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Perpendicular Bisectorsof Triangle Sides

Douglas W. Mitchell

Abstract. Formulas, in terms of the sidelengths and area, are given for the
lengths of the segments of the perpendicular bisectors of the sides ofa tria
gle in its interior. The ratios of perpendicular bisector segments to eachasthe
given, and the ratios of the segments into which the perpendicular bisector
divided by the circumcenter are considered. Then we ask whetheohtbece
perpendicular bisector lengths uniquely determines a triangle. The aissme

in general: depending on the set of bisectors, anywhere from zeoaitddut no
more than four) triangles can share the same perpendicular bisegtoeses.

1. Introduction

It is well-known that the perpendicular bisectors of the sides of a triangét me
at a single point, which is the center of the circumcircle. Bui [1] givesltesar
similar triangles associated with the perpendicular bisectors. In this pap@swe
find formulas for the lengths of the segments of the perpendicular biséactiirs
interior of a given triangle. Then we study the question of existence of triangles
with prescribed lengths of perpendicular bisector segments.

Lemma 1. The perpendicular bisector segment through the midpoint of one side
terminates at a point on the longer of the remaining two sides (or at their intersec-
tion if these sides are equal)
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Proof. Let the perpendicular bisector pass through the midpBiof the sideAB
of triangleABC'. Consider the case when both angleandB are acute. In Figure
1, AF = FBandFE > FD. We show thatBC > AC. Now,

tan A EF > DF DF tan B
an = — — = —— = tan .
AF — AF BF
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Sincetan A > tan B and anglesd and B are both acute/A > ZB. It follows
thatBC > AC.

The other cases (when one of angleandB is obtuse or a right angle) are clear
(see Figure 2 in the case of an obtuse amtjle O

Lemma 1 will be used in constructing the perpendicular bisectors in Figures 3-
5. Henceforth we will adopt the notational convention that the sidés andc
opposite to angled, B, andC are such that > b > ¢ (and henced > B > C).
We denote by, , py, p. the lengths of the perpendicular bisector segments on the
sidesBC, C A, AB respectively. AlsoA denotes the area of the triangle.

Theorem 2. Leta > b > c.

2aA 2bA 2cA
= —-——— b = —-————— == -
Po= 22— =i Pe= 2 22
C C C
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Proof. (i) Figure 3 illustrates the case whered is acute; the proof is identical
when Z A is right or obtuse. We havean C' = £ since by Lemma 1 bisector

p, Meets sideé becausé > c. We know from [22] (which applies sincgC' is

oblique since/A > ZC) thatA = 22 (42 + b2 — ¢?). Combining these gives

2aA
Pa = a2+22_c2-

(i) Figure 4 illustrates the case whered is acute; the proof is again identical
whenZA is right or obtuse. We havewn C' = 5> (since by Lemma 1 bisectgy,

2
intersets side because > c). AgainA = 2242 4 b? — ¢2). Combining these
givespy, = a2_EZzA_C2-

(iii) Figure 5 illustrates the case whereA is acute; the proof is again identical
when Z A is right or obtuse. We havean B = E¢ since by Lemma 1 bisector

pc intersects side because:r > b. By [2] (whic?] applies since/B is oblique
sinceZA > /B) we haveA = 285 (42 — p2 4 ¢?). Combining these gives

2cA
Pe = a2_gz+cz- (]

Since Heron’s well-known formula giveA in terms ofa, b, andc, Theorem 2
gives each of the perpendicular bisectors in terms of the three sidesoivy we
can apply the law of cosines for each angle to obtain these symmetric aradder
in terms of one side, another perpendicular bisector and a third angle.
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Corollary 3. A = pgbcosC = ppa cos C' = p.acos B.

Theorem 4. Leta > b > c.

() pa = py;

(ii) pe > po;

(i) pg > pey Pa = pe @and p, < p. areall possible.

