Forum Geometricorum

Volume 9 (2009) 57–80.

FORUM GEOM ISSN 1534-1178

Rings of Squares Around Orthologic Triangles

Zvonko Čerin

Abstract. We explore some properties of the geometric configuration when a ring of six squares with the same orientation are erected on the segments BD, DC, CE, EA, AF and F B connecting the vertices of two orthologic triangles ABC and DEF . The special case when DEF is the pedal triangle of a variable point P with respect to the triangle ABC was studied earlier by Bottema [1], Deaux [5], Erhmann and Lamoen [4], and Sashalmi and Hoffmann [8]. We extend their results and discover several new properties of this interesting configuration.

1. Introduction – Bottema’s Theorem

The orthogonal projections P_a, P_b and P_c of a point P onto the sidelines BC, CA and AB of the triangle ABC are vertices of its pedal triangle.

A B

C

P P_a

P_b

P_c

Figure 1. Bottema’s Theorem on sums of areas of squares.

In [1], Bottema made the remarkable observation that

|BP_a|^2 + |CP_b|^2 + |AP_c|^2 = |P_aC|^2 + |P_bA|^2 + |P_cB|^2.

This equation has an interpretation in terms of area which is illustrated in Figure 1. Rather than using geometric squares, other similar figures may be used as in [8].

Publication Date: April 13, 2009. Communicating Editor: Paul Yiu.

Figure 1 also shows two congruent triangles homothetic with the triangle ABC that are studied in [4] and [8].

The primary purpose of this paper is to extend Bottema’s Theorem (see Figure 2). The longer version of this paper is available at the author’s Web home page

http://math.hr/~cerin/. We thank the referee for many useful sugges-

tions that improved greatly our exposition.

PSfrag replacements

Figure 2. Notation for a ring of six squares around two triangles.

2. Connection with orthology

The origin of our generalization comes from asking if it is possible to replace the pedal triangle P_aP_bP_c in Bottema’s Theorem with some other triangles. In other words, if ABC and DEF are triangles in the plane, when will the following equality hold?

|BD|^2 + |CE|^2 + |AF |^2 = |DC|^2 + |EA|^2 + |F B|^2 (1)

The straightforward analytic attempt to answer this question gives the following simple characterization of the equality (1).

Throughout, triangles will be non-degenerate.

Theorem 1. The relation (1) holds for triangles ABC and DEF if and only if they are orthologic.

Recall that triangles ABC and DEF are orthologic provided the perpendiculars at vertices of ABC onto sides EF , F D and DE of DEF are concurrent. The point of concurrence of these perpendiculars is denoted by [ABC, DEF ]. It is

PSfrag replacements

Figure 3. The triangles ABC and DEF are orthologic.

well-known that this relation is reflexive and symmetric. Hence, the perpendiculars from vertices of DEF onto the sides BC, CA, and AB are concurrent at the point [DEF, ABC ]. These points are called the first and second orthology centers of the (orthologic) triangles ABC and DEF .

It is obvious that a triangle and the pedal triangle of any point are orthologic so that Theorem 1 extends Bottema’s Theorem and the results in [8] (Theorem 3 and the first part of Theorem 5).

Proof. The proofs in this paper will all be analytic.

In the rectangular co-ordinate system in the plane, we shall assume throughout that A(0, 0), B(1, 0), C(u, v), D(d, δ), E(e, ε) and F (f, φ) for real numbers u, v, d, δ, e, ε, f and φ. The lines will be treated as ordered triples of coefficients (a, b, c) of their (linear) equations a x + b y + c = 0. Hence, the perpendiculars from the vertices of DEF onto the corresponding sidelines of ABC are (u − 1, v, d(1 − u) − v δ), (u, v, −(u e + v ε)) and (1, 0, −f). They will be concurrent provided the determinant v Δ = v((u − 1) d − ue + f + v (δ − ε)) of the matrix from them as rows is equal to zero. In other words, Δ = 0 is a necessary and sufficient condition for ABC and DEF to be orthologic.

On the other hand, the difference of the right and the left side of (1) is 2 Δ which clearly implies that (1) holds if and only if ABC and DEF are orthologic triangles. □

3. The triangles S_1S_3S_5 and S_2S_4S_6

We continue our study of the ring of six squares with the Theorem 2 about two triangles associated with the configuration. Like Theorem 1, this theorem detects when two triangles are orthologic. Recall that S_1, . . . , S_6 are the centers of the squares in Figure 2. Note that a similar result holds when the squares are folded inwards, and the proof is omitted.

PSfrag replacements

Figure 4. |S1S3S5| = |S2S4S6| iff ABC and DEF are orthologic.

Theorem 2. The triangles S_1S_3S_5 and S_2S_4S_6 have equal area if and only if the triangles ABC and DEF are orthologic.

Proof. The vertices V and U of the square DEV U have co-ordinates (e + ε − δ, ε + d − e) and (d + ε − δ, δ + d − e). From this we infer easily co-ordinates of all points in Figure 2. With the notation u_+ = u + v, u_− = u − v, d_+ = d + δ, d_− = d − δ, e_+ = e + ε, e_− = e − ε, f_+ = f + φ and f_− = f − φ they are the following.

A^′(−ε, e), A^{′′}(φ, −f), B^′(1 − φ, f − 1), B^{′′}(1 + δ, 1 − d),

C^′(u_+ − δ, u_− + d), C^{′′}(u_− + ε, u_+ − e), D^′(d_+, 1 − d_−),

D^{′′}(d_− + v, d_+ − u), E^′(e_+ − v, u − e_−), E^{′′}(e_−, e_+),

F^′(f_+, −f_−), F^{′′}(f_−, f_+ − 1), S_1

(_{1+d+} 2 ,^{1−d−}_2 ) , S_2

(_{d−+u+} 2 ,^{d+−u−}_2 ) , S_3

(_{u−+e+}

2 ,^{u+−e−}_2 ) , S_4

(_{e−} 2 ,^{e+}_2 ) , S_5

(_{f+}

2 , −^{f−}_2 ) , S_6

(_{f−+1} 2 ,^{f+−1}_2 ) . Let P^x and P^y be the x– and y– co-ordinates of the point P . Since the area |DEF | is a half of the determinant of the matrix with the rows (D^x, D^y, 1), (E^x, E^y, 1) and (F^x, F^y, 1), the difference |S_2S_4S_6| − |S_1S_3S_5| is^Δ_4 . We conclude that the triangles S_1S_3S_5 and S_2S_4S_6 have equal area if and only if the triangles ABC and DEF are orthologic. □

4. The first family of pairs of triangles

The triangles S_1S_3S_5 and S_2S_4S_6 are just one pair from a whole family of triangle pairs which all have the same property with a single notable exception.

