Forum Geometricorum

Volume 13 (2013) 17–21.

FORUM GEOM

ISSN 1534-1178

Five Proofs of an Area Characterization of Rectangles

Martin Josefsson

Abstract. We prove in five different ways a necessary and sufficient condition for a convex quadrilateral to be a rectangle regarding its area expressed in terms of its sides.

There are a handful of well known characterizations of rectangles, most of which concerns one or all four of the angles of the quadrilateral (see [8, p.34]). One example is that a parallelogram is a rectangle if and only if it has (at least) one right angle. Here we shall prove that a convex quadrilateral with consecutive sides a, b, c, d is a rectangle if and only if its area K satisfies

K =^1_2 √ (a^2 + c^2)(b^2 + d^2). (1)

We give five different proofs of this area characterization.

ABCDabcdABCDabcd

Figure 1. Dividing a quadrilateral into two triangles

First proof. For the area of a convex quadrilateral, we have (see the left half of Figure 1) K =^1_2 ab sin B +^1_2 cd sin D ≤^1_2 (ab + cd), where there is equality if and only if B = D =^π_2 . Using the following algebraic identity due to Diophantus of Alexandria

(ab + cd)^2 + (ad − bc)^2 = (a^2 + c^2)(b^2 + d^2)

directly yields the two dimensional Cauchy-Schwarz inequality

ab + cd ≤ √ (a^2 + c^2)(b^2 + d^2)

Publication Date: February 7, 2013. Communicating Editor: Paul Yiu.

with equality if and only if ad = bc. Hence the area of a convex quadrilateral satisfies K ≤^1_2 √ (a^2 + c^2)(b^2 + d^2) (2) with equality if and only if B = D =^π_2 and ad = bc. The third equality is equivalent to^a_c =^b_d , which together with B = D yields that triangles ABC and CDA are similar. But these triangles have the side AC in common, so they are in fact congruent right triangles (since B = D =^π_2 ). Then the angles at A and C in the quadrilateral must also be right angles, so ABCD is a rectangle. Conversely it is trivial, that in a rectangle B = D =^π_2 and ad = bc. Hence there is equality in (2) if and only if the quadrilateral is a rectangle.

CABDabcd

Figure 2. Congruent right triangles ABC and CDA

Second proof. A diagonal can divide a convex quadrilateral into two triangles in two different ways (see Figure 1). Adding these four triangle areas yields that the area K of the quadrilateral satisfies 2K =^1_2 ab sin B +^1_2 bc sin C +^1_2 cd sin D +^1_2 da sin A

≤^1_2 ab +^1_2 bc +^1_2 cd +^1_2 da =^1_2 (a + c)(b + d) where there is equality if and only if A = B = C = D =^π_2 . Thus

K ≤^1_4 (a + c)(b + d), (3) which is a known inequality for the area of a quadrilateral (see [2, p.129]), with equality if and only if it is a rectangle.^1 According to the AM-GM inequality, (a + c)^2 = a^2 + c^2 + 2ac ≤ 2(a^2 + c^2)

1An interesting historical remark is that the formula K = a+c_2 · b+d_2 (this is another area characterization of rectangles) was used by the ancient Egyptians to calculate the area of a quadrilateral, but it’s only a good approximation if the angles of the quadrilateral are close to being right angles. In all quadrilaterals but rectangles the formula gives an overestimate of the area, which the tax collectors probably didn’t mind.

with equality if and only if a = c. Similarly, (b + d)^2 ≤ 2(b^2 + d^2). Using these two inequalities in (3), which we first rewrite, we get

K ≤^1_4 √ (a + c)^2(b + d)^2

≤^1_4 √ 2(a^2 + c^2) · 2(b^2 + d^2) =^1_2 √ (a^2 + c^2)(b^2 + d^2).

There is equality if and only if a = c, b = d, and A = B = C = D =^π_2 , that is, only when the quadrilateral is a rectangle.

abcdmnϕ

Figure 3. The Varignon parallelogram and the bimedians

Third proof. The area of a convex quadrilateral is twice the area of its Varignon parallelogram [3, p.53]. The diagonals in that parallelogram are the bimedians m and n in the quadrilateral, that is, the line segments connecting the midpoints of opposite sides (see Figure 3). Using that the area K of a convex quadrilateral is given by one half the product of its diagonals and sine for the angle between the diagonals (this was proved in [5]), we have that

K = mn sin ϕ (4)

where ϕ is the angle between the bimedians. In [7, p.19] we proved that the diagonals of a convex quadrilateral are congruent if and only if the bimedians are perpendicular. Hence the area of a convex quadrilateral is

