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The Feuerbach Point and Reflections of the Euler Line

Jan Vonk

Abstract. We investigate some results related to the Feuerbach point, and use a
theorem of Hatzipolakis to give synthetic proofs of the facts that the tiftexcof

OI inthe sidelines of the intouch and medial triangle all concur at the Feuerbac
point. Finally we give some results on certain reflections of the Feueriznh

1. Poncelet point

We begin with a review of the Poncelet point of a quadruple of pdiitsX, Y,
Z. This is the point of concurrency of
(i) the nine-point circles of triangléd’ XY, WX Z, XY Z, WY Z,
(i) the four pedal circles oV, X, Y, Z with respecttoXY Z, WY Z, WX Z,
W XY respectively.
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Figure 1.

Basic properties of the Poncelet point can be found in [4].ILUe¢ the incenter
of triangle ABC. The Poncelet point of, A, B, C is the famous Feuerbach point
I, as we show in Theorem 1 below. In fact, we can find a lot more circlesmas
throughFs, using the properties mentioned in [4].

Theorem 1. The nine-point circles of triangled! B, AIC, BIC are concurrent
at the Feuerbach poink;, of triangle ABC.
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Figure 2.

Proof. The Poncelet point ofi, B, C, I must lie on the pedal circle af with re-
spect to triangled BC', and on the nine-point circle of triangkBC' (see Figure
1). Since these two circles have only the Feuerbach pQimh common, it must
be the Poncelet pointof, B, C, I. (]

A second theorem, conjectured by Antreas Hatzipolakis, involves thramisu
triangles which turn out to have some very surprising and beautiful piepeWe
begin with an important lemma, appearing in [9] as Lemma 2 with a synthetic
proof. The midpoints oBC, AC, AB are labeled, E, F.

Figure 3.

We shall adopt the notations of [9]. Given a triangi&C, let D, E, F be the
midpoints of the side®C, CA, AB, andX, Y, Z the points of tangency of the



The Feuerbach point and reflections of the Euler line 49

incircle with these sides. Led, and A, be the orthogonal projections df on the
bisectorsBI andC'I respectively. Similarly defin&., B,, C,, C}, (see Figure 3).

Lemma 2. (a) A, and A, lie on E'F.
(b) Ay liesonXY, A, liesonX Z.
Similar statements are true f&,, B. andC,, Cp.

We are now ready for the second theorem, stated in [6]. An elementany pro
was given by Khoa Lu Nguyen in [7]. We give a different proof, netyon the
Kariya theorem (see [5]), which states thafXif, Y’, Z’ are three points o X,
1V, 1Z with X = IYD — 1Z0 _  then the linesA X, BY’, C'Z' are concurrent.
For k = —2, this point of concurrency is known to bégg, the reflection off in
F..

Figure 4.

Theorem 3(Hatzipolakis) The Euler lines of trianglest Ay A., BB, B., CC,C)
are concurrent atf, (see Figure 4)

Proof. If X’ is the antipode ofX in the incircle,O, the midpoint of4 andI, H,
the orthocenter of triangld A, A., then clearlyH,O, is the Euler line of triangle
AAA.. Also, LZAyAA. = 7 — LA A, = BFC. Becausedl is a diameter

of the circumcircle of triangled A, A.., it follows that AH, = AI - cosBT*C =

Al -sin 4 = r, wherer is the inradius of triangle BC. Clearly,/X’ = r, and
it follows from Lemma 1 thatdH, || IX’. TrianglesAH,O, andIX'O, are
congruent, and’ is the reflection of, in O,. HenceX" lies on the Euler line of
triangle AA, A..
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Figure 5.

If X* is the reflection off in X', we know by the Kariya theorem thai, X*,
and Xy are collinear. Now the homothety( 7, %) takesA to O,, X* to X/, and
Xy to the Feuerbach poiri.. O

We establish one more theorem on the Feuerbach point. An equivalentléor
tion was posed as a problem in [10].