For any real number t different from −1 and 0, let S^t_1, . . . , S^t_6 denote points that divide the segments AS_1, AS_2, BS_3, BS_4, CS_5 and CS_6 in the ratio t : 1. Let ρ(P, θ) denote the rotation about the point P through an angle θ. Let G_σ and G_τ be the centroids of ABC and DEF .

PSfrag replacements

Figure 5. The triangles S^2_1 S^2_3 S^2_5 and S^2_2 S^2_4 S^2_6 are congruent.

The following result is curios (See Figure 5) because the particular value t = 2 gives a pair of congruent triangles regardless of the position of the triangles ABC and DEF .

Theorem 3. The triangle S^2 S^2_4 S^2_6 is the image of the triangle S^2_1 S^2_3 S^2_5 under the rotation ρ ( G_σ,^π_2 ) . The radical axis of their circumcircles goes through the centroid G_σ.

Proof. Since the point that divides the segment DE in the ratio 2 : 1 has coordinates

(_{d+2 e} 3 ,^{δ+2 ε}_3 ) , it follows that

S^2_1

(_{1+d+}

3 ,^{1−d−}_3 ) and S^2

(_{d−+u+} 3 ,^{d+−u−}_3 ) . Since G_σ

(_{1+u} 3 ,^v_3 ) , it is easy to check that S^2 is the vertex of a (negatively oriented) square on G_σS^2_1 . The arguments for the pairs ( S^2_3 , S^2_4 , ) and ( S^2_5 , S^2_6 , ) are analogous.

Finally, the proof of the claim about the radical axis starts with the observation that since the triangles S_1S_3S_5 and S_2S_4S_6 are congruent it suffices to show that |G_σO_{odd}|^2 = |G_σO_{even}|^2, where O_{odd} and O_{even} are their circumcenters. This routine task was accomplished with the assistance of a computer algebra system. □

PSfrag replacements

Figure 6. |S^t_1S^t_3S^t_5| = |S^t_2S^t_4S^t_6| iff ABC and DEF are orthologic.

The following result resembles Theorem 2 (see Figure 6) and shows that each pair of triangles from the first family could be used to detect if the triangles ABC and DEF are orthologic.

Theorem 4. For any real number t different from −1, 0 and 2, the triangles S^t_1S^t_3S^t_5 and S^t_2S^t_4S^t_6 have equal area if and only if the triangles ABC and DEF are orthologic.

Proof. Since the point that divides the segment DE in the ratio t : 1 has co-ordinates (_{d+te}

t+1 ,^{δ+tε}_{t+1} ) , it follows that the points S^t_i have the co-ordinates

S^t_1

(_{t(1+d+)}

2(t+1) , t(1−d_−) 2(t+1) ) , S^t_2

(_{t(d−+u+)}

2(t+1) , t(d_+−u_−) 2(t+1) ) , S^t_3

(_{2+t(u−+e+)}

2(t+1) , t(u_+−e_−) 2(t+1) ) , S^t_4

(_{2+t e−}

2(t+1) , t e_+ 2(t+1) ) , S^t_5

(_{2 u+t f+}

2(t+1) ,

2 v−t f_− 2(t+1) ) , S^t_6

(_{2 u+t(1+f−)}

2(t+1) ,

2 v−t(1−f_+) 2(t+1) ) . As in the proof of Theorem 2, we find that the difference of areas of the triangles S^t_2S^t_4S^t_6 and S^t_1S^t_3S^t_5 is^{t(2−t)Δ}_{4(t+1)2} . Hence, for t ≠ −1, 0, 2, the triangles S^t_1S^t_3S^t_5 and S^t_2S^t_4S^t_6 have equal area if and only if the triangles ABC and DEF are orthologic. □

5. The second family of pairs of triangles

PSfrag replacements

Figure 7. |T^s_1 T^s_3 T^s_5 | = |T^s_2 T^s_4 T^s_6 | iff ABC and DEF are orthologic.

The first family of pairs of triangles was constructed on lines joining the centers of the squares with the vertices A, B and C. In order to get the second analogous family we shall use instead lines joining midpoints of sides with the centers of the squares (see Figure 7). A slight advantage of the second family is that it has no exceptional cases.

Let A_g, B_g and C_g denote the midpoints of the segments BC, CA and AB. For any real number s different from −1, let T^s_1 , . . . , T^s_6 denote points that divide the segments A_gS_1, A_gS_2, B_gS_3, B_gS_4, C_gS_5 and C_gS_6 in the ratio s : 1. Notice that T^s_1 T^s_2 A_g, T^s_3 T^s_4 B_g and T^s_5 T^s_6 C_g are isosceles triangles with the right angles at the vertices A_g, B_g and C_g.

Theorem 5. For any real number s different from −1 and 0, the triangles T^s_1 T^s_3 T^s_5 and T^s_2 T^s_4 T^s_6 have equal area if and only if the triangles ABC and DEF are orthologic.

Proof. As in the proof of Theorem 4, we find that the difference of areas of the triangles T^s_1 T^s_3 T^s_5 and T^s_2 T^s_4 T^s_6 is^{s Δ}_{4(s+1)} . Hence, for s ≠ −1, 0, the triangles T^t_1T^t_3T^t_5 and T^t_2T^t_4T^t_6 have equal area if and only if the triangles ABC and DEF are orthologic. □

6. The third family of pairs of triangles

When we look for reasons why the previous two families served our purpose of detecting orthology it is clear that the vertices of a triangle homothetic with ABC should be used. This leads us to consider a family of pairs of triangles that depend on two real parameters and a point (the center of homothety).

For any real numbers s and t different from −1 and any point P the points X, Y and Z divide the segments P A, P B and P C in the ratio s : 1 while the points U^{(s,t)}_i for i = 1, . . . , 6 divide the segments XS_1, XS_2, Y S_3, Y S_4, ZS_5 and ZS_6 in the ratio t : 1.

