numbers,
using the same letter for a point and its complex number coordinate. An oriented
triangle is represented by an ordered triple of complex numbers. To obtain the
orientation and similarity conditions, we define the following functionz : C

3 → C

on the set of all vectorsV = (A,B,C) by

z[V ] = z(A,B,C) =
C −A

B −A
. (1)

TriangleABC is positively or negatively oriented according as arg(z(A,B,C))
is positive or negative. Furthermore, every complex numberz defines a class of
directly similar oriented trianglesABC such thatz(A,B,C) = z. In particular,
if ABC is a positively (respectively negatively) oriented equilateral triangle, then
z(A,B,C) = η (respectivelyη).

Finally, we define the convergence of triangles. An infinite sequence of trian-
gles(AnBnCn) converges to a triangleABC if the sequence of complex numbers
z(An, Bn, Cn) converges toz(A,B,C).

3. The transformation f

We describe the transformations that generate the sequence of triangles we study
in the paper. We start with a base triangleA0B0C0 and a transformation triangle
XY Z. Let G be the centroid ofA0B0C0, andΓ the circle centered atG and
passing through the vertex farthest fromG. (Figure 1a). For everyn > 0, triangle
AnBnCn is obtained from its predecessorAn−1Bn−1Cn−1 by f = f2 ◦ f1, where
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(i) f1 mapsAn−1Bn−1Cn−1 to A′
nB

′
nC

′
n, by building on the sides of trian-

gleAn−1Bn−1Cn−1, three trianglesBn−1Cn−1A
′
n, Cn−1An−1B

′
n, An−1Bn−1C

′
n

similar toXY Z and all with the same orientation,1 (Figure 1b);
(ii) f2 transforms by similarity with centerG the three pointsA′

n, B′
n, C ′

n so
that the image of the farthest point lies on the circleΓ, (Figure 1c).

G

A0 B0

C0 Γ

Figure 1a

G

A0 B0

C0 A′
1

B′
1

C′
1

Figure 1b

G

A1
B1

C1

A′
1

B′
1

C′
1

Figure 1c

The three points so obtained are the vertices of the next base triangleAnBnCn.
We call this thenormalization of triangleA′

nB
′
nC

′
n. In what follows, it is conve-

nient to coordinatize the vertices of triangleA0B0C0 so that its centroidG is at the
origin, andΓ is the unit circle. In this setting, normalization is simply division by

rn = max(|A′
n|, |B′

n|, |C ′
n|).

It is easy to see thatf may lead to a degenerate triangle. Figure 2 depicts an
example of a triple of collinear points generated byf1. Nevertheless,f is well
defined, except only whenAn−1Bn−1Cn−1 degenerates into the pointG. But it is
readily verified that this happens only if triangleAn−1Bn−1Cn−1 is equilateral, in
which case we stipulate thatAnBnCn coincides withAn−1Bn−1Cn−1.

A0 B0

C0

C′
1

A′
1

B′
1

Figure 2

The normalization is a crucial part of this transformation. While preserving di-
rect similarity of the trianglesA′

nB
′
nC

′
n andAnBnCn, it prevents the latter from

1We deliberately do not specify the orientation of those triangles with respect to the transfor-
mation triangle, since they are specific for the different types of sequences we discuss later in this
paper.
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converging to a single point or diverging to infinity (since every triangle after nor-
malization lies inside a fixed circle, and at least one of its vertices lies on the circle),
and the convergence of triangles receives a definite geometrical meaning. Also,
sincef1 andf2 leaveG fixed, we have a rather expected important property thatG
is a fixed point of the transformation.

4. The first sequence

We first keep the orientation of the transformation triangle fixed and independent
from the base triangle.

Theorem 1. Let A0B0C0 be an arbitrary base triangle, and XY Z a non-degenerate
transformation triangle. The sequence (AnBnCn) of base triangles generated by
the transformation f in §3 (with Bn−1Cn−1A

′
n, Cn−1An−1B

′
n, An−1Bn−1C

′
n di-

rectly similar to XY Z) converges to the equilateral triangle with orientation op-
posite to XY Z , except when A0B0C0, and the whole sequence, is equilateral with
the same orientation as XY Z .

Proof. Without loss of generality letXY Z be positively oriented. We treat the
special cases first. The exceptional case stated in the theorem is verified straight-
forwardly; also it is obvious that we may exclude the cases whereAnBnCn is posi-
tively oriented equilateral. Hence in what follows it is assumed thatz(A0, B0, C0) �=
η, andrn �= 0 for everyn.

Let z(X,Y,Z) = t. Since for everyn, triangleBn−1Cn−1A
′
n is directly similar

toXY Z, by (1)
A′

n = (1 − t)Bn−1 + tCn−1,

and similarly forB′
n andC′

n. After normalization,

Vn =
1
rn

TVn−1, (2)

whereVn =


An

Bn

Cn


, T is the circulant matrix


 0 1 − t t

t 0 1 − t
1 − t t 0


, andrn =

max(|A′
n|, |B′

n|, |C ′
n|). By induction,

Vn =
1

r1 · · · rn
T nV0.

We use the standard diagonalization procedure to compute the powers ofT . Since
T is circulant, its eigenvectors are the columns of the Fourier matrix ([4, pp.72–
73])

F3 =
1√
3


ω0 ω0 ω0

ω0 ω1 ω2

ω0 ω2 ω4


 ,

and the corresponding eigenvalues areλ0, λ1, λ2 are2

λj = (1 − t)ωj + tω2j , (3)

2Interestingly enough, ordered triples(ω,ω2, λ1) and(ω2, ω, λ2) form triangles directly similar
to XY Z.
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for j = 0, 1, 2. With these, we have

T = F3UF−1
3 ,

whereU is the diagonal matrix


λ0 0 0

0 λ1 0
0 0 λ2


.

Let S =


s0

s1

s2


 be a vector of points in the complex plane that is transformed

into V0 by the Fourier matrix,i.e.,

V0 = F3S. (4)

SinceA0 + B0 + C0 = 3G = 0, we gets0 = 0, and

V0 = s1F3,1 + s2F3,2, (5)

whereF3,j is thej-th column ofF3. After n iterations,

Vn ∼ T nV0 = F3U
nF−1

3 (s1F3,1 + s2F3,2) = s1λ
n
1F3,1 + s2λ

n
2F3,2. (6)

According to (3) and the assumption thatXY Z is negatively oriented,

|λ2|2 − |λ1|2 = λ2λ2 − λ1λ1 = 2
√

3Im(t) < 0,

so that
|λ2|
|λ1| < 1, and

|λn
2 |

|λn
1 |

→ 0 whenn → ∞. Also, expressingz(A0, B0, C0) in

terms ofs1, s2, we get

z(A0, B0, C0) =
s1η + s2

s1 + s2η
, (7)

so thatz(A0, B0, C0) �= η impliess1 �= 0. Therefore,

lim
n→∞ z(An, Bn, Cn) = lim

n→∞ z[Vn] = z[F3,1] = η.

�

Are there cases when the sequence converges after a finite number of iterations?
Because the columns of the Fourier matrixF3 are linearly independent, this may
happen if and only if the second term in (6) equals 0. There are two cases:

(i) s2 = 0: this, according to (7), corresponds to a base triangleA0B0C0 which
is equilateral and positively oriented;

(ii) λ2 = 0: this, according to (3), corresponds to a transformation triangle
XY Z which is isosceles with base angleπ

6 . In this case, one easily recognizes the
triangle of the Napoleon theorem.

We give a geometric interpretation of the valuess1, s2. Changing for a while
the coordinates of the complex plane so thatA0 is at the origin, we get from (4):

|s1| = |B0 − C0η|, |s2| = |B0 − C0η|,
and we have the following construction: On the sideA0C0 of the triangleA0B0C0

build two oppositely oriented equilateral triangles (Figure 3), then|s1| = B0B
′,
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|s2| = B0B
′′. After some computations, we obtain the following symmetric for-

mula for the ratios1
s2

in terms of the anglesα, β, γ of triangleA0B0C0:∣∣∣∣s1

s2

∣∣∣∣
2

=
sinα sin(α + π

3 ) + sin β sin(β + π
3 ) + sin γ sin(γ + π

3 )
sinα sin(α− π

3 ) + sin β sin(β − π
3 ) + sin γ sin(γ − π

3 )
.

A0 B0

C0

B′

B′′

Figure 3

5. An exceptional case

In this section we consider the caset is a real number. Geometrically, it means
that the transformation triangleXY Z degenerates into a triple of collinear points,
so thatA′

n, B′
n, C ′

n divide the corresponding sides of triangleAn−1Bn−1Cn−1 in
the ratio1 − t : t. (Figure 4 depicts an example fort = 1

3 ). Can the sequence of
triangles still converge in this case? To settle this question, notice that whent is
real,λ1 andλ2 are complex conjugates, and rewrite (6) as follows:

Vn ∼ λn
1

(
s1F3,1 +

λn
2

λn
1

s2F3,2

)
, (8)

and because
λ2

λ1
defines arotation, it is clear that it does not have a limit unless

λ2

λ1
= 1, in which case the sequence consists of directly similar triangles. Now,

λ1 = λ2 implies t = 1
2 , so we have the well-known result that the triangle is

similar to its medial triangle [3, p. 19].
Next, we find the conditions under which the sequence has a finite periodm.

Geometrically, it means thatm is the least number such that trianglesAnBnCn

andAn+mBn+mCn+m are directly similar for everyn ≥ 0. The formula (8)

shows that it happens when
λ2

λ1
= ζk

m, andk, m are co-prime. Plugging this into
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G

A0 B0

C0

A′
1

B′
1

C′
1

Figure 4a

G A

B1

C1

A′
1

B′
1

C′
1

Figure 4b

(3) and solving fort, we conclude that the sequence of triangles with periodm
exists fort of the form

t(m) =
1
2

+
1

2
√

3
tan

kπ

m
. (9)

Several observations may be made from this formula. First, the periodic se-
quence with finitet exists for everym �= 2. (The casem = 2 corresponds to trans-
formation triangle with two coinciding verticesX, Y ). The number of different
sequences of a given periodm is φ(m), Euler’s totient function [2, pp.154–156].
Finally, the casem = 1 yieldst = 1

2 , which is the case of medial triangles.
Also, several conclusions may be drawn about the position of corresponding

triangles in a periodic sequence. Comparing (8) with (5), we see that triangle
AmBmCm is obtained from triangleA0B0C0 by a rotation about their common
centroidG through anglem · arg(λ1). Because 2arg(λ1) = 0 mod2π, it follows
thatAmBmCm coincides withA0B0C0, or is a half-turn. In both cases, the triangle
A2mB2mC2m will always coincide withA0B0C0. We summarize these results in
the following theorem.

Theorem 2. Let a triangle A0B0C0 and a real number t be given. The sequence
(AnBnCn) of triangles constructed by first dividing the sides of each triangle in
the ratio 1 − t : t and then normalizing consists of similar triangles with period
m if and only if t satisfies (9) for some k relatively prime to m. In this case, tri-
angles AnBnCn and An+2mBn+2mCn+2m coincide for every n ≥ 0. In all other
cases the sequence never converges, unless A0B0C0, and hence every AnBnCn,
is equilateral.

6. The second sequence

In this section we study another type of sequence, where the orientation of trans-
formation triangles depends on the base triangle. More precisely, we consider two
cases: when triangles built on the sides of the base triangle are oppositely or equally
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oriented to it. The main results of this section will be derived using the following
important lemma.

Lemma 3. Let ABC be any triangle, and V = (A,B,C) the corresponding vec-
tor of points in the complex plane with the centroid of ABC at the origin. If S is
defined as in (4), then ABC is positively (negatively) oriented when |s1| > |s2|
(|s1| < |s2|), and A, B, C are collinear if |s1| = |s2|.
Proof. According to (7), Im(z(A,B,C)) ∼ s1s1 − s2s2 = |s1|2 − |s2|2. �

Before proceeding, we extend notations. As the orientation of the transformation
triangle may change throughout the sequence,z(X,Y,Z) equalst or t, depending
on the orientation of the base triangle. So, for the transformation matrix we shall
use the notationT (t) or T (t) accordingly. Note that if the eigenvalues ofT (t) are
λ0, λ1, λ2, then the eigenvalues ofT (t) areλ0, λ1, λ2. The first result concerning
the case of the oppositely oriented triangles is as follows.

Theorem 4. Let A0B0C0 be the base triangle, and XY Z the transformation tri-
angle. If the sequence of triangles AnBnCn is generated as described in §3 with
every triangle Bn−1Cn−1A

′
n etc. oppositely oriented to An−1Bn−1Cn−1, then the

sequence converges to the equilateral triangle that has the same orientation as
A0B0C0.

Proof. Without loss of generality, we may assumeA0B0C0 positively oriented. It
is sufficient to show that triangleAnBnCn is positively oriented for everyn. Then,
every triangleBn−1Cn−1A

′
n etc. is negatively oriented, and the result follows

immediately from Theorem 1.
We shall show this by induction. Assume trianglesA0B0C0, . . . ,An−1Bn−1Cn−1

are positively oriented, then they all are the base for thenegatively oriented directly
similar triangles to build their successors, so arg(t) < 0, and|λn1 | > |λn

2 |. Also,
|s1| > |s2|, and according to (6) and the above lemma,AnBnCn is positively
oriented. �

We proceed with the case when triangles are constructed with the same orien-
tation of the base triangle. In this case, the behavior of the sequence turns out to
be much more complicated. Like in the first case, assumeA0B0C0 positively ori-
ented. Ifs2 = 0, which corresponds to the equilateral triangle, then all triangles
AnBnCn are positively oriented and, of course, equilateral. Otherwise, because
arg(t) > 0, and therefore|λ1| < |λ2|, it follows that|s1λn

1 |− |s2λ
n
2 | eventually be-

comes negative, and the sequence of triangles changes the orientation. Specifically,
it happens exactly after$ steps, where

$ =

⌈
ln s2

s1

ln λ1
λ2

⌉
. (10)

What happens next? We know thatA	B	C	 is the first negatively oriented tri-
angle in the sequence, therefore trianglesB	C	A

′
	+1 etc. built on its sides are also

negatively oriented. Thus,z(B	, C	, A
′
	+1) = t. Therefore, according to (3) and
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(6),
V	+1 ∼ T (t)	T (t)V0 = s1λ

	
1λ2F3,1 + s2λ

	
2λ1F3,2.

Since
|s1λ

	
1λ2| = |s1λ

	−1
1 ||λ1λ2| > |s2λ

	−1
2 ||λ1λ2| = |s2λ

	
2λ1|,

triangleA	+1B	+1C	+1 is positively oriented. Analogously, we get that forn ≥
0, every triangleA	+2nB	+2nC	+2n is negatively oriented, while its successor
A	+2n+1B	+2n+1C	+2n+1 is positively oriented.