Theorem 4. If X", Y", Z" are the reflections ok, Y, Z in AI, BI, C1, then the
linesDX”, EY", FZ" concur at the Feuerbach poirit, (see Figure 6)

Figure 6.
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Proof. We show that the linedD X" contains the Feuerbach poiAt. The same
reasoning will apply ta8Y” andF'Z" as well.

Clearly, X" lies on the incircle. If we callV the nine-point center of triangle
ABC, then the theorem will follow from/ X" || ND sinceF, is the external
center of similitude of the incircle and nine-point circle of triangi&C. Now,
becausd X || AH, and becaus® and H are isogonal conjugatesX” || AO.
Furthermore, the homothely G, —2) takesD to A and N to O. This proves that
ND || AO. It follows that/ X" || ND. O

2. The Euler reflection point

The following theorem was stated by Paul Yiu in [11], and proved byd®&nriyic
calculation in [8]. We give a synthetic proof of this result.

Theorem 5. The reflections 0©1 in the sidelines of the intouch triangle £ F
are concurrent at the Feuerbach point of triangleBC' (see Figure 7)

A

Figure 7.

Proof. Let us call/; the reflection off in Y Z. By Theorem 1, the nine-point circle
of triangle AIC, which clearly passes throudh, O,, C,, also passes through
F.. If S is the intersection o¥ Z and A, then clearlyA is the inverse of5 with
respect to the incircle. Becauge IO, = IAand2 - IS = [1, it follows thatO,
is the inverse of; with respect to the incircle. Becauég lies on X Z, its polar
line must pass througPk and be perpendicular td/. This shows tha3, is the
inverse ofC, with respect to the incircle.

Now invert the nine-point circle of triangld /C' with respect to the incircle of
triangle ABC. This circle can never pass throudhsince ZAIC' > 7, so the
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image is a circle. This shows th&tl; F, B, is a cyclic quadrilateral, so it follows
that/F. 1B, = ZF,YX = /F,X'X.

If we call A” B”C" the circumcevian triangle df, then we notice that AA,A. =
LATA. = ZA"IC. Now, it is well known thatd”C = A”I, so it follows that
LAAYA, = ZICA" = ZC"B"” A”. Similar arguments show that triangied;, A.
and triangled” B”C" are inversely similar.

As we have pointed out before as a consequence of Lemmidi2,and I X’
are parallel. By Theorem 3;, X’ is the Euler line of triangled A, A.. Therefor,
LF.X'X = £0,X'X = ZO,H,A. We know that triangled A, A. is inversely
similar to triangleA” B”C”. SinceO and[I are the circumcenter and orthocenter
of triangle A” B”C", it follows that /O, H,A = ZA"IO = ZOIA.

We conclude that' F,.[1S = /F. 1B, = /F,YX = /F.X'X = LZAIO =
ZSI0. This shows that the reflection 61/ in EF passes througl,. Similar
arguments for the reflections 6f7 in XY and X Z complete the proof. (]

A very similar result is stated in the following theorem. We give a synthetic
proof, similar to the proof of the last theorem in many ways. First, we will need
another lemma.

Lemma 6. The vertices of the polar triangle ddPFF' with respect to the incir-
cle are the orthocenters of triangldsIC, AIC, AI B. Furthermore, they are the
reflections of the excenters in the respective midpoints of the sides.

This triangle is the main subject of [9], in which a synthetic proof can bedoun

Theorem 7. The reflections o®1 in the sidelines of the medial trianglRE F" are
concurrent at the Feuerbach point of triangleBC' (see Figure 8)

Figure 8.
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Proof. Call I, the reflection ofl in EF', and A* the orthocenter of triangl&IC.
The midpoint off and A* is calledM. Using Lemma 6, we know thdf F' is the
polar line of A* with respect to the incircle. A similar argument as the one we gave
in the proof of Theorem 5 shows that is the inverse of\/ with respect to the
incircle.

