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A Note on the Droz-Farny Theorem

Charles Thas

Abstract. We give a simple characterization of the Droz-Farny pairs of lines
through a point of the plane.

In [3] J-P. Erhmann and F. van Lamoen prove a projective generalization of the
Droz-Farny line theorem. They say that a pair of lines(l, l′) is apair of DF-lines
through a point P with respect to a given triangle ABC if they intercept the line
BC in the pointsX andX′, CA in Y andY ′, andAB in Z andZ′ in such a way
that the midpoints of the segmentsXX′, Y Y ′, andZZ ′ are collinear. They then
prove that(l, l′) is a pair of DF-lines if and only ifl and l′ are tangent lines of a
parabola inscribed inABC (see also [5]). Thus, the DF-lines throughP are the
pairs of conjugate lines in the involutionI determined by the lines throughP that
are tangent to the parabolas of the pencil of parabolas inscribed inABC. Through
a general pointP , there passes just one orthogonal pair of DF-lines with respect to
ABC; call this pair the ODF-lines through P with respect toABC.

Considering the tangent lines throughP at the three degenerate inscribed parabo-
las ofABC, it also follows that (PA, line throughP parallel withBC), (PB, line
parallel throughP with CA), and (PC, line parallel throughP with AB), are three
conjugate pairs of lines of the involutionI.

Recall that the medial triangleA′B′C ′ of ABC is the triangle whose vertices
are the midpoints ofBC,CA, andAB, and that the anticomplementary triangle
A′′B′′C ′′ of ABC is the triangle whose medial triangle isABC ([4]).

Theorem. A pair (l, l′) of lines is a pair of DF-lines through P with respect to
ABC , if and only if (l, l′) is a pair of conjugate diameters of the conic CP with
center P , circumscribed at the anticomplementary triangle A′′B′′C ′′ of ABC . In
particular, the ODF-lines through P are the axes of this conic.

Proof. SinceA is the midpoint ofB′′C ′′, andB′′C ′′ is parallel withBC, it follows
immediately thatPA, and the line throughP , parallel withBC, are conjugate
diameters of the conicCP . In the same way,PB and the line throughP parallel
with CA (and PC and the line troughP parallel with AB) are also conjugate
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diameters ofCP . Since two pairs of corresponding lines determine an involution,
this completes the proof. �

Remark that the orthocenterH of ABC is the center of the circumcircle of the
anticomplementary triangleA′′B′′C ′′. Since any two orthogonal diameters of a
circle are conjugate, we find by this special case the classical Droz-Farny theorem:
Perpendicular lines throughH are DF-pairs with respect to triangleABC.

As a corollary of this theorem, we can characterize the axes of any circumscribed
ellipse or hyperbola ofABC as the ODF-lines through its center with regard to the
medial triangleA′B′C ′ of ABC. And in the same way we can construct the axes
of any circumscribed ellipse or hyperbola of any triangle, associated withABC.

Examples

1. The Jerabek hyperbola ofABC (the isogonal conjugate of the Euler line of
ABC) is the rectangular hyperbola throughA,B,C, the orthocenterH, the cir-
cumcenterO and the Lemoine (or symmedian) pointK of ABC, and its center is
Kimberling centerX125 with trilinear coordinates(bc(b2+c2−a2)(b2−c2)2, .., ..),
which is a point of the nine-point circle ofABC (the center of any circumscribed
rectangular hyperbola is on the nine-point circle). The axes of this hyperbola are
the ODF-lines throughX125, with respect to the medial triangleA′B′C ′ of ABC.

2. The Kiepert hyperbola ofABC is the rectangular hyperbola throughA,B,C,H,
the centroidG of ABC, and through the Spieker center (the incenter of the medial
triangle ofABC). It has centerX115 with trilinear coordinates(bc(b2 − c2)2, .., ..)
on the nine-point circle. Its axes are the ODF-lines throughX115 with respect to
the medial triangleA′B′C ′.