Proof. (i) By Theorem 2,%“ =7 = Siﬁg SinceAd > BandA + B < I,
sin A > sin B. It follows thatp, > py.
(ii) From Figures 4 and 5,

m %tanC_bsinC cos B cosB<

Pe 5tan B " cosC csinB  cosC

sinceB > (C are acute angles.
(iif) We show that all scenarios are possible by examplesalet6 andc = 4,
sothatd < b < 6.

L b [ A [pa]epe] |
4 [3V7] 2 |2 [pa>pe

29 48 5A 5A _
25| 5 |18 | T8 | Pa=Dc

15V7 | 4A | 8A
) % 15 | 27 | Pa <Dc

O

Since we also know [3] that the distances from the circumcenter - which is the
intersection of the perpendicular bisectors - to the sidésand AB are in the
ratios <5, we have in Figure 6 thafZ = <=5 — ED (hy Theorem 4(ii)) so

OF 005%" cos C
C
D
E
o X\ D
A F B
Figure 6

Coroallary 5. In an acute triangle the circumcenter divides the perpendicular bi-
sectors p,, and p.. in equal proportions.

A similar result applies when the triangle is obtuse (in which case the circum-
center lies outside the triangle):
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Corollary 6. Inan obtuse triangle, the perpendicular bisectors p, and p. extended
to the circumcenter are divided by their respective intersecting triangle sides in
equal proportions.

2. Do theperpendicular bisectorsuniquely determineatriangle?

Theorem 7. Given positive p,, py, p. satisfying p, > p, and p. > py, there are no
more than two non-congruent triangleswith a > b > ¢ and perpendicular bisector
segments of lengths p,, Py, Pe.

Proof. By Theorem 2,1;’)—‘; = ¢, and

b
moaBEE()1(p)

Puttinga := %‘; >1,y:= % > 1, andz := §, we rearrange this as

2 .
pe Ee(a?+02— ) %((%) +1-(§
- 2

f(x) =2° +92* — (@ + Dz +y(a* - 1) = 0. (1)

Sincez is a ratio of sides, and — b < ¢ < b, we must have: € (o — 1, 1].

If a—1 = 0 (the isosceles case §f= f)—‘; = 1), (1) becomes (2% +yz—2) = 0,
and has exactly one solution in the interval— 1, 1].

If « —1 > 0, (1) exhibits two switches in the signs of parameters, so by
Descartes’ rule the cubic has eitheor 0 positive roots. Thus the number of
non-similar triangles cannot be more thanSince similar but non-congruent tri-
angles cannot share the same absolute sizes of perpendicular bjgbetarsmber

of non-congruent triangles sharing the same p,, p.) can be no more tha [
Remark. Sincec > a — b, we must have: > o — 1. If v = 1, (1) becomes
(x+a+1)(z—1)(z—(a—1))=0.

It follows thatx = 1 is the only admissible root. This results in an isosceles
triangle.

Having already given an exact number of triangles above for the oaggs= p;,
andp. = pp, we next find specific parameter conditions that are necessary and
sufficient for the number of triangles with specifiég,, py, p.), i.€., the number
of admissible solutions of (1) - to b& 1, or 2 whena and~ both exceed, i.e,

Pa > pp andpe > py.
It is easy to see that the cubf¢x) in (1) has a local minimum at

— 2 1 3(a2 1
_ 7+\/v;r (o + )>07

Lo

—~— 2 2
and a local maximum at; = —— V7 ;3(0‘ ) .
It is routine to verify that the local minimum, € (« — 1,1) if and only if
a?-2 —a?+3a-1
YeE\lTz a—1 :
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Theorem 8. Givenp, > p, and p. > pp, let a = %‘; and vy = g—;. The number of
triangles with perpendicular bisector segments of lengths p,,, pp, pe 1S

2ifand only if y € (a —2 —a2+3a—1) and f(zo) < 0,

a—1
lifandonlyif v € <a ~2 _aif’fy_l) and f(zo) =0,
0 otherwise.