PSfrag replacements

Figure 8. |U^{(s,t)}_1 U^{(s,t)}_3 U^{(s,t)}_5 | = |U^{(s,t)}_2 U^{(s,t)}_4 U^{(s,t)}_6 | iff ABC and DEF are orthologic.

The above results (Theorems 4 and 5) are special cases of the following theorem (see Figure 8).

Theorem 6. For any point P and any real numbers s ≠ −1 and t ≠ −1,^{2 s}_{s+1} , the triangles U^{(s,t)}_1 U^{(s,t)}_3 U^{(s,t)}_5 and U^{(s,t)}_2 U^{(s,t)}_4 U^{(s,t)}_6 have equal areas if and only if the triangles ABC and DEF are orthologic.

The proof is routine. See that of Theorem 4.

7. The triangles A_0B_0C_0 and D_0E_0F_0

In this section we shall see that the midpoints of the sides of the hexagon S_1S_2S_3S_4S_5S_6 also have some interesting properties.

Let A_0, B_0, C_0, D_0, E_0 and F_0 be the midpoints of the segments S_1S_2, S_3S_4, S_5S_6, S_4S_5, S_6S_1 and S_2S_3. Notice that the triangles A_0B_0C_0 and D_0E_0F_0 have as centroid the midpoint of the segment G_σG_τ .

Recall that triangles ABC and XY Z are homologic provided the lines AX, BY , and CZ are concurrent. In stead of homologic many authors use perspective.

Theorem 7. (a) The triangles ABC and A_0B_0C_0 are orthologic if and only if the triangles ABC and DEF are orthologic.

(b) The triangles DEF and D_0E_0F_0 are orthologic if and only if the triangles ABC and DEF are orthologic.

(c) If the triangles ABC and DEF are orthologic, then the triangles A_0B_0C_0 and D_0E_0F_0 are homologic.

Proof. Let D_1(d_1, δ_1), E_1(e_1, ε_1) and F_1(f_1, φ_1). Recall from [2] that the triangles DEF and D_1E_1F_1 are orthologic if and only if Δ_0 = 0, where

Δ_0 = Δ_0(DEF, D_1E_1F_1) = | | | | d d_1 1 e e_1 1 f f_1 1

| | | | + | | | | δ δ_1 1 ε ε_1 1 φ φ_1 1

| | | | . Then (a) and (b) follow from the relations

Δ_0(ABC, A_0B_0C_0) = − Δ 2 and Δ_0(DEF, D_0E_0F_0) = Δ 2 . The line DD_1 is (δ − δ_1, d_1 − d, δ_1 d − d_1 δ), so that the triangles DEF and D_1E_1F_1 are homologic if and only if Γ_0 = 0, where

Γ_0 = Γ_0(DEF, D_1E_1F_1) = | | | | δ − δ_1 d_1 − d δ_1 d − d_1 δ ε − ε_1 e_1 − e ε_1 e − e_1 ε φ − φ_1 f_1 − f φ_1 f − f_1 φ

| | | | . Part (c) follows from the observation that Γ_0(A_0B_0C_0, D_0E_0F_0) contains Δ as a factor. □ 8. Triangles from centroids

Let G_1, G_2, G_3 and G_4 denote the centroids of the triangles G_{12A}G_{34B}G_{56C} , G_{12D}G_{34E}G_{56F} , G_{45A}G_{61B}G_{23C} and G_{45D}G_{61E}G_{23F} where G_{12A}, G_{12D}, G_{34B}, G_{34E}, G_{56C} , G_{56F} , G_{45A}, G_{45D}, G_{61B}, G_{61E}, G_{23C} and G_{23F} are centroids of the triangles S_1S_2A, S_1S_2D, S_3S_4B, S_3S_4E, S_5S_6C, S_5S_6F , S_4S_5A, S_4S_5D, S_6S_1B, S_6S_1E, S_2S_3C and S_2S_3F .

Theorem 8. The points G_1 and G_2 are the points G_3 and G_4 respectively. The points G_1 and G_2 divide the segments G_σG_τ and G_τ G_σ in the ratio 1 : 2.

Proof. The centroids G_{12A}, G_{34B} and G_{56C} have the co-ordinates (_{2 d+1+v+u}

6 ,^{2 δ+1+v−u}_6 ) , (_{2(e+1)+u−v} 6 ,^{2 ε+u+v}_6 ) and (_{2(f+u)+1} 6 ,^{2(φ+v)−1}_6 ) . It

follows that G_1 and G_2 have coordinates

(_{d+e+f+2(u+1)} 9 ,^{δ+ε+φ+2 v}_9 ) and (_{2(d+e+f)+u+1}

9 ,^{2(δ+ε+φ)+v}_9 ) respectively. It is now easy to check that G_3 = G_1 and G_4 = G_2.

PSfrag replacements

Figure 9. G1 and G2 divide GσGτ in four equal parts and ABC is orthologic with G12AG34B G56C iff it is orthologic with DEF .

Let G^′_1 divide the segment G_σG_τ in the ratio 1 : 2. Since G_τ

(_{d+e+f} 3 ,^{δ+ε+φ}_3 ) and G_σ

(_{1+u} 3 ,^v_3 ) , we have (G^′_1)^x =^{2 (Gσ)x+(Gτ )x}_3 =^{(2+2 u)+(d+e+f)}_9 = (G_1)^x.

Of course, in the same way we see that (G^′_1)^y = (G_1)^y and that G_2 divides G_τ G_σ in the same ratio 1 : 2. □

Theorem 9. The following statements are equivalent:

(a) The triangles ABC and G_{12A}G_{34B}G_{56C} are orthologic. (b) The triangles ABC and G_{12D}G_{34E}G_{56F} are orthologic. (c) The triangles DEF and G_{45A}G_{61B}G_{23C} are orthologic. (d) The triangles DEF and G_{45D}G_{61E}G_{23F} are orthologic. (e) The triangles G_{12A}G_{34B}G_{56C} and G_{45A}G_{61B}G_{23C} are orthologic. (f) The triangles G_{12D}G_{34E}G_{56F} and G_{45D}G_{61E}G_{23F} are orthologic. (g) The triangles ABC and DEF are orthologic.