Clearly, F, M, X, D all lie on the nine-point circle of triangl81C. Call this
circleT', and callT”, the circumcircle of triangld X X”. Clearly, the center of
I/ is on AI. Becausdl is the orthocenter of triangl8A*C, we have that the
reflection of/ in D is the antipode ofA* in the circumcircle ofA* BC. Call this
point L’. Consider the homothety( I, 2), M D is mapped, and hence is parallel, to
A*L'. We know that4* is the reflection inD of the A-excenter of triangled BC
(see [9]), saA* L' is also parallel tA 1. It follows that AT and M D are parallel.

If we call T the intersection ofA] and BC, then it is clear thaf lies onT",.
Becausdl' andM D are parallel diameters of two circles, there exists a homothety
centered atX which mapsI”, to I',. BecauseX lies on both circles, we now
conclude thafX is the point of tangency df, andT”,. Inverting these two circles
in the incircle, we see tha¥ X" is tangent to the circumcircle of F, 1.

Finally, ZMIO = ZAIO + Z/MIA = /F,X'X + ZIMD = /F,XD +
/XF,D=/FXD+/DXX" = /F,XX" = /F,I,X, where the last equation
follows from the alternate segment theorem. This provesiitfatis the reflection
of OI in EF. Similar arguments foD F' and D E prove the theorem. O

The following theorem gives new evidence for the strong correlation dmtw
the nature of the Feuerbach point and the Euler reflection point.

Theorem 8. The three reflections df,O,, in the sidelines of trianglel A, A. and
the lineOI are concurrent at the reflectiof, of F;, in Ay A.. Similar theorems
hold for trianglesBB, B.., CC,C;, (see Figure 9)

Proof. The 3 reflections of{, O, in the sidelines of triangld A, A. are concurrent
at the Euler reflection point of triangléA, A.. We will first show that this point is
the reflection ofF, in A, A..

The circle with diametetX H,, clearly passes through,, A. by definition of
Ay, Ac. It also passes through,, sinceH,F, = X'F, | XF,, so we conclude
that Fi,, A., X, A, are concyclic. BecausdaA.X A, is a parallellogram, we see
that the reflection in the midpoint of, and A. of the circle through4,, A., X,
Fy is in fact the circumcircle of trianglel A, A.. We deduce that the reflection of
F in Ay A, lies on the circumcircle of triangld A, A.. SinceF, # H, lies on the
Euler line of triangleAA, A. and E, lies on the circumcircle of triangld A, A,
we have proven that the reflection Bf in A, A, is the Euler reflection point of

triangle AA, A..
By theorem 7, it immediately follows thdf, lies onOI. This completes the
proof. O

We know that we can seE, as an intersection point of the perpendicular to
Ap A, throughF, with the circumcircle of triangled A, A.. This line intersects the
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Figure 9.

circle in another point, which we will call. Similarly defineV and W on the
circumcircles of triangle®3 B, B. andCC,(C}.

Theorem 9. The linesAU, BV, CW are concurrent atXgg, the reflection of in
I, (see Figure 10)

Proof. The previous theorem tells us thaf lies onO1. It follows thatZ/ E, 10, =
/OIA. Inthe proof of Theorem 5, we prove thad/0 = ZAH,O,. SinceF . E,
and AH, are parallel, we deduce that,, I, O, and F, are concyclic. If we call
U’ the intersection of?, F, and the line throughl parallel toO, F., then we have
that/E,IA = /E,F.O, = ZE,U'A. It follows thatA, U’, E,, I are concyclic,
soU =U".

Now consider a homothety centered avith factor2. Clearly,O, F, is mapped
to a parallel line througl, which is shown to pass throudlhh. The image of
F, however isXgg, so AU passes througiXgy. Similar arguments foBV, CW
complete the proof. O
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