K = mn (5)

if and only if the diagonals are congruent (it is an equidiagonal quadrilateral). The length of the bimedians in a convex quadrilateral can be expressed in terms of two opposite sides and the distance v between the midpoints of the diagonals as

m =^1_2 √ 2(b^2 + d^2) − 4v^2,

n =^1_2 √ 2(a^2 + c^2) − 4v^2 (6) (see [6, p.162]). Using these expressions in (5), we have that the area of a convex quadrilateral is given by

K =^1_4 √ (2(a^2 + c^2) − 4v^2)(2(b^2 + d^2) − 4v^2) if and only if the diagonals are congruent. Now solving the equation 1 2 √ (a^2 + c^2)(b^2 + d^2) =^1_4 √ (2(a^2 + c^2) − 4v^2)(2(b^2 + d^2) − 4v^2)

yields 8v^2 = 0 or a^2 + b^2 + c^2 + d^2 = 2v^2. The second equality is not satisfied in any quadrilateral, since according to Euler’s extension of the parallelogram law, in all convex quadrilaterals

a^2 + b^2 + c^2 + d^2 = p^2 + q^2 + 4v^2 > 2v^2

where p and q are the lengths of the diagonals [1, p.126]. Thus we conclude that v = 0 is the only valid solution. Hence a convex quadrilateral has the area given by (1) if and only if the diagonals are congruent and bisect each other. A parallelogram, the quadrilateral characterized by bisecting diagonals (v = 0), has congruent diagonals if and only if it is a rectangle.

Fourth proof. Combining equations (4) and (6) yields that the area of a convex quadrilateral with consecutive sides a, b, c, d is given by

K =^1_4 √ (2(a^2 + c^2) − 4v^2)(2(b^2 + d^2) − 4v^2) sin ϕ

where v is the the distance between the midpoints of the diagonals and ϕ is the angle between the bimedians. Since parallelograms are characterized by v = 0, we have that the area is

K =^1_2 √ (a^2 + c^2)(b^2 + d^2) sin ϕ

if and only if the quadrilateral is a parallelogram. In a parallelogram, ϕ is equal to one of the vertex angles since each bimedian is parallel to two opposite sides (see Figure 4). A parallelogram is a rectangle if and only if one of the vertex angles is a right angle. The equation sin ϕ = 1 only has one possible solution ϕ =^π_2 ; hence we have that the area of a convex quadrilateral is given by (1) if and only if it is a rectangle.

abcdϕ

Figure 4. The angle between the bimedians in a parallelogram

Fifth proof. A convex quadrilateral with consecutive sides a, b, c, d and diagonals p, q has the area [4, p.27]

K =^1_4 √ 4p^2q^2 − (a^2 − b^2 + c^2 − d^2)^2.

Now solving the equation 1 2 √ (a^2 + c^2)(b^2 + d^2) =^1_4 √ 4p^2q^2 − (a^2 − b^2 + c^2 − d^2)^2 we get (2pq)^2 − (a^2 + b^2 + c^2 + d^2)^2 = 0 with only one positive solution a^2 + b^2 + c^2 + d^2 = 2pq. Using again Euler’s extension of the parallelogram law a^2 + b^2 + c^2 + d^2 = p^2 + q^2 + 4v^2, where v is the distance between the midpoints of the diagonals p and q, yields p^2 + q^2 + 4v^2 = 2pq ⇔ (2v)^2 = −(p − q)^2.

Here the left hand side is never negative, whereas the right hand side is never positive. Thus for equality to hold, both sides must be zero. Hence v = 0 and p = q. This is equivalent to that the quadrilateral is a parallelogram with congruent diagonals, i.e., a rectangle.

References

[1] N. Altshiller-Court, College Geometry, Barnes & Nobel, 1952. New edition by Dover Publications, 2007.

[2] O. Bottema, R. Z. Djordjević, R. R. Janić, D. S. Mitrinović, and P. M. Vasić, Geometric Inequalities, Wolters-Noordhoff publishing, Groningen, 1969.

[3] H. S. M. Coxeter and S. L. Greitzer, Geometry revisited, Math. Assoc. Amer., 1967. [4] C. V. Durell and A. Robson, Advanced Trigonometry, Dover reprint, 2003. [5] J. Harries, Area of a Quadrilateral, The Mathematical Gazette 86 (2002) 310–311. [6] M. Josefsson, The area of a bicentric quadrilateral, Forum Geom. 11 (2011) 155–164. [7] M. Josefsson, Characterizations of orthodiagonal quadrilaterals, Forum Geom. 12 (2012) 13–25. [8] Z. Usiskin and J. Griffin, The Classification of Quadrilaterals. A Study of Definition, Information Age Publishing, Charlotte, 2008.

Martin Josefsson: Västergatan 25d, 285 37 Markaryd, Sweden E-mail address: martin.markaryd@hotmail.com