Proof. The equivalence of (a) and (g) follows from the relation

Δ_0(ABC, G_{12A}G_{34B}G_{56C} ) = Δ 3 . The equivalence of (g) with (b), (c), (d), (e) and (f) one can prove in the same way. □

9. Four triangles on vertices of squares

In this section we consider four triangles A^′B^′C^′, D^′E^′F^′, A^{′′}B^{′′}C^{′′}, D^{′′}E^{′′}F^{′′} which have twelve outer vertices of the squares as vertices. The sum of areas of the first two is equal to the sum of areas of the last two. The same relation holds if we replace the word ”area” by the phrase ”sum of the squares of the sides”.

PSfrag replacements

Figure 10. Four triangles A^′B^′C^′, D^′E^′F^′, A^{′′}B^{′′}C^{′′} and D^{′′}E^{′′}F^{′′}.

For a triangle XY Z let |XY Z| and s_2(XY Z) denote its (oriented) area and the sum |Y Z|^2 + |ZX|^2 + |XY |^2 of squares of lengths of its sides.

Theorem 10. (a) The following equality for areas of triangles holds:

|A^′B^′C^′| + |D^′E^′F^′| = |A^{′′}B^{′′}C^{′′}| + |D^{′′}E^{′′}F^{′′}|.

(b) The following equality also holds:

s_2(A^′B^′C^′) + s_2(D^′E^′F^′) = s_2(A^{′′}B^{′′}C^{′′}) + s_2(D^{′′}E^{′′}F^{′′}).

The proofs of both parts can be accomplished by a routine calculation. Let A^′_1, B^′_1 and C^′_1 denote centers of squares of the same orientation built on the segments B^′C^′, C^′A^′ and A^′B^′. The points D^′_1, E^′_1, F^′_1, A^{′′}_1, B^{′′}_1 , C^{′′}_1 , D^{′′}_1 , E^{′′}_1 and F^{′′}_1 are defined analogously. Notice that (A^′B^′C^′, A^′_1B^′_1C^′_1), (A^{′′}B^{′′}C^{′′}, A^{′′}_1B^{′′}_1 C^{′′}_1 ), (D^′E^′F^′, D^′_1E^′_1F^′_1) and (D^{′′}E^{′′}F^{′′}, D^{′′}_1 E^{′′}_1 F^{′′}_1 ) are four pairs of both orthologic and homologic triangles.

The following theorem claims that the four triangles from these centers of squares retain the same property regarding sums of areas and sums of squares of lengths of sides.

Theorem 11. (a) The following equality for areas of triangles holds:

|A^′_1B^′_1C^′_1| + |D^′_1E^′_1F^′_1| = |A^{′′}_1B^{′′}_1 C^{′′}_1 | + |D^{′′}_1 E^{′′}_1 F^{′′}_1 |.

(b) The following equality also holds:

s_2(A^′_1B^′_1C^′_1) + s_2(D^′_1E^′_1F^′_1) = s_2(A^{′′}_1B^{′′}_1 C^{′′}_1 ) + s_2(D^{′′}_1 E^{′′}_1 F^{′′}_1 ).

The proofs of both parts can be accomplished by a routine calculation. Notice that in the above theorem we can take instead of the centers any points that have the same position with respect to the squares erected on the sides of the triangles A^′B^′C^′, D^′E^′F^′, A^{′′}B^{′′}C^{′′} and D^{′′}E^{′′}F^{′′}. Also, there are obvious extensions of the previous two theorems from two triangles to the statements about two n-gons for any integer n > 3.

Of course, it is possible to continue the above sequences of triangles and define for every integer k ≥ 0 the triangles A^′_kB^′_kC^′_k, A^{′′}_kB^{′′}_k C^{′′}_k , D^′_kE^′_kF^′_k and D^{′′}_k E^{′′}_k F^{′′}_k . The sequences start with A^′B^′C^′, A^{′′}B^{′′}C^{′′}, D^′E^′F^′ and D^{′′}E^{′′}F^{′′}. Each member is homologic, orthologic, and shares the centroid with all previous members and for each k an analogue of Theorem 11 is true.

PSfrag replacements

Figure 11. GσGτ G_τ ′ G_σ′′ and GσGτ G_τ ′′ G_σ′ are squares.

10. The centroids of the four triangles

Let G_σ′ , G_τ ′ , G_σ′′ , G_τ ′′ , G_o and G_e be shorter notation for the centroids G_A′_B′_C′ , G_D′_E′_F ′ , G_A′′_B′′_C′′ , G_D′′_E′′_F ′′ , G_{S1S3S5} and G_{S2S4S6} . The following theorem shows that these centroids are the vertices of three squares associated with the ring of six squares.

Theorem 12. (a) The centroids G_σ′′ , G_τ ′ , G_τ and G_σ are vertices of a square.

(b) The centroids G_σ′ and G_τ ′′ are reflections of the centroids G_σ′′ and G_τ ′ in the line G_σG_τ . Hence, the centroids G_τ ′′ , G_σ′ , G_σ and G_τ are also vertices of a square.

(c) The centroids G_e and G_o are the centers of the squares in (a) and (b), respectively. Hence, the centroids G_σ, G_e, G_τ and G_o are also vertices of a square.

The proofs are routine.

11. Extension of Ehrmann–Lamoen results

PSfrag replacements

Figure 12. The triangle KaKbKc from parallels to BC, CA, AB through B^{′′}, C^{′′}, A^{′′} is homothetic to ABC from the center K0.

Let K_aK_bK_c be a triangle from the intersections of parallels to the lines BC, CA and AB through the points B^{′′}, C^{′′} and A^{′′}. Similarly, Let K_aK_bK_c be a triangle from intersections of parallels to the lines BC, CA and AB through the points B^{′′}, C^{′′} and A^{′′}. Similarly, the triangles L_aL_bL_c, M_aM_bM_c, N_aN_bN_c, P_aP_bP_c and Q_aQ_bQ_c are constructed in the same way through the triples of points (C^′, A^′, B^′), (D^{′′}, E^{′′}, F^{′′}), (D^′, E^′, F^′), (S_1, S_3, S_5) and (S_2, S_4, S_6), respectively. Some of these triangles have been considered in the case when the triangle DEF is the pedal triangle P_aP_bP_c of the point P . Work has been done by Ehrmann and Lamoen in [4] and also by Hoffmann and Sashalmi in [8]. In this section we shall see that natural analogues of their results hold in more general situations.