3. The Steiner ellipse ofABC is the circumscribed ellipse with center the centroid
G of ABC. It is homothetic to (and has the same axes of) the Steiner ellipses of the
medial triangleA′B′C ′ and of the anticomplementary triangleA′′B′′C ′′ of ABC.
These axes are the ODF-lines throughG with respect toABC (and toA′B′C ′, and
to A′′B′′C ′′).

4. The Feuerbach hyperbola is the rectangular hyperbola throughA,B,C,H, the
incenterI of ABC, the Mittenpunkt (the symmedian point of the excentral triangle
IAIBIC , whereIA, IB , IC are the excenters ofABC), with center the Feuerbach
point F (at which the incircle and the nine-point circle are tangent; trilinear coor-
dinates(bc(b − c)2(b + c − a), .., ..)) . Its axes are the ODF-lines throughF , with
respect to the medial triangleA′B′C ′ of ABC.

5. The Stammler hyperbola ofABC has trilinear equation

(b2 − c2)x2
1 + (c2 − a2)x2

2 + (a2 − b2)x2
3 = 0.

It is the rectangular hyperbola through the incenterI, the excentersIA, IB , IC , the
circumcenterO, and the symmedian pointK. It is also the Feuerbach hyperbola of
the tangential triangle ofABC, and its center is the focus of the Kiepert parabola
(inscribed parabola with directrix the Euler line ofABC), which is Kimberling
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centerX110 with trilinear coordinates( a
b2−c2

, .., ..), on the circumcircle ofABC,
which is the nine-point circle of the excentral triangleIAIBIC . The axes of this
Stammler hyperbola are the ODF-lines throughX110, with regard to the medial
triangle ofIAIBIC .

Remark that centerX110 is the fourth common point (apart fromA,B, andC)
of the conic throughA,B,C, and with center the symmedian pointK of ABC,
which has trilinear equation

a(−a2 + b2 + c2)x2x3 + b(a2 − b2 + c2)x3x1 + c(a2 + b2 − c2)x1x2 = 0,

and the circumcircle ofABC.

6. The conic with trilinear equation

a2(b2 − c2)x2
1 + b2(c2 − a2)x2

2 + c2(a2 − b2)x2
3 = 0

is the rectangular hyperbola through the incenterI, through the excentersIA, IB , IC ,
and through the centroidG of ABC. It is also circumscribed to the anticomple-
mentary triangleA′′B′′C ′′ (recall that the trilinear coordinates ofA′′, B′′, andC ′′
are(−bc, ac, ab), (bc,−ac, ab), and(bc, ac,−ab), respectively). Its center is the
Steiner pointX99 with trilinear coordinates( bc

b2−c2
, ca

c2−a2 , ab
a2−b2

), a point of inter-
section of the Steiner ellipse and the circumcircle ofABC.

Remark that the circumcircle ofABC is the nine-point circle ofA′′B′′C ′′ and
also ofIAIBIC . It follows that the axes of this hyperbola, which is often called the
Wallace or the Steiner hyperbola, are the ODF-lines through the Steiner pointX99

with regard toABC, and also with regard to the medial triangle of the excentral
triangleIAIBIC .

Remarks. (1) A biographical note on Arnold Droz-Farny can be found in [1].
(2) A generalization of the Droz-Farny theorem in the three-dimensional Eu-

clidean space was given in an article by J. Bilo [2].
(3) Finally, we give a construction for the ODF-lines through a pointP with

respect to the triangleABC, i.e., for the orthogonal conjugate pair of lines through
P of the involutionI in the pencil of lines throughP , determined by the conjugate
pairs (PA, line la throughP parallel toBC) and (PB, line lb throughP parallel
to CA): intersect a circleC throughP with these conjugate pairs:

C ∩ PA = Q, C ∩ la = Q′,
C ∩ PB = R, C ∩ lb = R′,

then(Q,Q′) and(R,R′) determine an involutionI′ onC, with centerQQ′∩RR′ =
T . Each line throughT intersect the circleC in two conjugate points ofI′. In par-
ticular, the line throughT and through the center ofC intersectsC in two points
S andS′, such thatPS andPS′ are the orthogonal conjugate pair of lines of the
involution I.
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