Consider now the sequence(A	+2nB	+2nC	+2n) consisting of negatively ori-
ented triangles. Clearly, the transformation matrix for this sequence is the product
of T (t) andT (t), which is a circulant matrix

 t + t− 2tt tt 1 − t− t + tt
1 − t− t + tt t + t− 2tt tt

tt 1 − t− t + tt t + t− 2tt




with eigenvalues

λ′j = t + t− 2tt + ttωj + (1 − t− t + tt)ω2j , j = 0, 1, 2. (11)

Since this matrix is real, the sequence(A	+2nB	+2nC	+2n) of triangles does not
converge. It follows at once that the sequence(A	+2n+1B	+2n+1C	+2n+1) of suc-
cessors does not converge either.

Finally, we consider the conditions when these two sequences are periodic.
Clearly, only even periods2m may exist. In this case,λ′1 andλ′2 must satisfy
λ′1
λ′2

= ζk
m for k relatively prime tom. Sinceλ′1, λ′2 are complex conjugates, this is

equivalent to arg(λ′1) = kπ
m . Applying (11), we arrive at the following condition:

tan
kπ

m
=

1√
3
· Re(t) − 1

2

Re(t) − |t|2 − 1
6

.

Several interesting properties about periodic sequences may be derived from this
formula. First, for a given pair of numbersk, m, the locus oft is acircle centered
at the pointO on a real axis, and radiusR defined as follows:

O(m) =
1
2
− 1

2
√

3
cot

kπ

m
, R(m) =

1
2
√

3
csc

kπ

m
. (12)

Furthermore, all the circles have the two points1
3(1+ η) and1

3 (1+ η) in common.
This is clear if we note that they correspond to the casesλ′1 = 0 andλ′2 = 0
respectively,i.e., when the triangle becomes equilateral after the first iteration (see
the discussion following Theorem 1 in§3).

Summarizing, we have the following theorem.

Theorem 5. Let A0B0C0 be the base triangle, and XY Z the transformation tri-
angle. The sequence (AnBnCn) of triangles constructed by the transformation
f ( Bn−1Cn−1A

′
n, Cn−1An−1B

′
n, An−1Bn−1C

′
n with the same orientation of

An−1Bn−1Cn−1) converges only if A0B0C0 is equilateral (and so is the whole
sequence). Otherwise the orientation of A0B0C0 is preserved for first $ − 1 iter-
ations, where $ is determined by (10); afterwards, it is reversed in each iteration.
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The sequence consists of similar triangles with an even period 2m if and only if
t = z(X,Y,Z) lies on a circle O(R) defined by (12) for some k relatively prime to
m. In this case, triangles AnBnCn and An+4mBn+4mCn+4m coincide for every
n ≥ $.

We conclude with a demonstration of the last theorem’s results. Settingm = 1
in (12), bothO andR tend to infinity, and the circle degenerates into line Re(t) =
1
2 , that corresponds to any isosceles triangle. Figures 5a through 5d illustrate this
case whenXY Z is the right isosceles triangle, andA0B0C0 is also isosceles pos-
itively oriented with base angle3π

8 . According to (10),$ = 2. Indeed,A2B2C2 is
the first negatively oriented triangle in the sequence,A3B3C3 is again positively
oriented and similar toA1B1C1. The next similar triangleA5B5C5 will coincide
with A1B1C1.

G

A0 B0

C0

A′
1 B′

1

C′
1

Figure 5a

G

B′
2 A′

2

C′
2

A1 B1

C1

Figure 5b

G

A2B2

C2

A′
3B′

3

C′
3

Figure 5c

G

A3B3

C3

Figure 5d
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7. Generalization to polygons

In this section, we generalize the results in§4 by replacing the sequences of
triangles by sequences of polygons. The transformation performed at every itera-
tion remains much the same as in§3, with triangles built on every side of the base
polygon directly similar to a given transformation triangle. We seek the conditions
under which the resulting sequence of polygons converges in shape.

Let the unit circle be divided intok equal parts by the pointsP0, P1, . . . ,
Pk−1. We call the polygon regulark-gon of q-type if it is similar to the polygon
P0Pq · · ·P(k−1)q, where the indices are taken modulok [5, p. 558]. The regular
1-type and(k − 1)-type polygons are simply the convex regular polygons in an
ordinary sense. Other regulark-gons may be further classified into

(i) star-shaped ifq, k are co-prime, (for example, a pentagram is a 2-type regular
pentagon, Figure 6a), and

(ii) multiply traversed polygons with fewer vertices ifq, k have a common di-
visor, (for example, a regular hexagon of 2-type is an equilateral triangle traversed
twice, Figure 6b).

P1

P2

P3

P4

P0

Figure 6a

P2

P4

P3

P1

P5

P0

Figure 6b

In general, regulark-gons ofq-type and(k − q)-type are equally shaped and
oppositely oriented. It is also evident that(−q)-type and(k − q)-typek-gons are
identical. We shall show that under certain conditions the sequence of polygons
converges to regular polygons so defined.

LetΠ0 = P0,0P1,0 · · ·Pk−1,0 be an arbitraryk-gon, andXY Z the non-degenerate
transformation triangle, and let the sequence ofk-gonsΠn = P0,nP1,n · · ·Pk−1,n

be generated as in§3, with trianglesP0,n−1P1,n−1P
′
0,n, . . .Pk−1,n−1P0,n−1P

′
k−1,n

built on the sides ofΠn−1 directly similar toXY Z and then normalized. The
transformation matrixTk for such a sequence is a circulantk × k matrix with the
first row (

1 − t t 0 · · · 0
)
,

whose eigenvectors are columns of Fourier matrix

Fk =
1√
k
(ζij

k ), i, j = 0, . . . , k − 1,

and the eigenvalues:

λi = (1 − t) + tζi
k, i = 0, . . . , k − 1. (13)
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PutΠ0 into the complex plane so that its centroidG = 1
k

∑k−1
i=0 Pi,0 is at the origin,

and letVn be a vector of points corresponding toΠn. If S = (s0, . . . , sk−1) is a
vector of points that is transformed intoV0 by Fourier matrix,i.e., S = FkV0, then
similar to (6), we get:

Vn ∼
k−1∑
i=0

siλ
n
i Fk,i. (14)

Noticing that the column vectorsFk,q correspond to regulark-gons ofq-type, we
have the following theorem:

Theorem 6. The sequence of k-gons Πn converges to a regular k-gon of q-type, if
and only if |λq| > |λi| for every i �= q such that si �= 0.

As in the case of triangles, we proceed to the cases when the sequence converges
after a finite number of iterations. As follows immediately from (14), we may
distinguish between two possibilities:

(i) sq �= 0 andsi = 0 for everyi �= q. This corresponds toΠ0 - and the whole
sequence - being regular ofq-type.

(ii) There are two integersq, r such thatλr = 0, sq, sr �= 0, andsi = 0 for every
i �= q, r. In this case,Π0 turns into regulark-gon ofq-type after the first iteration.
An example will be in order here. Letk = 4, q = 1, λ2 = 0 andS = (0, 1, 1, 0).
Then,t = 1

2 andΠ0 is a concave kite-shaped quadrilateral; the midpoints of its
sides form a square, as depicted in Figure 7.

0 2

i − 1

−i − 1

Figure 7

The last theorem shows that the convergence of the sequence of polygons de-
pends on the shapes of both the transformation triangle and the original polygon
Π0. Let us now consider for what transformation triangles the sequence converges
for anyΠ0? Obviously, this will be the case if no two eigenvalues (13) have equal
moduli. That is, for every pair of distinct integersq, r,

|(1 − t) + tζq
k | �= |(1 − t) + tζr

k |.
Dividing both sides by1 − t, we conclude that t

1−tζ
q
k and t

1−tζ
r
k should not be

complex conjugates, that is:

arg
(

t

1 − t

)
�= −q + r

k
π, 0 ≤ q, r ≤ k. (15)
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Solving fort and designating$ for (q + r) mod k, we get:

Im(t)
Re(t) − |t|2 �= $

k
π, 0 ≤ $ < k.

This last inequality is given a geometric interpretation in the following final theo-
rem.

Theorem 7. The sequence of k-gons converges to a regular k-gon for every Π0 if
and only if t = z(X,Y,Z) does not lie on any circle O(R) defined as follows:

O =
(

1
2
,

1
2

cot
$

k
π

)
, R =

1
2

csc
$

k
π, 0 ≤ $ < k.

We conclude with a curious application of the last result. Letk = 5, andXY Z
be a negatively oriented equilateral triangle,i.e., t = η. It follows from (15) that
the sequence of pentagons converges for any givenΠ0. Let Π0 be similar to

(1 + ε, ζ5, ζ
2
5 , ζ

3
5 , ζ

4
5 ).

Taking ε �= 0 sufficiently small,Π0 may be made as close to the regular convex
pentagon as we please. The striking fact is thatq = 2! Figures 8 depict this
transforming of an “almost regular” convex pentagon into an “almost regular” pen-
tagram in just 99 iterations.
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Figure 8a:n = 0
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Figure 8b:n = 20
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Figure 8d:n = 60
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Figure 8f:n = 99
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An Elementary Proof of the Isoperimetric Inequality

Nikolaos Dergiades

Abstract. We give an elementary proof of the isoperimetric inequality for poly-
gons, simplifying the proof given by T. Bonnesen.

We present an elementary proof of the known inequalityL2 ≥ 4πA, whereL
andA are the perimeter and the area of a polygon. It simplifies the proof given by
T. Bonnesen [1, 2].

Theorem. In every polygon with perimeter L and area A we have L2 ≥ 4πA.

Proof. It is sufficient to prove the inequality for a convex polygonABM · · ·Z.
From the vertexA of the polygon we can draw the segmentAQ dividing the poly-
gon in two polygons such that

(1) AB + BM + · · · + PQ = L
2 , and

(2) the areaA1 of the polygonABM · · ·PQA satisfiesA1 ≥ A
2 .

P

N

B

Q

Q′

A

A′

M

di

M ′

N ′

hi

ai

O

Z

Figure 1

Let O be the mid-point ofAQ, and letM be the vertex ofABM · · ·PQA
farthest fromO, with OM = R. Draw the circle(O,R), and from the pointsA and
Q draw perpendiculars toOM to meet the circle atA′, Q′ respectively. Because
of symmetry, the part of the circleAA′MQ′QA has areaS equal to half of the
area of the circle,i.e., S = 1

2πR2. Outside the polygonABM · · ·PQ construct
parallelograms touching the circle, with bases the sides such asMN = ai and

Publication Date: October 28, 2002. Communicating Editor: Michael Lambrou.



130 N. Dergiades

other sides parallel toAA′. If hi is the altitude of triangleOMN anddi is the
height of the parallelogramMM′N ′N , thenhi + di = R. Note thatA1 is the sum
of the areas of trianglesOAB, . . . ,OMN , . . . ,OPQ, i.e.,

A1 =
1
2

∑
i

aihi.

If we denote byA2 the sum of the areas of the parallelograms, we have

A2 =
∑

i

aidi =
∑

i

ai(R− hi) = R · L
2
− 2A1.

SinceA1 +A2 ≥ S, we haveR· L2 −A1 ≥ 1
2πR2, and soπR2−LR+2A1 ≤ 0.

Rewriting this as

π

(
R− L

2π

)2

−
(L2

4π
− 2A1

)
≤ 0,

we conclude thatL2 ≥ 4π · 2A1 ≥ 4πA. �
The above inequality, by means of limits can be extended to a closed curve.

Since for the circle the inequality becomes equality, we conclude that of all closed
curves with constant perimeterL, the curve that contains the maximum area is the
circle.
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The Perimeter of a Cevian Triangle

Nikolaos Dergiades

Abstract. We show that the cevian triangles of certain triangle centers have
perimeters not exceeding the semiperimeter of the reference triangle. These in-
clude the incenter, the centroid, the Gergonne point, and the orthocenter when
the given triangle is acute angled.

1. Perimeter of an inscribed triangle

We begin by establishing an inequality for the perimeter of a triangle inscribed
in a given triangleABC.

Proposition 1. Consider a triangle ABC with a ≤ b ≤ c. Denote by X, Y , Z the
midpoints of the sides BC , CA, and AB respectively. Let D, E, F be points on
the sides BC , CA, AB satisfying the following two conditions:

(1.1) D is between X and C , E is between Y and C , and F is between Z and
B.

(1.2) ∠CDE ≤ ∠BDF , ∠CED ≤ ∠AEF , and ∠BFD ≤ ∠AFE.

Then the perimeter of triangle DEF does not exceed the semiperimeter of triangle
ABC .

C

B

A

X

Y

F

D

E

Z

γ

β

Figure 1

Proof. Denote byi, j, k the unit vectors alongEF, FD, DE. See Figure 1. Since
∠BFD ≤ ∠AFE, we havei · ZF ≤ j · ZF. Similarly, since∠CDE ≤ ∠BDF
and∠CED ≤ ∠AEF , we havej · XD ≤ k · XD andi · EY ≤ k · EY. Now,
we have

EF + FD + DE = i · EF + j · FD + k · DE
= i · (EY + YZ + ZF) + j · (FZ + ZX + XD) + k ·DE
≤ (k ·EY + i ·YZ + j · ZF)

+(j · FZ + j · ZX + k · XD) + k ·DE

Publication Date: November 1, 2002. Communicating Editor: Paul Yiu.
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= i · YZ + j · ZX + k ·XY
≤ |i||YZ| + |j||ZX| + |k||XY| (1)

= Y Z + ZX + XY

=
1
2
(AB + BC + CA).

Equality holds in (1) only when the trianglesDEF andXY Z have parallel sides,
i.e., when the pointsD, E, F coincide with the midpointsX, Y , Z respectively, as
is easily seen. �

2. Cevian triangles

Proposition 2. Suppose the side lengths of triangle ABC satisfy a ≤ b ≤ c.
Let P be an interior point with (positive) homogeneous barycentric coordinates
(x : y : z) satisfying

(2.1) x ≤ y ≤ z,
(2.2) x cot A ≥ y cot B ≥ z cot C .

Then the perimeter of the cevian triangle of P does not exceed the perimeter of the
medial triangle of ABC , i.e., the cevian triangle of the centroid.

Proof. In Figure 1,BD = az
y+z , DC = ay

y+z , andBF = cx
x+y . Sincey ≤ z, it is

clear thatBD ≥ DC. Similarly, AE ≥ EC, andAF ≥ FB. Condition (1.1) is
satisfied. Applying the law of sines to triangleBDF , we havesin(B+β)

sin β = BD
BF . It

follows that
sin(B + β)
sin B sin β

=
sin(B + C)
sin B sin C

· z(x + y)
x(y + z)

.