Theorem 13. (a) The triangles K_aK_bK_c, L_aL_bL_c, M_aM_bM_c, N_aN_bN_c, P_aP_bP_c and Q_aQ_bQ_c are each homothetic with the triangle ABC.

(b) The quadrangles K_aL_aM_aN_a, K_bL_bM_bN_b and K_cL_cM_cN_c are parallelograms.

(c) The centers J_a, J_b and J_c of these parallelograms are the vertices of a triangle that is also homothetic with the triangle ABC.

PSfrag replacements Figure 13. The triangles K_aK_bK_c, L_aL_bL_c, M_aM_bM_c and N_aN_bN_c together

with three parallelograms.

Proof of parts (a) and (c) are routine while the simplest method to prove the part (b) is to show that the midpoints of the segments K_xM_x and L_xN_x coincide for x = a, b, c.

Let J_0, K_0, L_0, M_0, N_0, P_0 and Q_0 be centers of the above homotheties. Notice that J_0 is the intersection of the lines K_0M_0 and L_0N_0.

PSfrag replacements

Figure 14. The line K0L0 goes through the symmedian point K of the triangle ABC.

Theorem 14. (a) The symmedian point K of the triangle ABC lies on the line K_0L_0.

(b) The points P_0 and Q_0 coincide with the points N_0 and M_0.

(c) The equalities 2 ·

−−−→ P_vQ_v =

−−−→ K_vL_v hold for v = a, b, c.

Proof. (a) It is straightforward to verify that the symmedian point with co-ordinates (_{u2+u+v2}

2(u^2−u+v^2+1) , v 2(u^2−u+v^2+1) ) lies on the line K_0L_0.

(b) That the center P_0 coincides with the center N_0 follows easily from the fact that (A, N_a, P_a) and (B, N_b, P_b) are triples of collinear points.

(c) Since Q^y_a =^{f+φ−1}_2 , P^y_a =^{φ−f}_2 , L^y_a = f − 1 and K^y_a = −f, we see that 2 · (Q^y_a − P^y_a ) = L^y_a − K^y_a .

Similarly, 2 · (Q^x_a − P^x_a ) = L^x_a − K^x_a . This proves the equality 2 ·

−−−→ P_aQ_a =

−−−→ K_aL_a. □ Theorem 15. The triangles K_aK_bK_c and L_aL_bL_c are congruent if and only if the triangles ABC and DEF are orthologic.

Proof. Since the triangles K_aK_bK_c and L_aL_bL_c are both homothetic to the triangle ABC, we conclude that they will be congruent if and only if |K_aK_b| = |L_aL_b|. Hence, the theorem follows from the equality

|K_aK_b|^2 − |L_aL_b|^2 = [ (2u − 1)^2 + (2v + 1)^2 + 2 ] Δ v^2 . □ Let O and ω denote the circumcenter and the Brocard angle of the triangle ABC.

Theorem 16. If the triangles ABC and DEF are orthologic then the following statements are true.

(a) The symmedian point K of the triangle ABC is the midpoint of the segment K_0L_0.

(b) The triangles M_aM_bM_c and N_aN_bN_c are congruent. (c) The triangles P_aP_bP_c and Q_aQ_bQ_c are congruent.

(d) The common ratio of the homotheties of the triangles K_aK_bK_c and L_aL_bL_c with the triangle ABC is (1 + cot ω) : 1.

(e) The translations K_aK_bK_c → L_aL_bL_c and N_aN_bN_c → M_aM_bM_c are for the image of the vector 2 ·

−−−−−−−−−−−→ O[DEF, ABC] under the rotation ρ ( O,^π_2 ) . (f) The vector of the translation P_aP_bP_c → Q_aQ_bQ_c is the image of the vector −−−−−−−−−−−→ O[DEF, ABC] under the rotation ρ ( O,^π_2 ) . Proof. (a) Let ξ = u^2 − u + v^2. Let the triangles ABC and DEF be such that the centers K_0 and L_0 are well-defined. In other words, let M, N ≠ 0, where M, N = (u − 1)d + vδ − ue − vε + f ± (ξ + 1). Let Z_0 be the midpoint of the segment K_0L_0. Then |Z_0K|^2 =^{Δ2 P}_{4(ξ+1)2 M 2 N 2} , where P = Q S^2 (ξ + u)^2(ξ + 3u + 1)^2 + 4v^2(ξ + 1)^2 T^2 (ξ + u)(ξ + 3u + 1) , S = (ue + vε)(ξ^2 + ξ − 3u(u − 1)) + (ξ + u) [(ξ + 3u + 1)((u − 1)d + vδ) + ((1 − 2ξ)u − ξ − 1)f − (ξ + 1)(ξ + u − 1)],

Q = ξ^2 + (4u + 1)ξ + u(3u + 1) and T = ue + vε + (ξ + u)(f − 1). Hence, if the triangles ABC and DEF are orthologic (i. e., Δ = 0), then K = Z_0. The converse is not true because the factors S and T can be simultaneously equal to zero. For example, this happens for the points A(0, 0), B(1, 0), C

(_1 3 , 1 ) , D(2, 5), E ( 4, −^{32}_9 ) and F (3, −1). An interesting problem is to give geometric description for the conditions S = 0 and T = 0.

(b) This follows from the equality

|N_aN_b|^2 − |M_aM_b|^2 =

4(vd + (1 − u)δ − ve + uε − φ + ξ + 1) Δ v^2 . (c) This follows similarly from the equality

|P_aP_b|^2 − |Q_aQ_b|^2 =

(vd + (1 − u)δ − ve + uε − φ + ξ + v + 1) Δ v^2 . (d) The ratio^{|KaKb|}_{|AB|} is^{|Δ+u2−u+v2+v+1|}_v . Hence, when the triangles ABC and DEF are orthologic, then Δ = 0 and this ratio is

u^2 − u + v^2 + v + 1 v = 1 +

|BC|^2 + |CA|^2 + |AB|^2 4 · |ABC|

= 1 + cot ω.

(e) The tip of the vector

−−−→ K_aL_a (translated to the origin) is at the point V (ξ − 2(ue + vε − uf), 2f − 1).