Proof. Note thatf(a — 1) = 2a(a — 1)(y — 1) > 0andf(1) = a?(y — 1) > 0.
If the local minimumzy € (o — 1, 1), then the number of roots g¢f(z) in the
interval2, 1, or 0 according ag (xp) < 0, = 0, or > 0.
If zo ¢ (o« — 1, 1), thenf(x) is monotonic and has no root in the interval(]

While no more than two distinct triangles can share the same,, p., one must
also consider the possibility that up to two more triangles could share the same
three perpendicular bisectors segmefts, p2, p3} with different assignments of
the bisectors to the long, medium, and short sides of the triangle. This isdeecau
by Theorem 4, the medium-length sidéhas the shortest perpendicular bisector
but either the longest side or the shortest side can have the longest bisector.
Therefore, given segments of lengths > p» > ps3, we seek trianglesga, b, c)

with a > b > c and(pa, pp, pc) = (p1,P3, p2) OF (p2, p3,p1). Thus:

Corollary 9. There are a maximum of four triangles with the three segments of
given lengths as perpendicular bisector segments.

We conclude this paper by giving explicit examples showing that the nunfiber o
triangles in Corollary 9 can be any 0f1, 2, 3, 4.

(i) n = 4: Consider(py, p2, p3) = (20, 18, 15).

If (Pa,pv, pe) = (20,15,18),a = 3,7 = £, and

6 25 14 7 V97 -5 VI7T+5
— 3 T2 — _ _ 4 -
filx)=x +5a: 9 x+15 (J: 15) (x 5 ) <x+ 5 ) :

This gives two triangles similar 0, 15, 7) and(8, 6, \ﬁ 5)
On the other hand, ifpa, ps, pc) = (18,15,20), « = 2

_ 4

=3

4 61 44 4 V421 — 16 \/42 16
16)

This gives two triangles similar t(, 5,4) and (18, 15, /421 —
(”) Forn = 3, let (plaanPB) ( 2\/7 f)

If (pa, Do, pe) = (3, V5, 2[)04— Sy = 2\\[,and
L 22 1 88 (e (Ve
fs(x)—x—i-\/gx 5$+5\/5—<x+\/5><x \/f))

This gives a triangle similar t3, /5, v/2).
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If (plhpbvpc) = (2\/57 \/5) 3), then

—y S 1B 9 x—i x—\/ﬁ_2 T @
fale) =2 5‘”5¢5‘< ﬁ)( NG )(* NG )

The two roots in the intervd, 1) give the triangles similar t2v/2, /5, 1) and
(2\/57 \/57 \/ﬁ_ 2)
(iii) For n = 2, let (p1,p2,ps) = (39, 30, 25). If (pa,py, pe) = (30, 25,39),

thena = ¢,y =22, and

f(:v)—f)’—&—@lz gx%—@— :v—i—E x = x 3
A 25 25" 625 5 25 5)°

The two positive roots are ifoe — 1,1) = (%, 1). These give two triangles similar
to (30,25,11) and(6, 5, 3).
On the other hand, ifp,, ps, pc) = (39,25, 30), the cubic
fo(z) = 23 + gazQ - %?m#— %
has only one real root which is negative (see Figure 7). There is myleiavith
(paapbypc) = (39a 25, 30)'

i T
Figure 7

(iv) Forn = 1, considel(py, p2, p3) = (8, 5, V19). If (pa, pp, pe) = (5, V19, 8),

then(a, v) = (\/%, %) and

f(fv)_x3+—8 a:2—gx+748 —<x+12)<x—2 >2
! V9. 197 T 19v19 V19 Vi)
This give a single triangle similar &, /19, 2).
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On the other hand, wittpq, py, p.) = (8, V19, 5), we havea, v) = (\/%, \/%)

and 5 83 225
3 2
fe(x) =2 + \/Ex 19x+ VT
has only one real root which is negative (see Figure 7). There isaiotgangle.
(v) Finally, forn = 0, we take(pi, p2,p3) = (5, 4, 1). The two cubic polyno-
mials arefy(z) = 23 + 522 — 172 + 75 and f1o(x) = 2 + 422 — 262 + 96. Each
of these has exactly one real root which is negative (see Figure 8)efine, there

is no triangle with perpendicular bisector segmehtsl, 1).
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