From this,cot β + cot B = (cot B + cot C) · z(x+y)
x(y+z) . Similarly, cot γ + cot C =

(cot B + cot C) · y(z+x)
x(y+z) . Consequently,

cot γ − cot β =
2(y cot B − z cot C)

y + z
,

so thatβ ≥ γ providedy cot B ≥ z cot C. The other two inequalities in (1.2) can
be similarly established. The result now follows from Proposition 1. �

This applies, for example, to the following triangle centers. For the case of the
orthocenter, we require the triangle to be acute-angled.1 It is easy to see that the
barycentrics of each of these points satisfy condition (2.1).

P (x : y : z) x cot A ≥ y cot B ≥ z cot C

Incenter (a : b : c) cos A ≥ cos B ≥ cos C

Centroid (1 : 1 : 1) cot A ≥ cot B ≥ cot C

Orthocenter (tan A : tanB : tan C) 1 ≥ 1 ≥ 1

Gergonne point
(
tan A

2
: tan B

2
: tan C

2

)
1
2
(1 − tan2 A

2
) ≥ 1

2
(1 − tan2 B

2
)

≥ 1
2
(1 − tan2 C

2
)

1For the homogeneous barycentric coordinates of triangle centers, see [1].
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The perimeter of the cevian triangle of each of these points does not exceed the
semiperimeter ofABC.2 The case of the incenter can be found in [2].

3. Another example

The triangle center with homogeneous barycentric coordinates(sinA
2 : sin B

2 :
sin C

2 ) provides another example of a pointP the perimeter of whose cevian tri-
angle not exceeding the semiperimeter ofABC. It clearly satisfies (2.1). Since
sin A

2 cot A = cos A
2 − 1

2 cos A
2

, it also satisfies condition (2.2). In [1], this point

appears asX174 and is called the Yff center of congruence. Here is another de-
scription of this triangle center [3]:

The tangents to the incircle at the intersections with the angle bisectors farther
from the vertices intersect the corresponding sides at the traces of the point with
homogeneous barycentric coordinates (sin A

2 : sin B
2 : sin C

2 ).

C

B

A

X

Y

Z

I

D

E

F

P

Figure 2

2The Nagel point, with homogeneous barycentric coordinates(cot A
2

: cot B
2

: cot C
2
), also

satisfies (2.2). However, it does not satisfy (2.1) so that the conclusion of Proposition 2 does not
apply. The same is true for the circumcenter.
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Geometry and Group Structures of Some Cubics

Fred Lang

Abstract. We review the group structure of a cubic in the projective complex
plane and give group theoretic formulations of some geometric properties of a
cubic. Then, we apply them to pivotal isocubics, in particular to the cubics of
Thomson, Darboux and Lucas. We use the group structure to identify different
transformations of cubics. We also characterize equivalence of cubics in terms
of the Salmon cross ratio.

1. The group structure of a cubic

Let Γ be a nonsingular cubic curve in the complex projective plane,i.e., Γ has
no cusp and no node. It is well known thatΓ has a group structure, which does
not depend on the choice of a neutral elementO on the cubic. In other words, the
group structures onΓ for various choices of the neutral elements are isomorphic.

If P andQ are points of a cubicΓ, we denote byP ·Q the third intersection of
the linePQ with Γ. In particular,P · P := Pt is the tangential of P , the second
intersection ofΓ with the tangent atP .

Proposition 1. The operation · is commutative but not associative. For P , Q, R
on Γ,

(1) (P ·Q) · P = Q,
(2) P ·Q = R ·Q⇐⇒ P = R,
(3) P ·Q = R⇐⇒ P = R ·Q.

Convention: When we writeP ·Q ·R, we mean(P ·Q) · R.
We choose a pointO onΓ as the neutral point,1 and define a group structure+

onΓ by
P +Q = (P ·Q) ·O.

We call the tangential ofO, the pointN = Ot = O ·O, theconstant point of Γ.
Note that−N = Nt, sinceN +Nt = N ·Nt ·O = N ·O = O.

We begin with a fundamental result whose proof can be found in [4, p.392].

Theorem 2. 3k points Pi, 1 ≤ i ≤ 3k, of a cubic Γ are on a curve of order k if
and only if

∑
Pi = kN .

Fork = 1, 2, 3, we have the following corollary.

Corollary 3. Let P , Q, R, S, T , U , V ,W ,X be points of Γ.

(1) P , Q, R are collinear if and only if P +Q+R = N .
(2) P ,Q,R, S, T ,U are on a conic if and only if P+Q+R+S+T+U = 2N .

Publication Date: November 8, 2002. Communicating Editor: Paul Yiu.
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Q=P

p

P

O=P

P+Q

Q•P
tttt

t

tttttt

Figure 1. The first three tangentials ofP andP + Q

(3) P , Q, R, S, T , U , V , W , X are on a cubic if and only if P + Q + R +
S + T + U + V +W +X = 3N .

Remark. The casek = 2 is equivalent to the following property.

Geometric formulation Group theoretic formulation
Let P ,Q,R, S, T , U be six points Let P ,Q,R, S, T , U be six points
of a cubicΓ, and letX = P ·Q, of a cubicΓ, and letP +Q+X = N ,
Y = R · S, Z = T · U , thenP ,Q,R, R+ S + Y = N , T + U + Z = N ,
S, T , U are on a conic if and only if thenP +Q+R+ S + T + U = 2N
X, Y , Z are collinear. if and only ifX + Y + Z = N .

A geometrical proof is given [8, p.135]; an algebraic proof is a straightforward
calculation.

We can do normal algebraic calculations in the group, but have to be careful to
torsion points: for example2P = O does not implyP = O. The group ofΓ has
non zero torsion points, i.e, points with the propertykP = O, for P �= O. Indeed
the equationkX = Q hask2 (complex) solutions for the pointX. See [10, 17].

The tangentialPt of P isN − 2P , sinceP , P , andPt are collinear. Thesecond
tangential Ptt of P is N − 2(N − 2P ) = −N + 4P . The third tangential is
N − 2(−N + 4P ) = 3N − 8P .

2. A sample of theorems on cubics

We give a sample of theorems on cubics, in both geometric and group-theoretic
formulations. Most of the theorems can be found in [8, p.135]. In the following
table, all points are on a cubicΓ. A point P ∈ Γ is a sextatic point if there is a
conic throughP with contact of order 6 withΓ atP .
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Geometric formulation Group theoretic formulation
1 P andQ have the same tangential. 2P = 2Q or 2(P −Q) = O
2 There are four tangents fromP . 2X + P = N has four solutions
3 P is a flex 3P = N
4 Γ has nine flexes 3P = N has nine solutions
5 If P andQ are flexes, then 3P = N , 3Q = N ,

R = P ·Q is another flex. andP +Q+R = N
If P �= Q, thenR �= P, Q. =⇒ 3R = N .

6 Let P1, P2, P3 andP4 be fixed onΓ. P1 + P2 + P3 + P4 + P5 + P6 = 2N
If a variable conic intersectsΓ at andP5 + P6 +Q = N
P1 . . . ,P6, then the lineP5P6 passes =⇒ Q = −N + P1 + P2 + P3 + P4,
through a fixed pointQ onΓ, which we which is fixed.
call thecoresidual of P1, P2, P3, P4.

7 If a conic intersectsΓ atP1, . . .P6,
∑
Pi = 2N , 2Pi +Qi = N

then the tangentialsQ1, . . . ,Q6 for i = 1, . . . , 6
are on another conic =⇒ ∑

Qi = 2N .
8 Let Ω be a conictritangent to Γ at 2P + 2Q+ 2R = 2N and

P ,Q,R, and letΨ be another conic P +Q+R+ P ′ +Q′ +R′ = 2N
which intersectsΓ atP ,Q,R, P ′, =⇒ 2P ′ + 2Q′ + 2R′ = 2N .
Q′,R′, then there exists a conicΛ
tangent toΓ atP ′,Q′,R′.

9 A conicΩ is tritangent toΓ at For2P + P ′ = N , 2Q+Q′ = N ,
P ,Q,R if and only if the tangentials and2R+R ′ = N ,
P ′,Q′,R′ of P ,Q,R are 2P + 2Q+ 2R = 2N
collinear. ⇐⇒ P ′ +Q′ +R′ = N .

10 If Q,R, S are given points, there exist The equation
9 pointsX such that a conicosculates 3X +Q+R+ S = 2N
atX and passes throughQ,R, S has nine solutions.

11 P is sextatic if and only if the tangent For2P +Q = N ,
atP contains a flexQ different fromP . 6P = 2N ⇐⇒ 3Q = N .

12 P is sextatic if and only if 6P = 2N ⇐⇒
P is the tangential of a flexQ. 2Q+ P = N and3Q = N .

13 There are 27 sextatic points on a cubic.6P = 2N has 36 solutions,
nine are the flexes, the others
27 are the sextatic points.

14 If P andQ are sextatic, 6P = 2N , 6Q = 2N
thenR = P ·Q is sextatic. andP +Q+R = N

=⇒ 6R = 2N .

Remarks. The coresidual in (6) is called thegegenüberliegende Punkt in [8, p.140].

3. The group structure of a pivotal isocubic

Let P �→ P ∗ be a given isoconjugation in the plane of the triangleABC (with
trilinear coordinates). See, for example, [5]. For example,P (x : y : z) �→ P∗( 1

x :
1
y : 1

z ) is the isogonal transformation andP (x : y : z) �→ ( 1
a2x : 1

b2y : 1
c2z ) is

the isotomic transformation. We shall also consider the notion of cevian quotient.
For any two pointsP andQ, the cevian triangle ofP and the precevian triangle of
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Q are always perspective. We call their perspector thecevian quotient P/Q. See
[11].

Let Γ be a pivotal isocubic with pivotF . See, for example, [6, 7, 14]. Take the
pivot F for the neutral elementO of the group. The constant point isN = Ft.

A

B
C

K I

I

I

I

G

Γ

c

b

a

Figure 2. Two tangential quadruples on the Thomson cubic

Definition. Four points ofΓ form a tangential quadruple if they have the same
tangential point.

Theorem 4. Consider the group structure on a pivotal isocubic with the pivot F
as neutral element. The constant point is N = Ft.

(1) P · P ∗ = F , P · F = P ∗, P ∗ · F = P .
(2) Ft = F ∗.
(3) P + P ∗ = Ft.
(4) P +Q = (P ·Q)∗ or P ·Q = (P +Q)∗.
(5) P , Q, R are collinear if and only if P +Q+R = Ft.
(6) −P = P · Ft.
(7) −P = F/P .
(8) If (P,Q,R, S) is a tangential quadruple then (P∗, Q∗, R∗, S∗) is also a

tangential quadruple.
(9) Every tangential quadruple is of the form (P,P +A,P +B,P +C).

(10) A, B, C are points of order 2, i.e., 2A = 2B = 2C = F .

Proof. (1) F is the pivot, soP , P∗ andF are collinear.
(2) PutP = F in (1).
(3) P + P ∗ = (P · P ∗) · F = F · F = Ft.
(4) P +Q = (P ·Q) · F = (P ·Q)∗. (use (1))
(5) This is Corollary 3.
(6) P + (P · Ft) = (P · (P · Ft)) · F = Ft · F = F .
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(7) If the pivotF has trilinear coordinates(u : v : w) andP (x : y : z), then the
Cevian quotientF/P is the point

(x(−vwx+ uwy + uvz) : y(vwx− uwy + uvz) : z(vwx + uwy − uvz)).
We can verify that it is onΓ and is collinear withP andFt.

(8) We have to prove that, ifP andQ have a common tangentialT , thenP∗ and
Q∗ have a common tangentialU . Let U be the tangential ofP∗, then (5) and (2)
give

U + 2P ∗ = Ft = F ∗.
SinceF , P , P ∗ are collinear, and so areF ,Q,Q∗, we have

P + P ∗ = F ∗ and Q+Q∗ = F ∗.

SinceT is the common tangential ofP andQ,

2P + T = F ∗ and 2Q+ T = F ∗.

From these,

U + 2Q∗ =(F ∗ − 2P ∗) + 2Q∗

=F ∗ − 2(F ∗ − P ) + 2(F ∗ −Q)

=F ∗ + 2P − 2Q

=F ∗ + F ∗ − T − F ∗ + T

=F ∗,

andU is the tangential ofQ∗ too.
(9) We have to prove that, ifP is on the cubic,P andP + A have the same

tangential. LetQ andQa be the tangential ofP andP + A respectively. By
property (3),P + P + Q = F∗ and(P + A) + (P + A) + Qa = F ∗. Hence
Q = Qa ⇐⇒ 2A = 0 ⇐⇒ A = −A. By properties (6) and (2),−A = A · F∗,
hence we have to prove thatA = A·F∗, i.e. the tangential ofA isF∗. The equation
of the tangent to the cubic atA is r2vy = q2wz, andF ∗(p2vw : q2uw : r2uv) is
clearly on this line. ButF∗ is onΓ. Hence it is the tangential point ofA.

(10) 2A = A+A = A · A = A∗
t = F ∗∗ = F . �

A consequence of (10) is that the cubic is not connected. See, for example, [10,
p.20].

4. The Thomson, Darboux and Lucas cubics

These well-known pivotal cubics have for pivotsG (centroid),L (de Longchamps
point) andK+ (isotomic of the orthocenterH). Thomson and Darboux are isogo-
nal cubics and Lucas is an isotomic one. We study the subgroups generated by the
pointsG, I,A,B,C for Thomson,L, I′,A,B,C for Darboux andK+,No,A,B,
C for Lucas. For a generic triangle,2 these groups are isomorphic toZ×Z2 ×Z2.

2This may be false for some particular triangles. For example, ifABC has a right angle atA,
thenH = A and for Thomson,H = 4I .
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Notation. For each pointP , we denote byPa, Pb, Pc the pointsP + A, P + B,
P +C respectively. We use the notations of [12] for triangle centers, but adopt the
following for the common ones.

G centroid
K symmedian (Lemoine) point
H orthocenter
O circumcenter
I incenter;Ia, Ib, Ic are the excenters
L de Longchamps point
M Mittenpunkt
Go Gergonne point
No Nagel point

K

K

K

B

M
I

I

C

O

H

G

L

K

B’C’

A

B C

A'

Thomson Darboux

Lucas

-

+3

+1

B-
A-

K+2

+C+

c

I
b

Ia

A+

+

Figure 3. The Thomson, Darboux and Lucas cubics
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In the following table, the lines represent theZ-part, and the columns theZ2 ×
Z2-part. The last column give the tangential point of the tangential quadruple of
the corresponding line. The line number 0 is the subgroup generated by the pivot
andA,B,C. It is isomorphic toZ2 × Z2.