The intersection of the perpendiculars through the points D and E onto the sidelines BC and CA is the point U ( (1 − u)d − vδ + ue + vε, uvδ + (u − 1)(du − ue − vε) v ) . When the triangles ABC and DEF are orthologic this point will be the second orthology center [DEF, ABC]. Since the circumcenter O has the co-ordinates (_1

2 ,^ξ_{2v} ) , the tip of the vector 2 · −−→ OU is at the point

W^∗ ( 2((1 − u)d − vδ + ue + vε) − 1,

2((u − 1)(ud − ue − vε) + uvδ) − ξ v ) . Its rotation about the circumcenter by^π_2 has the tip at W (−(W^∗)^y, (W^∗)^x). The relations U^x − W^x =^{2uΔ}_v and U^y − W^y = 2Δ now confirm that the claim (e) holds.

(f) The proof for this part is similar to the proof of the part (e). □

12. New results for the pedal triangle

Let a, b, c and S denote the lengths of sides and the area of the triangle ABC. In this section we shall assume that DEF is the pedal triangle of the point P with respect to ABC. Our goal is to present several new properties of Bottema’s original configuration. It is particularly useful for the characterizations of the Brocard axis.

PSfrag replacements

Figure 15. s2(A^′B^′C^′) = s2(A^{′′}B^{′′}C^{′′}) iff P is on the Brocard axis.

Theorem 17. There is a unique central point P with the property that the triangles S_1S_3S_5 and S_2S_4S_6 are congruent. The first trilinear co-ordinate of this point P is a((b^2 + c^2 + 2 S)a^2 − b^4 − c^4 − 2 S(b^2 + c^2)). It lies on the Brocard axis and divides the segment OK in the ratio (− cot ω) : (1 + cot ω) and is also the image of K under the homothety h(O, − cot ω).

Proof. Let P (p, q). The orthogonal projections P_a, P_b and P_c of the point P onto the sidelines BC, CA and AB have the co-ordinates ( (u − 1)^2p + v(u − 1)q + v^2 ξ − u + 1 , v((u − 1)p + vq − u + 1) ξ − u + 1 ) , (_{u(up+vq)}

ξ+u ,^{v(up+vq)}_{ξ+u} ) and (p, 0).

Since the triangles S_1S_3S_5 and S_2S_4S_6 have equal area, it is easy to prove using the Heron formula that they will be congruent if and only if two of their corresponding sides have equal length. In other words, we must find the solution of the equations

|S_3S_5|^2 − |S_4S_6|^2 = vξp ξ + u − v^2q ξ + u + ξ + u − 1 2 = 0,

|S_5S_1|^2 −|S_6S_2|^2 = v(ξ p + v q) ξ −u +1 − ξ^2 −(2(u − v) −1) ξ + u (u −1) 2(ξ −u +1)

= 0.

As this is a linear system it is clear that there is only one solution. The required point is P

(_{1−2 u+v} 2v ,^{ξ2+(v+1)ξ−v2}

2v^2 ) . Let s = −^1_{1+} v_{ξ+1} =^{− cot ω}_{1+cot ω} . The point P di-

vides the segment OK in the ratio s : 1, where O

(_1

2 ,^ξ_{2v} ) and K

(_{ξ+2u}

2(ξ+1) , v 2(ξ+1) ) . □ Theorem 18. The triangles S_1S_3S_5 and S_2S_4S_6 have the same centroid if and only if the point P is the circumcenter of the triangle ABC.

Proof. We get |G_oG_e|^2 =^{M 2+N 2}

9(ξ−u+1)(ξ+u)(1+4ξ) , with

M = 3ξ(2u − 1)p + v(1 + 4ξ)q − ξ(2ξ + 3u − 1)

and N = v(1 + ξ)(2p − 1). Hence, G_o = G_e if and only if N = 0 and M = 0. In other words, the centroids of the triangles S_1S_3S_5 and S_2S_4S_6 coincide if and only if p =^1_2 and q =^ξ_{2v} (i. e., if and only if the point P is the circumcenter O of the triangle ABC). □

Recall that the Brocard axis of the triangle ABC is the line joining its circumcenter with the symmedian point.

Let s be a real number different from 0 and −1. Let the points A_s, B_s and C_s divide the segments BD, CE and AF in the ratio s : 1 and let the points D_s, E_s and F_s divide the segments DC, EA and F B in the ratio 1 : s.

Theorem 19. For the pedal triangle DEF of a point P with respect to the triangle ABC the following statements are equivalent:

(a) The triangles A_0B_0C_0 and D_0E_0F_0 are orthologic. (b) The triangles ABC and G_{45A}G_{61B}G_{23C} are orthologic. (c) The triangles ABC and G_{45D}G_{61E}G_{23F} are orthologic. (d) The triangles G_{12A}G_{34B}G_{56C} and G_{45D}G_{61E}G_{23F} are orthologic. (e) The triangles G_{12D}G_{34E}G_{56F} and G_{45A}G_{61B}G_{23C} are orthologic. (f) The triangles A^′B^′C^′ and A^{′′}B^{′′}C^{′′} have the same area. (g) The triangles A^′B^′C^′ and A^{′′}B^{′′}C^{′′} have the same sums of squares of lengths of sides.

(h) The triangles D^′E^′F^′ and D^{′′}E^{′′}F^{′′} have the same area. (i) The triangles D^′E^′F^′ and D^{′′}E^{′′}F^{′′} have the same sums of squares of lengths of sides.

(j) The triangles S_1S_3S_5 and S_2S_4S_6 have equal sums of squares of lengths of sides.

(k) For any real number t ≠ −1, 0, 2, the triangles S^t_1S^t_3S^t_5 and S^t_2S^t_4S^t_6 have equal sums of squares of lengths of sides.

(l) For any real number s ≠ −1, 0, the triangles T^s_1 T^s_3 T^s_5 and T^s_2 T^s_4 T^s_6 have equal sums of squares of lengths of sides.

(m) The triangles A_sB_sC_s and D_sE_sF_s have the same area. (n) The point P lies on the Brocard axis of the triangle ABC.

Proof. (a) The orthology criterion Δ_0(A_0B_0C_0, D_0E_0F_0) is equal to the quotient

−v M 8(ξ+u)(ξ−u+1) , with M the following linear polynomial in p and q.

M = 2 ( ξ^2 + ξ − v^2 ) p + 2 v (2 u − 1) q − (ξ + u) (ξ + u − 1) .

In fact, M = 0 is the equation of the Brocard axis because the co-ordinates

(_1

2 ,^ξ_{2v} ) and (_{ξ+2u}

2(ξ+1) , v 2(ξ+1) ) of the circumcenter O and the symmedian point K satisfy this equation. Hence, the statements (a) and (n) are equivalent.

(f) It follows from the equality |A^{′′}B^{′′}C^{′′}| − |A^′B^′C^′| =^{v M}_{2(ξ+u)(ξ−u+1)} that the statements (f) and (n) are equivalent.

(i) It follows from the equality s_2(D^′E^′F^′) − s_2(D^{′′}E^{′′}F^{′′}) =^{v M}_{2(ξ+u)(ξ−u+1)} that the statements (i) and (n) are equivalent. □

It is well-known that cot ω =^{a2+b2+c2}_{4S} so that we shall assume that the degenerate triangles do not have well-defined Brocard angle. It follows that the statement ”The triangles S_1S_3S_5 and S_2S_4S_6 have equal Brocard angles” could be added to the list of the previous theorem provided we exclude the points for which the triangles S_1S_3S_5 and S_2S_4S_6 are degenerate. The following result explains when this happens. Let K_{−ω} denote the point described in Theorem 17.

Theorem 20. The following statements are equivalent:

(a) The points S_1, S_3 and S_5 are collinear. (b) The points S_2, S_4 and S_6 are collinear.

(c) The point P is on the circle with the center K_{−ω} and the radius equal to the circumradius R of the triangle ABC times the number √ (1 + cot ω)^2 + 1.

Proof. Let M be the following quadratic polynomial in p and q:

v^2(p^2 + q^2) + v (2 u − w) p − ( ξ^2 + w ξ − v^2 ) q − (ξ + u) (ξ − u + w) ,

where w = v + 1. The points S_1, S_3 and S_5 are collinear if and only if 0 = | | | S^x_1 S^y_1 1 S^x_3 S^y_3 1 S^x_5 S^y_5 1

| | | = v M 2(u − 1 − ξ)(u + ξ) . The equivalence of (a) and (c) follows from the fact that M = 0 is the equation of the circle described in (c). Indeed, we see directly that the co-ordinates of its center are

(_{w−2u} v ,^{ξ2+w ξ−v2}_{2v2} ) so that this center is the point K_{−ω} while the square of

its radius is^{(ξ−u+1)(ξ+u)}(^{(ξ+w)2+v2})

4v^4 =

(ξ−u+1)(ξ+u) 4v^2 ·

(ξ+w)^2+v^2 v^2 = R

2 · β^2, where β is equal to the number √ (1 + cot ω)^2 + 1 because cot ω =^{ξ+1}_v .

The equivalence of (b) and (c) is proved in the same way. □

Theorem 21. The triangles A_0B_0C_0 and D_0E_0F_0 always have different sums of squares of lengths of sides.

Proof. The difference s_2(A_0B_0C_0) − s_2(D_0E_0F_0) is equal to^{3v3 N}_{4(ξ−u+1)(u+ξ)} , where N denotes the following quadratic polynomial in variables p and q: ( p − 1 2 )_2 + ( q − ξ 2v )_2 + 3(ξ − u + 1)(ξ + u) 4v^2 . However, this polynomial has no real roots. □

PSfrag replacements

Figure 16. |A0B0C0| = |D0E0F0| iff P is on the circle θ0.

Theorem 22. The triangles A_0B_0C_0 and D_0E_0F_0 have the same areas if and only if the point P lies on the circle θ_0 with the center at the symmedian point K of the triangle ABC and the radius R √ 4 − 3 tan^2 ω, where R and ω have their usual meanings associated with triangle ABC.

Proof. The difference |D_0E_0F_0| − |A_0B_0C_0| is equal to the quotient^{v2 ζ2 M}_{16 μ (ζ−u)} , where ζ = ξ + 1, μ = ξ + u and M denotes the following quadratic polynomial in variables p and q: ( p − μ + u 2 ζ )_2 + ( q − v 2 ζ )_2 − μ (ζ − u) ( 4 ζ^2 − 3 v^2 ) 4 ζ^2 v^2 . The third term is clearly equal to −R^2(4 − 3 tan^2 ω). Hence, M = 0 is the equation of the circle whose center is the symmedian point of the triangle ABC with the co-ordinates

(_{μ+u} 2 ζ ,^v_{2 ζ} ) and the radius R √ 4 − 3 tan^2 ω. □

Let A^∗, B^∗, C^∗, D^∗, E^∗ and F^∗ denote the midpoints of the segments A^′A^{′′}, B^′B^{′′}, C^′C^{′′}, D^′D^{′′}, E^′E^{′′} and F^′F^{′′}. Notice that the points A^∗, B^∗, C^∗, D^∗, E^∗ and F^∗ are the centers of squares built on the segments S_4S_5, S_6S_1, S_2S_3, S_1S_2, S_3S_4 and S_5S_6, respectively. Also, the triangles A^∗B^∗C^∗ and D^∗E^∗F^∗ share the centroids with the triangles ABC and DEF .

Notice that the lines AA^∗, BB^∗ and CC^∗ intersect in the isogonal conjugate of the point P with respect to the triangle ABC.

Theorem 23. The triangles A^∗B^∗C^∗ and D^∗E^∗F^∗ have the same sums of squares of lengths of sides if and only if the point P lies on the circle θ_0.

Proof. The proof is almost identical to the proof of the previous theorem since the difference s_2(D^∗E^∗F^∗) − s_2(A^∗B^∗C^∗) is equal to^{v2(ξ+1)2 M}_{2(ξ−u+1)(ξ+u)} . □

Theorem 24. For any point P the triangles A^∗B^∗C^∗ and D^∗E^∗F^∗ always have different areas.

Proof. The proof is similar to the proof of Theorem 21 since the difference |D^∗E^∗F^∗| − |A^∗B^∗C^∗| is equal to^{v3 N}_{8(ξ−u+1)(ξ+u)} . □

13. New results for the antipedal triangle

Recall that the antipedal triangle P^∗_a P^∗_b P^∗_c of a point P not on the side lines of the triangle ABC has as vertices the intersections of the perpendiculars erected at A, B and C to P A, P B and P C respectively. Note that the triangle P^∗_a P^∗_b P^∗_c is orthologic with the triangle ABC so that Bottema’s Theorem also holds for antipedal triangles.