4.1. The Thomson cubic.

P Pa Pb Pc tangential
−6 Ht Hta Htb Htc

−5 −X282 −X282a −X282b −X282c

−4 O∗
t O∗

ta O∗
tb O∗

tc

−3 X223 X223a X223b X223c

−2 O A− B− C− Ot

−1 M Ma Mb Mc H
0 G A B C K
1 I Ia Ib Ic G
2 K A− B− C− O
3 M∗ M∗

a M∗
b M∗

c O∗
t

4 H Ha Hb Hc Ht

5 X282 X282a X282b X282c

6 Ot Ota Otb Otc Ott

(1) Neutral = pivot =G = centroid.
(2) Constant= Gt = G∗ = K.
(3) Three points are collinear if and only if their sum is 2.
(4) Examples of calculation:

(a) I +K = (I ·K) ·G =M ·G =M∗.
(b) A+A = (A · A) ·G = K ·G = G.
(c) To find the intersectionX of the lineOM with the cubic, we have

to solve the equationx + (−2) + (−1) = 2. Hence,x = 5 and
X = X282.

(5) A−, B−, C− are the midpoints of the sides ofABC, diagonal triangle of
GABC.

(6) A−,B−, C− are the midpoints of the altitudes ofABC, diagonal triangle
of KA−B−C−.

(7) Ot is the isoconjugate of the circumcenterO relative to the pencil of conics
through the pointsK,A−,B−, C−.

(8) Ott is the isoconjugate ofOt relative to the pencil of conics through the
pointsO, A−,B−,C−.

(9) OtaOtbOtc is the diagonal triangle ofOA−B−C−.
(10) Ha = A−∗ = OA ∩A−G = B−C ∩C−B.
(11) X223 = −(M∗) is the third intersection of the lineIH andΓ. (Proof:

I +H +X223 = 1 + (−3) + 4 = 2 = constant).
(12) If a pointX has the line numberx, then the pointsX∗,Xt andG/X have

line numbers2 − x, 2 − 2x and−x.
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4.2. The Darboux cubic.

P Pa Pb Pc tangential
−6 L∗

t

−5 −I ′∗
−4 −H
−3 I

′∗′∗′ I
′∗′∗′
a I

′∗′∗′
b I

′∗′∗′
c

−2 L∗′ L′
a L′

b L′
c

−1 I
′∗′ I

′∗′
a I

′∗′
b I

′∗′
c

0 L A B C L∗

1 I ′ I ′a I ′b I ′c H
2 O H1∞ H2∞ H3∞ O
3 I Ia Ib Ic L
4 H A′ B′ C ′ L∗′
5 I

′∗ I
′∗
a I

′∗
b I

′∗
c

6 L∗ L1 L2 L3 L∗
t

7 I
′∗′∗ I

′∗′∗
a I

′∗′∗
b I

′∗′∗
c

8 L∗′∗

(1) Neutral = pivot =L = de Longchamps point = symmetric ofH relative to
O; constant point =L∗.

(2) Three points are collinear if and only if their sum is 6.
(3) L1, L2, L3 = Cevian points ofL.
(4) H1∞ = infinite point in the direction of the altitudeAH.
(5) P ′ is the symmetric ofP relative toO. (Symmetry relative to line 2)
(6) P

′∗ gives the translation of+2 andP∗′ of −2. Three points are collinear
if and only if their sum is 6.

(7) If a pointX has the line numberx, then the pointsX∗, Xt,X ′ andG/X
have line numbers6 − x, 6 − 2x, 4 − x and−x.

4.3. The Lucas cubic.

P Pa Pb Pc tangential
−4 K+t

−3 −Go −Ga −Gb −Gc

−2 L La Lb Lc X1032

−1 X329 X329a X329b X329c Lr

0 K+ A B C H
1 No Na Nb Nc G
2 G A+ B+ C+ K+

3 Go Ga Gb Gc L
4 H K+1 K+2 K+3 K+t

5 X189 X189a X189b X189c

6 Lr Lr
a Lr

b Lr
c

7 X1034 X1034a X1034b X1034c

8 X1032
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(1) Neutral =K+ = Lemoine point of the precevian triangleA+B+C+ of
ABC = isotomic ofH; Constant point =H. Three points are collinear
if and only if their sum is 4.

(2) P r = isotomic ofP (symmetry relative to line 2).
(3) K+1,K+2,K+3 = cevian points ofK+ = intersections of Lucas cubic with

the sides ofABC.
(4) X329 = intersection of the linesNoH andGoG with the cubic.
(5) If a pointX has line numberx, then the pointsX∗,Xt andG/X have line

numbers4 − x, 4 − 2x and−x.
(6) Xr

329 = X189.

5. Transformations of pivotal isocubics

We present here some general results without proofs. See [16, 15, 9, 4].

5.1. Salmon cross ratio. The Salmon cross ratio of a cubic is the cross ratio of the
four tangents issued from a pointP of Γ. It is defined up to permutations of the
tangents. We shall therefore take it to be a set of the form{

λ, λ− 1,
1
λ
,

1
λ− 1

,
λ

λ− 1
,
λ− 1
λ

}
,

since if λ is a Salmon cross ratio, then we obtain the remaining five values of
permutation of the tangents.

A cubicΓ is harmonic if λ = −1; it is equiharmonic if λ satisfiesλ2−λ+1 = 0.
The Salmon cross ratio is independent of the choice ofP .

5.2. Birational equivalence. A transformation [9] ofΓ is birational if the transfor-
mation and its inverse are given by rational functions of the coordinates.3 Two
cubicsΓ1 andΓ2 are equivalent if there is a birational transformationΓ1 → Γ2.

Theorem 5. A birational transformation of a cubic Γ onto itself induces a trans-
formation of its group of the form x �→ ux+ k, where

(1) u2 = 1 for a general cubic,
(2) u4 = 1 for a harmonic cubic, and
(3) u6 = 1 for an equiharmonic cubic.

Theorem 6. Two equivalent cubics have isomorphic groups.

Examples:
1) The groups of the cubics of Darboux, Thomson and Lucas are isomorphic.
2) The transformation that associate to a point its tangential is given byX �→

N − 2X and is not birational.

Theorem 7. Two cubics Γ1 and Γ2 are equivalent if and only if their Salmon cross
ratios are equal.

3Cautions: Two different transformations of the projective plane may induce the same transfor-
mation on curves. see [15].
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If the isoconjugation has fixed point(p : q : r), it is easy to prove the following
result:

Theorem 8. A pivotal isocubic of pivot (u : v : w) has Salmon cross ratio

q2(r2u2 − p2w2)
r2(q2u2 − p2v2) .

For example, the cubics of Darboux, Thomson, Lucas all have Salmon cross
ratio

b2(a2 − c2)
c2(a2 − b2) .

Are Thomson, Darboux and Lucas the only equivalent pivotal cubics? No! Here
is a counter-example. Take the isoconjugation with fixed pointX63. The pivotal
isocubic of pivotX69 (the same as Lucas) is equivalent to Thomson.

6. Examples of birational transformations of cubics

We give now a list of birational transformations, with the corresponding effects
on the lines of the group table. Recall thatN is the tangential of the pivot,i.e., the
constant point.

6.1. Projection: Γ → Γ. Let P ∈ Γ. A projection ofΓ on itself fromP gives a
transformationX �→ X′ so thatP ,X,X′ are collinear:

x �→ n− p− x.

6.2. Cevian quotient: Γ → Γ. Let F be the pivot ofΓ, then the involutionX �→
F/X gives the transformation:x �→ −x.

6.3. Isoconjugation: Γ → Γ. SinceF ,X,X∗ are collinear, the isoconjugation is
a projection from the pivotF : x �→ n− x.

6.4. Pinkernell’s quadratic transformations. We recall the definition of thed−pedal
cubicsΓd and of thed−cevian cubics∆d. If P hasabsolute trilinear coordinates
(x, y, z), then definePA, PB , PC on the perpendiculars fromP to the sides such
thatPPA = dx, etc. The locus ofP for whichPAPBPC is perspective toABC is
a cubicΓd, and the locus of the perspector is another cubic∆d. Hence we have a
birational transformationfd : Γd → ∆d.

Thed−pedal is different from the(−d)-pedal, but thed-cevian is the same as
the(−d)-cevian.

For example:Γ1 = Darboux ,Γ−1 = Thomson, and∆1 = Lucas.
Let Ld be the pivot ofΓd andX on Γd. SinceLd, X andfd(X) are collinear

we can identifyfd as a projection ofΓd to ∆d from the pivotLd.
These transformations are birational. Hence the groups of the cubicsΓd, Γ−d

and∆d are isomorphic.
Ford = 1,X andfd(X) are on the same line in the group table:x �→ x.
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6.5. The quadratic transformations hd : Γd → Γ−d. Let gd be the inverse offd.
Definehd = gd ◦ fd.

x �→ x.

Ford = 1, we have a map from Darboux to Thomson. In this case, a simple con-
struction ofh1 is given by: LetP be a point on Darboux andPi the perpendicular
projections ofP on the sides of ABC, letA−,B−,C− be the midpoint of the alti-
tudes ofABC, thenQ = h1(P ) is the intersection of the linesP1A

−, P2B
− and

P3C
−.

O

K

G

L

A-

B-

C-

L2

O2

L1

C

O1

H

B

O3

A

L3

Darboux

Thomson

Figure 4. G = h1(L) andK = h1(O), h1 : Darboux→ Thomson

6.6. Cevian, precevian, pedal and prepedal quadratic transformations. 1. The
Lucas cubic is the set of pointsP such that the cevian triangle ofP is the pedal
triangle ofQ. The locus ofQ is the Darboux cubic and the transformation is
g1 : x �→ x.
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2. The Lucas cubic is the set of pointsP such that the cevian triangle ofP is the
prepedal triangle ofQ. The locus ofQ is the Darboux cubic and the transformation
is the isogonal ofg1 : x �→ 6 − x.

3. The Thomson cubic is the set of pointsP such that the precevian triangle
of P is the pedal triangle ofQ. The locus ofQ is the Darboux cubic and the
transformation is the inverse ofh1 : x �→ x.

4. The Thomson cubic is the set of points P such that the precevian triangle
of P is the prepedal triangle ofQ. The locus ofQ is the Darboux cubic and the
transformation is the symmetric of the inverse ofh1 : x �→ 4 − x.

This last transformation commutes with isogonality:
Proof:x �→ 4−x �→ 6−(4−x) = 2+x andx �→ 2−x �→ 4−(2−x) = 2+x.

6.7. Symmetry of center O of the Darboux cubic and induced transformations on
Thomson and Lucas. The symmetry is a linear transformation of the Darboux cu-
bic: x �→ 4 − x. It induces viafd andf−d a quadratic involution of the Thomson
cubic: x �→ 4 − x. And, viafd andgd, a quadratic involution of the Lucas cubic:
x �→ 4 − x.

6.8. Cyclocevian transformation. The cyclocevian transformation [12] is an invo-
lution of the Lucas cubic. It is the symmetry relative to the line 3 of the group
table:x �→ 6 − x.
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On Some Remarkable Concurrences

Charles Thas

Abstract. In [2], Bruce Shawyer proved the following result : “At the midpoint
of each side of a triangle, we construct the line such that the product of the
slope of this line and the slope of the side of the triangle is a fixed constant. We
show that the three lines obtained are always concurrent. Further, the locus of
the points of concurrency is a rectangular hyperbola. This hyperbola intersects
the sides of the triangle at the midpoints of the sides, and each side at another
point. These three other points, when considered with the vertices of the triangle
opposite to the point, form a Ceva configuration. Remarkably, the point of con-
currency of these Cevians lies on the circumcircle of the original triangle”. Here,
we extend these results in the projective plane and give a short synthethic proof.

We work in the complex or the real complexified projective planeP. The conic
through five pointsA,B,C,D,E is denoted byC(A,B,C,D,E) and(XY ZW )
is the notation for the cross-ratio of four collinear pointsX,Y,Z,W .

Theorem 1. Consider a triangle ABC and a line l, not through A,B or C , in P.
Put AB ∩ l = C ′′, BC ∩ l = A′′, CA ∩ l = B′′ and construct the points A′, B′
and C′ for which (BCA′A′′) = (CAB′B′′) = (ABC ′C ′′) = −1. Then, take two
different points I and I′ on l (both different from A′′, B′′, C ′′) and consider the
points A′′′, B′′′ and C′′′ such that (II′A′′A′′′) = (II ′B′′B′′′) = (II ′C ′′C ′′′) =
−1. Then the lines A′A′′′, B′B′′′ and C′C ′′′ are concurrent at a point L.

Proof. The line A′A′′′ is clearly the polar line ofA′′ with respect to the conic
C(A,B,C, I, I ′) and likewise for the lineB′B′′′ andB′′, and for the lineC′C ′′′
andC′′. Thus,A′A′′′, B′B′′′ andC′C ′′′ concur at the polar pointL of l with respect
to C(A,B,C, I, I ′). �

Theorem 2. If I, I ′ are variable conjugate points in an involution Ω on the line l
with double (or fixed) points D and D′, then the locus of the point L is the conic
L = C(A′, B′, C ′,D,D′). Moreover, putting L ∩ AB = {C′, Z}, L ∩ BC =
{A′,X} and L ∩ CA = {B′, Y }, the triangles ABC and XY Z form a Ceva
configuration. The point K of concurrency of the Cevians AX,BY,CZ is the
fourth basis point (besides A,B,C) of the pencil of conics C(A,B,C, I, I′).

Publication Date: November 18, 2002. Communicating Editor: Roland Eddy.
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Proof. Since the conicsC(A,B,C, I, I′) intersect the linel in the variable conju-
gate pointsI, I′ of an involution onl, these conics must belong to a pencil with
basis pointsA,B,C and a fourth pointK : this follows from the Theorem of
Desargues-Sturm (see [1], page 63). So, the locusL is the locus of the polar
point L of the linel with respect to the conics of this pencil. Now, it is not diffi-
cult to prove (or even well known) that such locus is the conic through the points
A′, B,′ C ′,D,D′ and through the pointsK′,K ′′,K ′′′ which are determined by
(AKK ′K1) = (BKK ′′K2) = (CKK ′′′K3) = −1, whereK1 = l ∩ KA,K2 =
l∩KB andK3 = l∩KC, and finally, through the singular pointsX = KA∩BC,
Y = KB∩CA,Z = KC ∩ AB of the degenerate conics of the pencil. This com-
pletes the proof. �

Next, let us consider a special case of the foregoing theorems in the Euclidean
planeΠ. Take a triangleABC in Π and letl = l∞ be the line at infinity, while
the pointsD andD′ of theorem 2 are the points at infinity of theX-axis and the
Y -axis of the rectangular coordinate system inΠ, respectively.
Homogeneous coordinates inΠ are(x, y, z) andz = 0 is the linel∞; the pointsD
andD′ have coordinates(1, 0, 0) and(0, 1, 0), respectively. A line with slopea has
an equationy = ax + bz and point at infinity(1, a, 0). Now, if (in Theorem 1) the
product of the slopes of the linesBC andA′A′′′, CA andB′B′′′, AB andC′C ′′′ is
a fixed constantλ(�= 0), then the points at infinity of these lines (i.e.A′′ andA′′′,
B′′ andB′′′, C ′′ andC′′′) have coordinates of the form(1, t, 0) and(1, t′, 0), with
tt′ = λ. This means thatA′′ andA′′′, B′′ andB′′′, C ′′ andC′′′ are conjugate points
in the involution onl∞ with double pointsI(1,−√λ, 0) andI′(1,

√
λ, 0) and thus

(II ′A′′A′′′) = (II ′B′′B′′′) = (II ′C ′′C ′′′) = −1. If we let λ be variable, the
pointsI andI′ are variable conjugate points in the involution onl∞ with double
pointsD andD′, the latter occuring fort = 0 andt′ = ∞ respectively.

Now all the results of [2], given in the abstract, easily follow from Theorems 1
and 2. For instance, the locusL is the rectangular hyperbolaC(A′, B′, C ′,D,D′)
(also) through the pointsK′,K ′′,K ′′′,X, Y, Z. Remark that the basis pointK
belongs to any conicC(A,B,C, I, I′) and forλ = −1, we get thatI(1, i, 0) and
I ′(1,−i, 0) are the cyclic points, so thatC(A,B,C, I, I′) becomes the circumcircle
of ∆ABC. Forλ = −1, we haveA′A′′′ ⊥ BC,B′B′′′ ⊥ CA andC′C ′′′ ⊥ AB,
andA′A′′′, B′B′′′, C ′C ′′′ concur at the centerO of the circumcircle ofABC.

Remark also thatO is the orthocenter of∆A′B′C ′ and that any conic (likeL)
through the vertices of a triangle and through its orthocenter is always a rectangular
hyperbola.

At the end of his paper, B. Shawyer asks the following question : Does the
Cevian intersection pointK have any particular significance? It follows from the
foregoing thatK is a point of the parabolas throughA,B,C and with centers
D(1, 0, 0) andD′(0, 1, 0), the points at infinity of theX-axis and theY -axis. And
from this it follows that the circumcircle of any triangleABC is the locus of the
fourth common point of the two parabolas throughA,B,C with variable orthogo-
nal axes.
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Next, we look for an (other) extension of the results of B. Shawyer : At the
midpoint of each side of a triangle, construct the line such that the slope of this line
and the slope of the side of the triangle satisfy the equationctt′−a(t+ t′)− b = 0,
with a, b andc constant anda2 + bc �= 0. Then these three lines are concurrent.
This follows from Theorem 1, since the given equation determines a general non-
singular involution. Shawyer’s results correspond witha = 0 (andb

c = λ andλ

variable). Now, consider the special case wherec = 0 and put−b
a = λ; the sum

of the slopes is a constantλ or t + t′ = λ. On the linel∞ at infinity we get the
corresponding points(1, t, 0) and(1, t′, 0) and the fixed points of the involution on
l∞ determined byt + t′ = λ areI(0, 1, 0) (or the point at infinity of theY -axis)
andI ′(1, λ

2 , 0). In this case, the locusL of the point of concurrencyL is the locus
of the polar pointL of the linel∞ with respect to the conics of the pencil with basis
pointsA,B,C andI(0, 1, 0). A straightforward calculation shows that this locus
L is the parabola through the midpointsA′, B′, C ′ of BC,CA,AB, respectively,
and with centerI. The second intersection points of this parabolaL with the sides
of the triangle areX = IA∩BC, Y = IB∩CA andZ = IC ∩AB. Remark that
IA, IB, IC are the lines parallel with theY -axis throughA,B,C, respectively.
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The Stammler Circles

Jean-Pierre Ehrmann and Floor van Lamoen

Abstract. We investigate circles intercepting chords of specified lengths on the
sidelines of a triangle, a theme initiated by L. Stammler [6, 7]. We generalize
his results, and concentrate specifically on the Stammler circles, for which the
intercepts have lengths equal to the sidelengths of the given triangle.

1. Introduction

Ludwig Stammler [6, 7] has investigated, for a triangle with sidelengthsa, b, c,
circles that intercept chords of lengthsµa, µb, µc (µ > 0) on the sidelinesBC,CA
andAB respectively. He called these circlesproportionally cutting circles,1 and
proved that their centers lie on the rectangular hyperbola through the circumcenter,
the incenter, and the excenters. He also showed that, depending onµ, there are 2,
3 or 4 circles cutting chords of such lengths.

A

B

C

A0

B0

C0

Figure 1. The three Stammler circles with the circumtangential triangle

As a special case Stammler investigated, forµ = 1, the three proportionally
cutting circles apart from the circumcircle. We call these theStammler circles.
Stammler proved that the centers of these circles form an equilateral triangle, cir-
cumscribed to the circumcircle and homothetic to Morley’s (equilateral) trisector

Publication Date: November 22, 2002. Communicating Editor: Bernard Gibert.
1Proportionalschnittkreise in [6].
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triangle. In fact this triangle is tangent to the circumcircle at the vertices of the
circumtangential triangle.2 See Figure 1.

In this paper we investigate the circles that cut chords of specified lengths on
the sidelines ofABC, and obtain generalizations of results in [6, 7], together with
some further results on the Stammler circles.

2. The cutting circles

We define a(u, v,w)-cutting circle as one that cuts chords of lengthsu, v, w
on the sidelinesBC, CA, AB of ABC respectively. This is to be distinguished
from a(u : v : w)-cutting circle, which cuts out chords of lengths in the proportion
u : v : w.

2.1. Consider a(µu, µv, µw)-cutting circle with centerP , whose (signed) dis-
tances to the sidelines ofABC are respectivelyX, Y , Z.3 It is clear that

Y 2 − Z2 =
(µ

2

)2
(w2 − v2). (1)

If v �= w, this equation describes a rectangular hyperbola with centerA and asymp-
totes the bisectors of angleA. In the same way,P also lies on the conics (generally
rectangular hyperbolas)

Z2 −X2 =
(µ

2

)2 (
u2 − w2

)
(2)

and

X2 − Y 2 =
(µ

2

)2 (
v2 − u2

)
. (3)

These three hyperbolas generate a pencil which contains the conic with barycentric
equation

(v2 − w2)x2

a2
+

(w2 − u2)y2

b2
+

(u2 − v2)z2

c2
= 0. (4)

This is a rectangular hyperbola through the incenter, excenters and the points
(±au : ±bv : ±cw).

Theorem 1. The centers of the (u : v : w)-cutting circles lie on the rectangular
hyperbola through the incenter and the excenters and the points with homogeneous
barycentric coordinates (±au : ±bv : ±cw).

Remarks. 1. Whenu = v = w, the centers of(u : v : w)-cutting circles are the
incenter and excenters themselves.

2. TriangleABC is self polar with respect to the hyperbola (4).

2The vertices of the circumtangential triangle are the triple of pointsX on the circumcircle for
which the line throughX and its isogonal conjugate is tangent to the circumcircle. These are the
isogonal conjugates of the infinite points of the sidelines of the Morley trisector triangle. See [4] for
more on the circumtangential triangle.

3We say that the pointP hasabsolute normal coordinates(X, Y, Z) with respect to triangle
ABC.
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2.2. Since (1) and (2) represent two rectangular hyperbolas with distinct asymp-
tote directions, these hyperbolas intersect in four points, of which at least two are
real points. Such are the centers of(µu, µv, µw)-cutting circles. The limiting case
µ = 0 always yields four real intersections, the incenter and excenters. Asµ in-
creases, there is someµ = µ0 for which the hyperbolas (1) and (2) are tangent,
yielding a double point. Forµ > µ0, the hyperbolas (1, 2, 3) have only two real
common points. When there are four real intersections, these form an orthocentric
system. From (1), (2) and (3) we conclude thatA, B, C must be on the nine point
circle of this orthocentric system.

Theorem 2. Given positive real numbers u, v, w, there are four (u, v,w)-cutting
circles, at least two of which are real. When there are four distinct real circles,
their centers form an orthocentric system, of which the circumcircle is the nine
point circle. When two of these centers coincide, they form a right triangle with its
right angle vertex on the circumcircle.

2.3. Let (O1) and(O2) be two(u, v,w)-cutting circles with centersO1 andO2.
Consider the midpointM of O1O2. The orthogonal projection ofM onBC clearly
is the midpoint of the orthogonal projections ofO1 andO2 on the same line. Hence,
it has equal powers with respect to the circles(O1) and(O2), and lies on the radical
axis of these circles. In the same way the orthogonal projections ofM onAC and
AB lie on this radical axis as well. It follows thatM is on the circumcircle of
ABC, its Simson-Wallace line being the radical axis of(O1) and(O2). See Figure
2.

O2

O1

B

C

A

M

Figure 2. The radical axis of(O1) and(O2) is the Simson-Wallace line ofM

2.4. Let Q be the reflection of the De Longchamps pointL in M .4 It lies on the
circumcircle of the dilated (anticomplementary) triangle. The Simson-Wallace line

4The de Longchamps pointL is the reflection of the orthocenterH in the circumcenterO. It is
also the orthocenter of the dilated (anticomplementary) triangle.
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of Q in the dilated triangle passes throughM and is perpendicular to the Simson-
Wallace line ofM in ABC. It is therefore the lineO1O2, which is also the same
asMM∗, whereM∗ denotes the isogonal conjugate ofM (in triangleABC).

Theorem 3. The lines connecting centers of (u, v,w)-cutting circles are Simson-
Wallace lines of the dilated triangle. The radical axes of (u, v,w)-cutting circles
are Simson-Wallace lines of ABC . When there are four real (u, v,w)-cutting cir-
cles, their radical axes form the sides of an orthocentric system perpendicular to
the orthocentric system formed by the centers of the circles, and half of its size.

2.5. For the special case of the centersO1, O2 andO3 of the Stammler circles,
we immediately see that they must lie on the circle(O, 2R), whereR is the cir-
cumradius. Since the medial triangle ofO1O2O3 must be circumscribed by the
circumcircle, we see in fact thatO1O2O3 must be an equilateral triangle circum-
scribing the circumcircle. The sides ofO1O2O3 are thus Simson-Wallace lines
of the dilated triangle, tangent to the nine point circle of the dilated triangle. See
Figure 3.

H
O

O2

O1

B

C

A

M

L

Q

Figure 3. The lineO1O2 is the dilated Simson-Wallace line ofQ

Corollary 4. The centers of the Stammler circles form an equilateral triangle cir-
cumscribing the circumcircle of ABC , and tangent to the circumcircle at the ver-
tices A0B0C0 of the circumtangential triangle. The radical axes of the Stammler
circles among themselves are the Simson-Wallace lines of A0, B0, C0. 5 The radi-
cal axes of the Stammler circles with the circumcircle are the sidelines of triangle
A0B0C0 translated by ON, where N is the nine-point center of triangle ABC .

5These are the three Simson-Wallace lines passing throughN , i.e., the cevian lines ofN in the
triangle which is the translation ofA0B0C0 by ON. They are also the tangents to the Steiner deltoid
at the cusps.
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Remark. Since the nine-point circle of an equilateral triangle is also its incircle, we
see that the centers of the Stammler circles are the only possible equilateral triangle
of centers of(u, v,w)-cutting circles.

3. Constructions

3.1. Given a(u, v,w)-cutting circle with centerP , letP′ be the reflection ofP in
the circumcenterO. The centers of the other(u, v,w)-cutting circles can be found
by intersecting the hyperbola (4) with the circleP′(2R). One of the common points
is the reflection ofP in the center of the hyperbola.6 The others are the required
centers. This gives aconic construction. In general, the points of intersection are
not constructible by ruler and compass. See Figure 4.

P

P ′

B

C

A

Figure 4. Construction of(u, v, w)-cutting circles

3.2. The same method applies when we are only given the magnitudesu, v, w.
The centers of(u, v,w)-cutting circles can be constructed as the common points
of the hyperbolas (1), (2), (3) withµ = 1 . If we consider two pointsTA, TB lying
respectively on the linesCB, CA and such asCTA = u, CTB = v, the hyperbola
(3) passes through the intersectionM0 of the perpendicular bisectors ofCTA and
CTB. Its asymptotes being the bisectors of angleC, a variable line throughM0

intersects these asymptotes atD, D′. The reflection ofM0 with respect to the
midpoint ofDD′ lies on the hyperbola.

6The center of the hyperbola (4) is the point
(

a2

v2−w2 : b2

w2−u2 : c2

u2−v2

)
on the circumcircle.
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3.3. When two distinct centersP andP′ are given, then it is easy to construct
the remaining two centers. Intersect the circumcircle and the circle with diameter
PP ′, let the points of intersection beU andU′. Then the pointsQ = PU ∩ P ′U ′
andQ′ = PU ′ ∩ P ′U are the points desired.

When one centerP on the circumcircle is given, thenP must in fact be a dou-
ble point, and thus the right angle vertex of a right triangle containing the three
(u, v,w)−intercepting circles. As the circumcircle ofABC is the nine point circle
of the right triangle, the two remaining vertices must lie on the circle throughP
with Pr as center, wherePr is the reflection ofP throughO. By the last sentence
before Theorem 3, we also know that the two remaining centers must lie on the
line PrP

∗
r . Intersection of circle and line give the desired points.

3.4. Let three positive numbersu, v andw be given, and letP be a point on the
hyperbola of centers of(u : v : w)-cutting circles. We can construct the circle with
centerP intercepting on the sidelines ofABC chords of lengthsµu, µv andµw
respectively for someµ.

We start from the pointQ with barycentrics(au : bv : cw). Let X, Y andZ
be the distances fromP to BC, AC andAB respectively. SinceP satisfies (4) we
have

(v2 − w2)X2 + (w2 − u2)Y 2 + (u2 − v2)Z2 = 0, (5)

which is the equation in normal coordinates of the rectangular hyperbola through
Q, the incenter and the excenters.

Now, the parallel throughQ to AC (respectivelyAB) intersectsAB (respec-
tively AC) in Q1 (respectivelyQ2). The line perpendicular toQ1Q2 throughP
intersectsAQ at U . The powerpa of P with respect to the circle with diameter

AU is equal to
w2Y 2 − v2Z2

w2 − v2
. Similarly we find powerspb andpc.

As P lies on the hyperbola given by (5), we havepa = pb = pc. Defineρ
by ρ2 = pa. Now, the circle(P, ρ) intercepts chords of with lengthsLa, Lb, Lc
respectively on the sidelines ofABC, where(

La
Lb

)2

=
ρ2 −X2

ρ2 − Y 2
=

pc −X2

pc − Y 2
=

(u

v

)2

and similarly (
Lb
Lc

)2

=
( v

w

)2
.