Our final result is an analogue of Theorem 19 for the antipedal triangle of a point. It gives a nice connection of a Bottema configuration with the Kiepert hyperbola (i. e., the rectangular hyperbola which passes through the vertices, the centroid and the orthocenter [3]).

In the next theorem we shall assume that DEF is the antipedal triangle of the point P with respect to ABC. Of course, the point P must not be on the side lines BC, CA and AB.

Theorem 25. The following statements are equivalent:

(a) The triangles A_0B_0C_0 and D_0E_0F_0 are orthologic. (b) The triangles ABC and G_{45A}G_{61B}G_{23C} are orthologic. (c) The triangles ABC and G_{45D}G_{61E}G_{23F} are orthologic. (d) The triangles G_{12A}G_{34B}G_{56C} and G_{45D}G_{61E}G_{23F} are orthologic. (e) The triangles G_{12D}G_{34E}G_{56F} and G_{45A}G_{61B}G_{23C} are orthologic. (f) The triangles A^′B^′C^′ and A^{′′}B^{′′}C^{′′} have the same area. (g) The triangles A^′B^′C^′ and A^{′′}B^{′′}C^{′′} have the same sums of squares of lengths of sides.

(h) The triangles D^′E^′F^′ and D^{′′}E^{′′}F^{′′} have the same area. (i) The triangles D^′E^′F^′ and D^{′′}E^{′′}F^{′′} have the same sums of squares of lengths of sides.

PSfrag replacements

Figure 17. s2(S1S3S5) = s2(S2S4S6) when P is on the Kiepert hyperbola.

PSfrag replacements

Figure 18. s2(S1S3S5) = s2(S2S4S6) also when P is on the circumcircle.

(j) The triangles S_1S_3S_5 and S_2S_4S_6 have equal sums of squares of lengths of sides.

(k) For any real number t ≠ −1, 0, 2, the triangles S^t_1S^t_3S^t_5 and S^t_2S^t_4S^t_6 have equal sums of squares of lengths of sides.

(l) For any real number s ≠ −1, 0, the triangles T^s_1 T^s_3 T^s_5 and T^s_2 T^s_4 T^s_6 have equal sums of squares of lengths of sides.

(m) The triangles A_sB_sC_s and D_sE_sF_s have the same area. (n) The point P lies either on the Kiepert hyperbola of the triangle ABC or on its circumcircle.

Proof. (g) s_2(A^{′′}B^{′′}C^{′′}) − s_2(A^′B^′C^′) =^{2v M N}

q(vp−uq)(v(p−1)−(u−1)q) , with M = ( p − 1 2 )_2 + ( q − ξ 2v )_2 − ξ^2 + v^2 4v^2 , N = v (2u − 1) ( p^2 − q^2 − p ) − 2 ( u^2 − u − v^2 + 1 ) pq + ( u^2 + u − v^2 ) q. In fact, M = 0 is the equation of the circumcircle of the triangle ABC while N = 0 is the equation of its Kiepert hyperbola because the co-ordinates of the vertices A, B and C and the co-ordinates ( u,^{u(1−u)}_v ) and (_{u+1} 3 ,^v_3 ) of the orthocenter H and the centroid G satisfy this equation. Hence, the statements (g) and (n) are equivalent.

(j) It follows from the equality

s_2(S_2S_4S_6) − s_2(S_1S_3S_5) = v M N q(vp − uq)(v(p − 1) − (u − 1)q)

that the statements (j) and (n) are equivalent.

(m) It follows from the equality

|D_sE_sF_s| − |A_sB_sC_s| = s v M N 2(s + 1)^2 q(vp − uq)(v(p − 1) − (u − 1)q)

that the statements (m) and (n) are equivalent. □

Of course, as in the case of the pedal triangles, we can add the statement ”The triangles S_1S_3S_5 and S_2S_4S_6 have equal Brocard angles.” to the list in Theorem 25 but the points on the circle described in Theorem 20 must be excluded from consideration.

Notice that when the point P is on the circumcircle of ABC then much more could be said about the properties of the six squares built on segments BD, DC, CE, EA, AF and F B. A considerable simplification arises from the fact that the antipedal triangle DEF reduces to the antipodal point Q of the point P . For example, the triangles S_1S_3S_5 and S_2S_4S_6 are the images under the rotations ρ(U,^π_4 ) and ρ(V, −^π_4 ) of the triangle A_⋄B_⋄C_⋄ = h(O, √ 2 2 )(ABC) (the image of ABC under the homothety with the circumcenter O as the center and the factor √ 2 2 ). The points U and V are constructed as follows.

Let the circumcircle σ_⋄ of the triangle A_⋄B_⋄C_⋄ intersect the segment OQ in the point R, let ℓ be the perpendicular bisector of the segment QR and let T be the midpoint of the segment OQ. Then the point U is the intersection of the line ℓ with ρ(T,^π_4 )(P Q) while the point V is the intersection of the line ℓ with ρ(T, −^π_4 )(P Q).

References

[1] O. Bottema, De Elementaire Meetkunde van het Platte Vlak, P. Noordhoff, Groningen- Batavia, 1938.

[2] Z. Čerin, Hyperbolas, orthology, and antipedal triangles, Glasnik Mat., 33 (1998) 143 – 160. [3] R. H. Eddy and R. Fritsch, The conics of Ludwig Kiepert: a comprehensive lesson in the geometry of the triangle, Math. Mag., 67 (1994) 188 – 205.

[4] J.-P. Ehrmann and F. M. van Lamoen, Some Similarities Associated with Pedals, Forum Geom., 2 (2002) 163 – 166.

[5] R. Deaux, Compléments de Géométrie Plane, A. de Boeck, Brussels, 1945. [6] C. Kimberling, Central points and central lines in the plane of a triangle, Math. Mag., 67 (1994) 163 – 187.

[7] C. Kimberling, Encyclopedia of Triangle Centers, available at

http://faculty.evansville.edu/ck6/encyclopedia/ETC.html.

[8] É. Sashalmi and M. Hoffmann, Generalizations of Bottema’s theorem on pedal points, Acta Acad. Paed. Agriensis, Sectio Mathematicae, 31 (2004) 25 – 31.

Zvonko Čerin:Kopernikova 7, 10010 Zagreb, CROATIA E-mail address: cerin@math.hr