Hence this circle(P, ρ), if it exists and intersects the side lines, is the required
circle. To construct this circle, note that ifU′ is the midpoint ofAU , the circle
goes through the common points of the circles with diametersAU andPU′.

4. The Stammler circles

For some particular results on the Stammler circles we use complex number co-
ordinates. Each point is identified with a complex numberρ · eiθ called itsaffix.
Here,(ρ, θ) are the polar coordinates with the circumcenterO as pole, scaled in
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such a way that points on the circumcircle are represented by unit complex num-
bers. Specifically, the vertices of the circumtangential triangle are represented by
the cube roots of unity, namely,

A0 = 1, B0 = ω, C0 = ω2 = ω,

whereω3 = 1. In this way, the verticesA, B, C have as affixes unit complex
numbersA = eiθ, B = eiϕ, C = eiψ satisfyingθ + ϕ + ψ ≡ 0 (mod2π). In fact,
we may take

θ =
2
3
(β − γ), ϕ =

2
3
(β + 2γ), ψ = −2

3
(2β + γ), (6)

whereα, β, γ are respectively the measures of anglesA, B, C. In this setup the
centers of the Stammler circles are the points

ΩA = −2, ΩB = −2ω, ΩC = −2ω.

4.1. The intersections of theA-Stammler circle with the sidelines ofABC are

A1 = B + A− 1, A2 = C + A− 1,
B1 = C + B − 1, B2 = A + B − 1,
C1 = A + C − 1, C2 = B + C − 1.

The reflections ofA, B, C in the lineB0C0 are respectively

A′ = −1 −A, B′ = −1 −B, C ′ = −1 − C.

The reflections ofA′, B′, C ′ respectively inBC, CA, AB are

A′′ = (1 + B)(1 + C), B′′ = (1 + C)(1 + A), C ′′ = (1 + A)(1 + B).

Now,

B′′ −A′′ =B2 −A1 =
2√
3

(sin θ − sinϕ) (C0 −B0) ,

C ′′ −B′′ =C2 −B1 =
2√
3
(sinϕ− sinψ)(C0 −B0),

A′′ − C ′′ =A2 −C1 =
2√
3
(sinψ − sin θ)(C0 −B0).

Moreover, as the orthocenterH = A+B +C, the pointsΩB +H andΩC +H
are collinear withA′′B′′C ′′.

4.2. Let RA be the radius of theA-Stammler circle. It is easy to check that the
twelve segmentsA′B, A′C, A′′B, A′′C, B′C, B′A, B′′C, B′′A, C ′A, C ′B, C ′′A,
C ′′B all have length equal toRA = ΩAA1. See Figure 6. Making use of the
affixes, we easily obtain

R2
A = 3 + 2 (cos θ + cosϕ + cosψ) . (7)

Theorem 5. From the points of intersection of each of the Stammler circles with
the sidelines of ABC three chords can be formed, with the condition that each
chord is parallel to the side of Morley’s triangle corresponding to the Stammler
circle. The smaller two of these chords together are as long as the greater one.
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O2

B

C

A

Figure 5. Three parallel chords on theB−Stammler circle

Remark. This is indeed true for any conic intercepting chords of lengthsa, b, c on
the sidelines.

4.3. We investigate the trianglesPAPBPC with PAB, PAC, PBA, PBC, PCA,
PCB all of length ρ =

√
ν, which are perspective toABC throughP . Let P

have homogeneous barycentric coordinates(p : q : r). The lineAP and the
perpendicular bisector ofBC meet in the point

PA =
(−(q − r)a2 : q(b2 − c2) : r(b2 − c2)

)
.

With the distance formula,7 we have

|PAB|2 = a2 (a2(c2q2 + b2r2) + ((b2 − c2)2 − a2(b2 + c2))qr
((a2 − b2 + c2)q − (a2 + b2 − c2)r)2

Similarly we find expressions for the squared distances|PBC|2 and|PCA|2.
Now let |PAB|2 = |PBC|2 = |PCA|2 = ν. From these three equations we

can eliminateq and r. When we simplify the equation assuming thatABC is
nonisosceles and nondegenerate, this results in

pν(−16	2ν+a2b2c2)(−16	2ν3+a2b2c2(9ν2−3(a2+b2+c2)ν+a2b2+b2c2+a2c2)) = 0.
(8)

Here,	 is the area of triangleABC. One real solution is clearlyρ = a2b2c2

16�2 =
R2. The other nonzero solutions are the roots of the cubic equation

ν3 −R2(9ν2 − 3(a2 + b2 + c2)ν + a2b2 + b2c2 + a2c2) = 0. (9)

7See for instance [5, Proposition 2].
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As A′B′C ′ is a particular solution of the problem, the roots of this cubic equation
are the squares of the radii of the Stammler circles. A simple check of cases shows
that the mentioned solutions are indeed the only ones.

Theorem 6. Reflect the vertices of ABC through one of the sides of the circum-
tangential triangle to A′, B′ and C′. Then A′B′C ′ lie on the perpendicular bi-
sectors. In particular, together with O as a triple point and the reflections of O
through the sides of ABC these are the only triangles perspective to ABC with
A′B = A′C = B′A = B′C = C ′A = C ′B, for nonisosceles (and nondegener-
ate) ABC .

Remark. Theorem 6 answers a question posed by A. P. Hatzipolakis [3].

A0

B0

C0

A

B

CC′

B′

A′

C′′

B′′

A′′

Figure 6. A perspective triangleA′B′C′ and the corresponding degenerateA′′B′′C′′

4.4. Suppose that three pointsU , V ,W lie on a same line/ and thatUB = UC =
V C = V A = WA = WB = r �= R.

Let za the signed distance fromA to /. We havetan (/,BC) = 2 · zb − zc

VW
and

z2
a = r2 − 1

4VW
2
. It follows that

(/,BC) + (/, CA) + (/,AB) = 0,

and/ is parallel to a sideline of the Morley triangle ofABC. See [2, Proposition
5]. Now, U , V , W are the intersections of/ with the perpendicular bisectors of
ABC and, for a fixed direction of/, there is only one position of/ for which
V A = WA �= R. Hence the degenerate trianglesA′′B′′C ′′, together withO as
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a triple point, are the only solutions in the collinear cases withA′′B = A′′C =
B′′A = B′′C = C ′′A = C ′′B.

Theorem 7. Reflect A′B′C ′ through the sides of ABC respectively to A′′, B′′,
C ′′. Then A′′B′′C ′′ are contained in the same line /i parallel to the side Li of
the circumtangential triangle. Together with O as a triple point these are the only
degenerate triangles A′′B′′C ′′ satisfying the condition A′′B = A′′C = B′′A =
B′′C = C ′′A = C ′′B. The lines /A, /B , /C bound the triangle which is the
translation of ΩAΩBΩC through the vector OH.

The three segments fromA′′B′′C ′′ are congruent to the chords of Theorem 5.
See Figure 6.

4.5. With θ, ϕ, ψ given by (6), we obtain from (7), after some simplifications,

(
RA

R

)2

= 1 + 8 cos
β − γ

3
cos

β + 2γ
3

cos
2β + γ

3
.

Since

(
OH

R

)2

= 1 − 8 sinα sin β sin γ, (see, for instance, [1, Chapter XI]),

this shows that the radiusRA can be constructed, allowing angle trisection.RA
is the distance fromO to the orthocenter of the triangleAB′C ′, whereB′ is the

image ofB after rotation through
2(β − γ)

3
aboutO, andC′ is the image ofA

after rotation through
2(γ − β)

3
aboutO.

The barycentric coordinates ofΩA are
(

a

(
cos α − 2 cos

β − γ

3

)
: b

(
cos β + 2 cos

β + 2γ

3

)
: c

(
cos γ + 2 cos

2β + γ

3

))
.

We find the distances

B1C2 = 2a cos β−γ3 , BA1 = CA2 = 2R sin |β−γ|
3 ,

C1A2 = 2b cos β+2γ
3 , CB1 = AB2 = 2R sin β+2γ

3 ,

A1B2 = 2c cos 2β+γ
3 , AC1 = BC2 = 2R sin 2β+γ

3 .

Finally we mention the following relations of the Stammler radii. These follow
easily from the fact that they are the roots of the cubic equation (9).

R2
A + R2

B + R2
C = 9R2;

1
R2
A

+
1
R2
B

+
1
R2
C

=
3(a2 + b2 + c2)

a2b2 + a2c2 + b2c2
;

RARBRC = R
√

a2b2 + b2c2 + c2a2.
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Some Similarities Associated with Pedals

Jean-Pierre Ehrmann and Floor van Lamoen

Abstract. The pedals of a point divide the sides of a triangle into six segments.
We build on these segments six squares and obtain some interesting similarities.

Given a triangleABC, the pedals of a pointP are its orthogonal projectionsA′,
B′, C ′ on the sidelinesBC, CA, AB of the triangle. We build on the segments
AC ′, C ′B, BA′, A′C, CB′ andB′A squares with orientation opposite to that of
ABC.

P

A′

B′

C′

A

B

C

bl br

cl

cr
al

ar

Figure 1

About this figure, O. Bottema [1,§77] showed that the sum of the areas of the
squares onBA′, CB′ andAC′ is equal to the sum of the areas of the squares on
A′C, B′A andC′B, namely,

a2
l + b2

l + c2
l = a2

r + b2
r + c2

r .

See also [2, p.112]. Bottema showed conversely that when this equation holds,
A′B′C ′ is indeed a pedal triangle. While this can be easily established by apply-
ing the Pythagorean Theorem to the right trianglesAB′P , AC ′P , BA′P , BC ′P ,
CA′P and CB′P , we find a few more interesting properties of the figure. We
adopt the following notations.

Publication Date: December 2, 2002. Communicating Editor: Paul Yiu.
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O circumcenter
K symmedian point
� area of triangleABC

ω Brocard angle cot ω = a2+b2+c2

4�
Ω1 Brocard point ∠BAΩ1 = ∠CBΩ1 = ∠ACΩ1 = ω
Ω2 Brocard point ∠ABΩ2 = ∠BCΩ2 = ∠CAΩ2 = ω
h(P, r) homothety with centerP and ratior
ρ(P, θ) rotation aboutP through an angleθ

Let A1B1C1 be the triangle bounded by the lines containing the sides of the
squares opposite toBA′, CB′, AC ′ respectively. Similarly, letA2B2C2 be the
one bounded by the lines containing the sides of the squares opposite toA′C, B′A
andC′B.

P

A

B

C

C1

B1

A1

O1

C2

B2

A2

O2A′

B′

C′

Figure 2

Theorem. Triangles A1B1C1 and A2B2C2 are each homothetic to ABC . Let
O1, and O2 be the respective centers of homothety.

(1) The ratio of homothety in each case is 1 + cot ω. Therefore, A1B1C1 and
A2B2C2 are homothetic and congruent.

(2) The mapping P �→ O1 is the direct similarity which is the rotation ρ(Ω1,
π
2 )

followed by the homothety h(Ω1, tan ω). Likewise, The mapping P �→ O2

is the direct similarity which is the rotation ρ(Ω2,−π
2 ) followed by the

homothety h(Ω2, tan ω).
(3) The midpoint of the segment O1O2 is the symmedian point K .
(4) The vector of translation A1B1C1 �→ A2B2C2 is the image of 2OP under

the rotation ρ(O, π
2 ).

Proof. We label the directed distancesal = BA′, ar = A′C, bl = CB′, br =
B′A, cl = AC ′ andcr = C ′B as in Figure 1. BecauseABC andA1B1C1 are
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homothetic throughO1, the distancesf , g, h of O1 to the respective sides ofABC
are in the same ratio as the distances between the corresponding sides ofABC and
A1B1C1. We havef : g : h = al : bl : cl. See Figure 2. Furthermore, the sum of
the areas of trianglesO1BC, AO1C andABO1 is equal to the area� of ABC,
so thataf + bg + ch = 2�. But we also have

a2
l + b2

l + c2
l = a2

r + b2
r + c2

r

= (a − al)2 + (b − bl)2 + (c − cl)2,

from which we find

aal + bbl + ccl =
a2 + b2 + c2

2
= 2� cot ω.

This shows thatal
f = bl

g = cl
h = cot ω, and thus that the ratio of homothety of

A1B1C1 to ABC is 1 + cot ω. By symmetry, we find the same ratio of homothety
of A2B2C2 to ABC. This proves (1).

Now suppose thatP = O1. Thentan ∠CBO1 = f
al

= tan ω. By symmetry
this shows thatP must be the Brocard pointΩ1.

To investigate the mappingP �→ O1, we imagine thatP moves through a line
perpendicular toBC. For all pointsP on this lineal is the same, so that for all
imagesO1 the distancef is the same. Therefore,O1 traverses a line parallel to
BC. Now imagine thatP travels a distanced in the directionA′P . ThenAC ′ = cl

decreases withd/ sin B. The distanceh of O1 to AB thus decreases withd tan ω
sin B ,

andO1 must have travelled in the directionCB throughd tan ω. Of course we can
find similar results by lettingP move through a line perpendicular toAC or AB.

Now any pointP can be reached fromΩ1 by first going through a certain dis-
tance perpendicular toBC and then through another distance perpendicular toAC.
SinceΩ1 is a fixed point ofP �→ O1, we can combine the results of the previous
paragraph to conclude thatP �→ O1 is the rotationρ(Ω1,

π
2 ) followed by the ho-

mothetyh(Ω1, tan ω).
In a similar fashion we see thatP �→ O2 is the rotationρ(Ω2,−π

2 ) followed by
the homothetyh(Ω2, tan ω). This proves (2).

Now note that the pedal triangle ofO is the medial triangle, so that the images
of O under both mappings are identical. This image must be the point for which
the distances to the sides are proportional to the corresponding sides, well known
to be the symmedian pointK. Now the segmentOP is mapped toKO1 andKO2

respectively under the above mappings, while the image segments are congruent
and make an angle ofπ. This proves (3).

More precisely the ratio of lengths|KO1| : |OP | = tan ω : 1, so that|O1O2| :
|OP | = 2 tan ω : 1. By (1), we also know that|O1O2| : |A1A2| = tan ω : 1.
Together with the observation thatO1O2 andA1A2 are oppositely parallel, this
proves (4). �

We remark that (1) can be generalized toinscribed trianglesA′B′C ′. Since
BA′ + A′C = BC it is clear that the line midway betweenB1C1 andB2C2 is at
distancea

2 from BC, it is the line passing through the apex of the isosceles right
triangle erected outwardly onBC. We conclude that the midpoints ofA1A2, B1B2
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andC1C2 form a triangle independent fromA′B′C ′, homothetic toABC through
K with ratio 1 + cot ω. But then sinceA1B1C1 andA2B2C2 are homothetic to
each other, as well as toABC, it follows that the sum of their homothety ratios is
2(1 + cot ω).
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Brahmagupta Quadrilaterals

K. R. S. Sastry

Abstract. The Indian mathematician Brahmagupta made valuable contributions
to mathematics and astronomy. He used Pythagorean triangles to construct gen-
eral Heron triangles and cyclic quadrilaterals having integer sides, diagonals, and
area,i.e., Brahmagupta quadrilaterals. In this paper we describe a new numerical
construction to generate an infinite family of Brahmagupta quadrilaterals from a
Heron triangle.

1. Introduction

A triangle with integer sides and area is called a Heron triangle. If some of
these elements are rationals that are not integers then we call it a rational Heron
triangle. More generally, a polygon with integer sides, diagonals and area is called
a Heron polygon. A rational Heron polygon is analogous to a rational Heron tri-
angle. Brahmagupta’s work on Heron triangles and cyclic quadrilaterals intrigued
later mathematicians. This resulted in Kummer’s complex construction to generate
Heron quadrilaterals outlined in [2]. By a Brahmagupta quadrilateral we mean a
cyclic Heron quadrilateral. In this paper we give a construction of Brahmagupta
quadrilaterals from rational Heron triangles.

We begin with some well known results from circle geometry and trigonometry
for later use.

A B

C

C′

θ

Figure 1

A B

C
D

a

b

c

d

e
f

Figure 2

Figure 1 shows a chordAB of a circle of radiusR. Let C andC′ be points of
the circle on opposite sides ofAB. Then,

∠ACB + ∠AC ′B = π;
AB = 2R sin θ. (1)
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Throughout our discussion on Brahmagupta quadrilaterals the following nota-
tion remains standard.ABCD is a cyclic quadrilateral with vertices located on a
circle in an order.AB = a, BC = b, CD = c, DA = d represent the sides or
their lengths. Likewise,AC = e, BD = f represent the diagonals. The symbol�
represents the area ofABCD. Brahmagupta’s famous results are

e =

√
(ac + bd)(ad + bc)

ab + cd
, (2)

f =

√
(ac + bd)(ab + cd)

ad + bc
, (3)

� =
√

(s − a)(s − b)(s − c)(s − d), (4)

wheres = 1
2(a + b + c + d).

We observe thatd = 0 reduces to Heron’s famous formula for the area of triangle
in terms ofa, b, c. In fact the reader may derive Brahmagupta’s expressions in
(2), (3), (4) independently and see that they give two characterizations of a cyclic
quadrilateral. We also observe that Ptolemy’s theorem, viz.,the product of the
diagonals of a cyclic quadrilateral equals the sum of the products of the two pairs
of opposite sides, follows from these expressions. In the next section, we give a
construction of Brahmagupta quadrilaterals in terms of Heron angles. A Heron
angle is one with rational sine and cosine. See [4]. Since

sin θ =
2t

1 + t2
, cos θ =

1 − t2

1 + t2
,

for t = tan θ
2 , the angleθ is Heron if and onlytan θ

2 is rational. Clearly, sums
and differences of Heron angles are Heron angles. If we write, for triangleABC,
t1 = tan A

2 , t2 = tan B
2 , andt3 = tan C

2 , then

a : b : c = t1(t2 + t3) : t2(t3 + t1) : t3(t1 + t2).

It follows that a triangle is rational if and only if its angles are Heron.

2. Construction of Brahmagupta quadrilaterals

Since the opposite angles of a cyclic quadrilateral are supplementary, we can al-
ways label the vertices of one such quadrilateralABCD so that the anglesA, B ≤
π
2 andC,D ≥ π

2 . The cyclic quadrilateralABCD is a rectangle if and only if
A = B = π

2 ; it is a trapezoid if and only ifA = B. Let ∠CAD = ∠CBD = θ.
The cyclic quadrilateralABCD is rational if and only if the anglesA, B andθ are
Heron angles.

If ABCD is a Brahmagupta quadrilateral whose sidesAD and BC are not
parallel, letE denote their intersection.1 In Figure 3, letEC = α andED = β.

The trianglesEAB andECD are similar so that
AB

CD
=

EB

ED
=

EA

EC
= λ, say.

1Under the assumption thatA, B ≤ π
2

, these lines are parallel only if the quadrilateral is a
rectangle.



Brahmagupta quadrilaterals 169

θ θ

A B

C
D

E

a

b

α

c

d

β

Figure 3

That is,
a

c
=

α + b

β
=

β + d

α
= λ,

or

a = λc, b = λβ − α, d = λα − β, λ > max
(

α

β
,
β

α

)
. (5)

Furthermore, from the law of sines, we have

e = 2R sin B = 2R sin D =
R

ρ
· α, f = 2R sin A = 2R sin C =

R

ρ
· β. (6)

whereρ is the circumradius of triangleECD. Ptolemy’s theorem givesac+ bd =
ef , and

R2

ρ2
· αβ = c2λ + (βλ − α)(αλ − β)

This equation can be rewritten as

(
R

ρ

)2

=λ2 − α2 + β2 − c2

αβ
λ + 1

=λ2 − 2λ cos E + 1

=(λ − cos E)2 + sin2 E,

or (
R

ρ
− λ + cos E

)(
R

ρ
+ λ − cos E

)
= sin2 E.
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Note thatsin E andcos E are rational sinceE is a Heron angle. In order to obtain
rational values forR andλ we put

R

ρ
− λ − cos E = t sin E,

R

ρ
+ λ + cos E =

sin E

t
,

for a rational numbert. From these, we have

R =
ρ

2
sinE

(
t +

1
t

)
=

c

4

(
t +

1
t

)
,

λ =
1
2

sin E

(
1
t
− t

)
− cos E.

From the expression forR, it is clear thatt = tan θ
2 . If we set

t1 = tan
D

2
and t2 = tan

C

2
for the Heron anglesC andD, then

cos E =
(t1 + t2)2 − (1 − t1t2)2

(1 + t21)(1 + t22)

and

sin E =
2(t1 + t2)(1 − t1t2)

(1 + t21)(1 + t22)
.

By choosingc = t(1 + t21)(1 + t22), we obtain from (6)

α =
tt1(1 + t21)(1 + t22)

2

(t1 + t2)(1 − t1t2)
, β =

tt2(1 + t21)
2(1 + t22)

(t1 + t2)(1 − t1t2)
,

and from (5) the following simple rational parametrization of the sides and diago-
nals of the cyclic quadrilateral:

a =(t(t1 + t2) + (1 − t1t2))(t1 + t2 − t(1 − t1t2)),

b =(1 + t21)(t2 − t)(1 + tt2),

c =t(1 + t21)(1 + t22),

d =(1 + t22)(t1 − t)(1 + tt1),

e =t1(1 + t2)(1 + t22),

f =t2(1 + t2)(1 + t21).

This has area

� = t1t2(2t(1 − t1t2) − (t1 + t2)(1 − t2))(2(t1 + t2)t + (1 − t1t2)(1 − t2)),

and is inscribed in a circle of diameter

2R =
(1 + t21)(1 + t22)(1 + t2)

2
.
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Replacingt1 = n
m , t2 = q

p , andt = v
u for integersm, n, p, q, u, v in these

expressions, and clearing denominators in the sides and diagonals, we obtain Brah-
magupta quadrilaterals. Every Brahmagupta quadrilateral arises in this way.

3. Examples

Example 1. By choosingt1 = t2 = n
m and puttingt = v

u , we obtain a generic
Brahmagupta trapezoid:

a =(m2u − n2u + 2mnv)(2mnu − m2v + n2v),

b = d =(m2 + n2)(nu − mv)(mu + nv),

c =(m2 + n2)2uv,

e = f =mn(m2 + n2)(u2 + v2),

This has area

� = 2m2n2(nu−mv)(mu+nv)((m+n)u−(m−n)v)((m+n)v−(m−n)u),

and is inscribed in a circle of diameter

2R =
(m2 + n2)2(u2 + v2)

2
.

The following Brahmagupta trapezoids are obtained from simple values oft1 and
t, and clearing common divisors.

t1 t a b = d c e = f � 2R
1/2 1/7 25 15 7 20 192 25
1/2 2/9 21 10 9 17 120 41
1/3 3/14 52 15 28 41 360 197
1/3 3/19 51 20 19 37 420 181
2/3 1/8 14 13 4 15 108 65/4
2/3 3/11 21 13 11 20 192 61
2/3 9/20 40 13 30 37 420 1203/4
3/4 2/11 25 25 11 30 432 61
3/4 1/18 17 25 3 26 240 325/12
3/5 2/9 28 17 12 25 300 164/3

Example 2. Let ECD be the rational Heron triangle withc : α : β = 14 : 15 : 13.
Here,t1 = 2

3 , t2 = 1
2 (andt3 = 4

7 ). By putting t = v
u and clearing denominators,

we obtain Brahmagupta quadrilaterals with sides

a = (7u− 4v)(4u + 7v), b = 13(u− 2v)(2u + v), c = 65uv, d = 5(2u− 3v)(3u + 2v),

diagonals
e = 30(u2 + v2), f = 26(u2 + v2),

and area
� = 24(2u2 + 7uv − 2v2)(7u2 − 8uv − 7v2).



172 K. R. S. Sastry

If we putu = 3, v = 1, we generate the particular one:

(a, b, c, d, e, f ;�) = (323, 91, 195, 165, 300, 260; 28416).

On the other hand, withu = 11, v = 3, we obtain a quadrilateral whose sides and
diagonals are multiples of 65. Reduction by this factor leads to

(a, b, c, d, e, f ;�) = (65, 39, 33, 25, 52, 60; 1344).

This is inscribed in a circle of diameter 65. This latter Brahmagupta quadrilateral
also appears in Example 4 below.

Example 3. If we takeECD to be a right triangle with sidesCD : EC : ED =
m2 + n2 : 2mn : m2 − n2, we obtain

a =(m2 + n2)(u2 − v2),

b =((m − n)u − (m + n)v)((m + n)u + (m − n)v),

c =2(m2 + n2)uv,

d =2(nu − mv)(mu + nv),

e =2mn(u2 + v2),

f =(m2 − n2)(u2 + v2);

� =mn(m2 − n2)(u2 + 2uv − v2)(u2 − 2uv − v2).

Here,uv > m
n , m+n

m−n . We give two very small Brahmagupta quadrilaterals from this
construction.

n/m v/u a b c d e f � 2R
1/2 1/4 75 13 40 36 68 51 966 85
1/2 1/5 60 16 25 33 52 39 714 65

Example 4. If the angleθ is chosen such thatA + B − θ = π
2 , then the sideBC

is a diameter of the circumcircle ofABCD. In this case,

t = tan
θ

2
=

1 − t3
1 + t3

=
t1 + t2 − 1 + t1t2
t1 + t2 + 1 − t1t2

.

Puttingt1 = n
m , t2 = q

p , andt = (m+n)q−(m−n)p
(m+n)p−(m−n)q , we obtain the following Brah-

magupta quadrilaterals.

a =(m2 + n2)(p2 + q2),

b =(m2 − n2)(p2 + q2),

c =((m + n)p − (m − n)q)((m + n)q − (m − n)p),

d =(m2 + n2)(p2 − q2),

e =2mn(p2 + q2),

f =2pq(m2 + n2).
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Here are some examples with relatively small sides.

t1 t2 t a b c d e f �
2/3 1/2 3/11 65 25 33 39 60 52 1344
3/4 1/2 1/3 25 7 15 15 24 20 192
3/4 1/3 2/11 125 35 44 100 120 75 4212
6/7 1/3 1/4 85 13 40 68 84 51 1890
7/9 1/3 1/5 65 16 25 52 63 39 1134
8/9 1/2 3/7 145 17 105 87 144 116 5760
7/11 1/2 1/4 85 36 40 51 77 68 2310
8/11 1/3 1/6 185 57 60 148 176 111 9240
11/13 1/2 2/5 145 24 100 87 143 116 6006
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The Apollonius Circle as a Tucker Circle

Darij Grinberg and Paul Yiu

Abstract. We give a simple construction of the circular hull of the excircles of
a triangle as a Tucker circle.

1. Introduction

The Apollonius circle of a triangle is the circular hull of the excircles, the cir-
cle internally tangent to each of the excircles. This circle can be constructed by
making use of the famous Feuerbach theorem that the nine-point circle is tangent
externally to each of the excircles, and that the radical center of the excircles is the
Spieker pointX10, the incenter of the medial triangle. If we perform an inversion
with respect to the radical circle of the excircles, which is the circle orthogonal to
each of them, the excircles remain invariant, while the nine-point circle is inverted
into the Apollonius circle. The points of tangency of the Apollonius circle, being
the inversive images of the points of tangency of the nine-point circle, can be con-
structed by joining to these latter points to Spieker point to intersect the respective
excircles again.1 See Figure 1. In this paper, we give another simple construction
of the Apollonius circle by identifying it as a Tucker circle.
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F ′
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F ′
b

F ′
c

Figure 1
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F ′
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F ′
b

F ′
c

Ac

Ab

Bc Ba

Cb

Ca

Figure 2

Theorem 1. Let Ba and Ca be points respectively on the extensions of CA and BA
beyond A such that BaCa is antiparallel to BC and has length s, the semiperimeter
of triangle ABC . Likewise, let Cb, Ab be on the extensions of AB and CB beyond

Publication Date: December 16, 2002. Communicating Editor: Jean-Pierre Ehrmann.
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center of inversion, is contained in nine-point circle.
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B, with CbAb antiparallel to CA and of length s, Ac, Bc on the extensions of BC
and AC beyond C , with AcBc is antiparallel to AB and of length s. Then the six
points Ab, Ba, Ca, Ac, Bc, Cb are concyclic, and the circle containing them is the
Apollonius circle of triangle ABC .

The vertices of the Tucker hexagon can be constructed as follows. LetXb and
Xc be the points of tangency ofBC with excircles(Ib) and(Ic) respectively. Since
BXb andCXc each has lengths, the parallel ofAB throughXb intersectsAC at
C ′, and that ofAC throughXc intersectsAB atB′ such that the segmentB′C ′ is
parallel toBC and has lengths. The reflections ofB′ andC′ in the lineIbIc are the
pointsBa andCa such that triangleABaCa is similar toABC, with BaCa = s.
See Figure 3. The other vertices can be similarly constructed. In fact, the Tucker
circle can be constructed by locatingAc as the intersection ofBC and the parallel
throughCa to AC.

A

B

C

Xb

Xc

Ib

Ic

Ba

Ca

B′

C′

Figure 3

2. Some basic results

We shall denote the side lengths of triangleABC by a, b, c.
R circumradius
r inradius
s semiperimeter
� area
ω Brocard angle

The Brocard angle is given by

cot ω =
a2 + b2 + c2

4� .
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Lemma 2. (1) abc = 4Rrs;
(2) ab + bc + ca = r2 + s2 + 4Rr;
(3) a2 + b2 + c2 = 2(s2 − r2 − 4Rr);
(4) (a + b)(b + c)(c + a) = 2s(r2 + s2 + 2Rr).

Proof. (1) follows from the formulae� = rs andR = abc
4� .

(2) follows from the Heron formula�2 = s(s − a)(s − b)(s − c) and

s3 − (s − a)(s − b)(s − c) = (ab + bc + ca)s + abc.

(3) follows from (2) anda2 + b2 + c2 = (a + b + c)2 − 2(ab + bc + ca).
(4) follows from(a + b)(b + c)(c + a) = (a + b + c)(ab + bc + ca)− abc. �

Unless explicitly stated, all coordinates we use in this paper arehomogeneous
barycentric coordinates. Here are the coordinates of some basic triangle centers.

circumcenter O (a2(b2 + c2 − a2) : b2(c2 + a2 − b2) : c2(a2 + b2 − c2))
incenter I (a : b : c)
Spieker point S (b + c : c + a : a + b)
symmedian point K (a2 : b2 : c2)

Note that the sum of the coordinates ofO is 16�2 = 16r2s2. 2 We shall also
make use of the following basic result on circles, whose proof we omit.

Proposition 3. Let p1, p2, p3 be the powers of A, B, C with respect to a circle C.
The power of a point with homogeneous barycentric coordinates (x : y : z) with
respect to the same circle is

(x + y + z)(p1x + p2y + p3z) − (a2yz + b2zx + c2xy)
(x + y + z)2

.

Hence, the equation of the circle is

a2yz + b2zx + c2xy = (x + y + z)(p1x + p2y + p3z).

3. The Spieker radical circle

The fact that the radical center of the excircles is the Spieker pointS is well
known. See, for example, [3]. We verify this fact by computing the power ofS
with respect to the excircles. This computation also gives the radius of the radical
circle.

Theorem 4. The radical circle of the excircles has center at the Spieker point
S = (b + c : c + a : a + b), and radius 1

2

√
r2 + s2.

2This is equivalent to the following version of Heron’s formula:

16�2 = 2a2b2 + 2b2c2 + 2c2a2 − a4 − b4 − c4.
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Proof. We compute the power of(b + c : c + a : a + b) with respect to theA-
excircle. The powers ofA, B, C with respect to theA-excircle are clearly

p1 = s2, p2 = (s − c)2, p3 = (s − b)2.

With x = b + c, y = c + a, z = a + b, we havex + y + z = 4s and

(x + y + z)(p1x + p2y + p3z) − (a2yz + b2zx + c2xy)

=4s(s2(b + c) + (s − c)2(c + a) + (s − b)2(a + b))

− (a2(c + a)(a + b) + b2(a + b)(b + c) + c2(b + c)(c + a))

=2s(2abc + (a + b + c)(a2 + b2 + c2)) − 2s(a3 + b3 + c3 + abc)

=2s(abc + a2(b + c) + b2(c + a) + c2(a + b))

=4s2(r2 + s2),

and the power of the Spieker point with respect to theA-excircle is1
4(r2 + s2).

This being symmetric ina, b, c, it is also the power of the same point with respect
to the other two excircles. The Spieker point is therefore the radical center of the
excircles, and the radius of the radical circle is1

2

√
r2 + s2. �

We call this circle the Spieker radical circle, and remark that the Spieker point is
the inferior of the incenter, namely, the image of the incenter under the homothety
h(G,− 1

2) at the centroidG.

4. The Apollonius circle

To find the Apollonius circle it is more convenient to consider its superior,i.e.,
its homothetic imageh(G,−2) in the centroidG with ratio −2. This homothety
transforms the nine-point circle and the Spieker radical circle into the circumcircle
O(R) and the circleI(

√
r2 + s2) respectively.

Let d be the distance betweenO andI. By Euler’s theorem,d2 = R2 − 2Rr.
On the lineOI we treatI as the origin, andO with coordinateR. The circumcircle
intersects the lineIO at the pointsd ± R. The inversive images of these points
have coordinatesr

2+s2

d±R . The inversive image is therefore a circle with radius

1
2

∣∣∣∣r
2 + s2

d − R
− r2 + s2

d + R

∣∣∣∣ =
∣∣∣∣R(r2 + s2)

d2 − R2

∣∣∣∣ =
r2 + s2

2r
.

The center is the pointQ′ with coordinate

1
2

(
r2 + s2

d − R
+

r2 + s2

d + R

)
=

d(r2 + s2)
d2 − R2

= −r2 + s2

2Rr
· d.

In other words,
IQ′ : IO = −(r2 + s2) : 2Rr.

Explicitly,

Q′ = I − r2 + s2

2Rr
(O − I) =

(r2 + s2 + 2Rr)I − (r2 + s2)O
2Rr

.

From this calculation we make the following conclusions.
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(1) The radius of the Apollonius circle isρ = r2+s2

4r .
(2) The Apollonius center, being the homothetic image ofQ′ underh(G,−1

2),
is the point3

Q =
1
2
(3G − Q′) =

6Rr · G + (r2 + s2)O − (r2 + s2 + 2Rr)I
4Rr

.

Various authors have noted thatQ lies on the Brocard axisOK, where the cen-
ters of Tucker circles lie. See, for example, [1, 9, 2, 7]. In [1], Aeppli states that if
dA, dB , dC are the distances of the verticesA, B, C to the line joining the center
of the Apollonius circle with the circumcenter ofABC, then

dA : dB : dC =
b2 − c2

a2
:
c2 − a2

b2
:
a2 − b2

c2
.

It follows that the barycentric equation of the line is

b2 − c2

a2
x +

c2 − a2

b2
y +

a2 − b2

c2
z = 0.

This is the well known barycentric equation of the Brocard axis. Thus, the Apollo-
nius center lies on the Brocard axis. Here, we writeQ explicitly in terms ofO and
K.

Proposition 5. Q = 1
4Rr

(
(s2 − r2)O − 1

2(a2 + b2 + c2)K
)
.

Proof.

Q =
1

4Rr

(
(r2 + s2)O + 6Rr · G − (r2 + s2 + 2Rr)I

)

=
1

4Rr

(
(s2 − r2)O + 2r2 · O + 6Rr · G − (r2 + s2 + 2Rr)I

)

=
1

16Rrs2

(
4s2(s2 − r2)O + 8r2s2 · O + 24Rrs2 · G − 4s2(r2 + s2 + 2Rr)I

)
.

Consider the sum of the last three terms. By Lemma 2, we have

8r2s2 · O + 24Rrs2 · G − 4s2(r2 + s2 + 2Rr)I

=8r2s2 · O + abc · 2s · 3G − 2s(a + b)(b + c)(c + a)I

=
1
2
(a2(b2 + c2 − a2), b2(c2 + a2 − b2), c2(a2 + b2 − c2))

+ (a + b + c)abc(1, 1, 1) − (a + b)(b + c)(c + a)(a, b, c).

3This point isX970 of [7].
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Consider the first component.

1
2

(
a2(b2 + c2 − a2) + 2abc(a + b + c) − 2(a + b)(b + c)(c + a)a

)

=
1
2

(
a2(b2 + 2bc + c2 − a2) + 2abc(a + b + c) − 2a((a + b)(b + c)(c + a) + abc)

)

=
1
2

(
a2(a + b + c)(b + c − a) + 2abc(a + b + c) − 2a(a + b + c)(ab + bc + ca)

)
=s(a2(b + c − a) + 2abc − 2a(ab + bc + ca))

=s(a2(b + c − a) − 2a(ab + ca))

=a2s(b + c − a − 2(b + c))

= − a2 · 2s2.

Similarly, the other two components are−b2 · 2s2 and−c2 · 2s2. It follows that

Q =
1

16Rrs2

(
4s2(s2 − r2)O − 2s2(a2, b2, c2)

)

=
1

4Rr

(
(s2 − r2)O − 1

2
(a2 + b2 + c2)K

)
. (1)

�

5. The Apollonius circle as a Tucker circle

It is well known that the centers of Tucker circles also lie on the Brocard axis.
According to [8], a Tucker hexagon/circle has three principal parameters:

• the chordal angleφ ∈ (−π
2 , π

2

]
,

• the radius of the Tucker circle

rφ =
∣∣∣∣ R

cos φ + cot ω sin φ

∣∣∣∣ ,

• the length of the equal antiparallels

dφ = 2rφ · sin φ.

This lengthdφ is negative forφ < 0. In this way, for a givendφ, there is one
and only one Tucker hexagon withdφ as the length of the antiparallel segments.
In other words, a Tucker circle can be uniquely identified bydφ. The center of
the Tucker circle is the isogonal conjugate of the Kiepert perspectorK

(
π
2 − φ

)
.

Explicitly, this is the point

4� cot φ · O + (a2 + b2 + c2)K
4� cot φ + (a2 + b2 + c2)

.

Comparison with (1) shows that4� cot φ = −2(s2 − r2). Equivalently,

tan φ = − 2rs
s2 − r2

.
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This means thatφ = −2 arctan r
s . Clearly, sinces > r,

cos φ =
s2 − r2

r2 + s2
, sin φ = − 2rs

r2 + s2
.

Now, the radius of the Tucker circle with chordal angleφ = −2 arctan r
s is

given by

rφ =
∣∣∣∣ R

cos φ + cot ω sin φ

∣∣∣∣ =
r2 + s2

4r
.

This is exactly the radius of the Apollonius circle. We therefore conclude that
the Apollonius circle is the Tucker circle with chordal angle−2 arctan r

s . The
common length of the antiparallels is

dφ = 2rφ · sin φ = 2 · r2 + s2

4r
· −2rs
r2 + s2

= −s.

This proves Theorem 1 and justifies the construction in Figure 3.

6. Concluding remarks

We record the coordinates of the vertices of the Tucker hexagon.4

Bc = (−as : 0 : as + bc), Cb = (−as : as + bc : 0),
Ab = (0 : cs + ab : −cs), Ba = (cs + ab : 0 : −cs),
Ca = (bs + ca : −bs : 0), Ac = (0 : −bs : bs + ca).

From these, the power ofA with respect to the Apollonian circle is

−cs

a

(
b +

as

c

)
=

−s(bc + as)
a

.

Similarly, by computing the powers ofB andC, we obtain the equation of the
Apollonius circle as

a2yz + b2zx + c2xy + s(x + y + z)
∑
cyclic

bc + as

a
x = 0.

Finally, with reference to Figure 1, Iwata and Fukagawa [5] have shown that
trianglesF ′

aF
′
bF

′
c andABC are perspective at a pointP on the lineIQ with IP :

PQ = −r : ρ. 5 They also remarked without proof that according to a Japanese
wooden tablet dating from 1797,

ρ =
1
4

(
s4

rarbrc
+

rarbrc

s2

)
,

which is equivalent toρ = r2+s2

4r established above.

4These coordinates are also given by Jean-Pierre Ehrmann [2].
5This perspector is the Apollonius pointX181 =

(
a2(b+c)2

s−a
: b2(c+a)2

s−b
: c2(a+b)2

s−c

)
in [7]. In

fact, the coordinates ofF ′
a are(−a2(a(b+c)+(b2+c2))2 : 4b2(c+a)2s(s−c) : 4c2(a+b)2s(s−b));

similarly for F ′
b andF ′

c.
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An Application of Thébault’s Theorem

Wilfred Reyes

Abstract. We prove the “Japanese theorem” as a very simple corollary of Th´ebault’s
theorem.

Theorem 1 below is due to the French geometer Victor Th´ebault [8]. See Figure
1. It had been a long standing problem, but a number of proofs have appeared
since the early 1980’s. See, for example, [7, 6, 1], and also [5] for a list of proofs
in Dutch published in the 1970’s. A very natural and understandable proof based
on Ptolemy’s theorem can be found in [3].

Theorem 1 (Thébault). Let E be a point on the side of triangle ABC such that
∠AEB = θ. Let O1(r1) be a circle tangent to the circumcircle and to the segments
EA, EB. Let O2(r2) be also tangent to the circumcircle and to EA, EC . If I(ρ)
is the incircle of ABC , then

(1.1) I lies on the segment O1O2 and
O1I

IO2
= tan2 θ

2 ,

(1.2) ρ = r1 cos2 θ
2 + r2 sin2 θ

2 .

C

A

B

I

E

O1

O2

Figure 1

AB

C D

Ia

Ib

Ic
Id E

Figure 2

Theorem 2 below is called the “Japanese Theorem” in [4, p.193]. See Figure
2. A very long proof can be found in [2, pp.125–128]. In this note we deduce the
Japanese Theorem as a very simple corollary of Th´ebault’s Theorem.

Publication Date: December 30, 2002. Communicating Editor: Paul Yiu.
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Theorem 2. Let ABCD be a convex quadrilateral inscribed in a circle. Denote
by Ia(ρa), Ib(ρb), Ic(ρc), Id(ρd) the incircles of the triangles BCD, CDA, DAB,
and ABC .

(2.1) The incenters form a rectangle.
(2.2) ρa + ρc = ρb + ρd.

Proof. In ABCD we have the following circles:Ocd(rcd), Oda(rda), Oab(rab),
andObc(rbc) inscribed respectively in anglesAEB, BEC, CED, andDEA, each
tangent internally to the circumcircle. Let∠AEB = ∠CED = θ and∠BEC =
∠DEA = π − θ.

A
B

C D

Ocd

Oda

Oab

Obc

Ia

Ib

Ic
Id

E

Figure 3

Now, by Theorem 1, the centersIa, Ib, Ic, Id lie on the linesOdaOab, OabObc,
ObcOcd, OcdOda respectively. Furthermore,

OdaIa

IaOab
=

ObcIc

IcOcd
= tan2

(
π − θ

2

)
= cot2

θ

2
,

OabIb

IbObc
=

OcdId

IdOda
= tan2 θ

2
.

From these, we have

OdaIa

IaOab
=

ObcIb

IbOab
,

OabIb

IbObc
=

OcdIc

IcObc
,

ObcIc

IcOcd
=

OdaId

IdOcd
,

OcdId

IdOda
=

OabIa

IaOda
.
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These proportions imply the following parallelism:

IaIb//OdaObc, IbIc//OabOcd, IcId//ObcOda, IdIa//OcdOab.

As the segmentsOcdOab andOdaObc are perpendicular because they are along the
bisectors of the angles atE, IaIbIcId is an inscribed rectangle inOabObcOcdOda,
and this proves (2.1).

Also, the following relation results from (1.2):

ρa + ρc = (rab + rcd) cos2 θ

2
+ (rda + rbc) sin2 θ

2
.

This same expression is readily seen to be equal toρb + ρd as well. This proves
(2.2). �
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