Forum Geometricorum

Volume 13 (2013) 149–152.

FORUM GEOM

ISSN 1534-1178

Jigsawing a Quadrangle from a Triangle

Floor van Lamoen

Abstract. For an acute-angled triangle ABC, we construct two isotomic points P and Q on BC and P^′ and Q^′ on AB and AC respectively, such that BP P^′ and CQQ^′ are right triangles which, when rotated about P^′ and Q^′ respectively through appropriate angles fit with AP^′Q^′ to a quadrangle with a new fourth vertex A^′. We show that AA^′ passes trough the circumcenter O.

Given an acute-angled triangle ABC consider the construction of a pair of isotomic points P and Q on the side BC (with BP = QC <^1_2 · BC) such that the perpendiculars to BC at P and Q intersect AB and AC at P^′ and Q^′ satisfying P^′Q^′ = P P^′ + QQ^′.

tPP^′Q^′QABCD

Figure 1

If we put BP = QC = t, then P P^′ = t · tan B, QQ^′ = t · tan C, and P^′Q^′ = t(tan B + tan C) =^{t sin A}_{cos B cos C} . Applying the law of cosines to triangle AP^′Q^′, we have ( c − t cos B

)_2 + ( b − t cos C

)_2 −2 ( c − t cos B ) ( b − t cos C ) cos A = t^2·

1 − cos^2 A cos^2 B cos^2 C . Clearing denominators and rearranging terms, we have

(1 − cos^2 A − cos^2 B − cos^2 C + 2 cos A cos B cos C)t^2 + 2 cos B cos C(b cos B + c cos C − a cos A)t − a^2 cos^2 B cos^2 C = 0. (1)

Publication Date: September 10, 2013. Communicating Editor: Paul Yiu.

Making use of the following identities b cos B + c cos C − a cos A = 2a cos B cos C, 1 − cos^2 A − cos^2 B − cos^2 C = 2 cos A cos B cos C, we rewrite (1) as 4t^2 cos A + 4at cos B cos C − a^2 cos B cos C = 0 (2) after cancelling a common factor cos B cos C. Writing x =^a_2 − t, or 2t = a − 2x, we have

(a − 2x)^2 cos A + 2a(a − 2x) cos B cos C − a^2 cos B cos C = 0 4x^2 cos A − 4ax(cos A + cos B cos C) + a^2(cos A + cos B cos C) = 0 4x^2 cos A − 4ax sin B sin C + a^2 sin B sin C = 0. (3) From this, x = a sin B sin C − a √ sin B sin C(sin B sin C − cos A) 2 cos A = a sin B sin C − a √ sin B cos B · sin C cos C 2 cos A (4) Applying the law of sines to triangle ABC, with b = 2R sin B and c = 2R sin C for the circumradius R, we have 2x a = 2R sin B sin C − 2R √ sin B sin C · cos B cos C 2R cos A = b sin C − √ b cos B · c cos C 2R cos A = AX − √ BX · XC 2R cos A = AX − X_1X AH = AX_1 AH , where H is the orthocenter of triangle ABC, and the altitude AX intersects the semicircle with diameter BC at X_1 (see Figure 2). This leads to the following construction of the trapezoid P QQ^′P^′.

Let O and G be the circumcenter and centroid of triangle ABC, and D the midpoint of BC.

(1) Construct the semicircle with diameter BC (on the same side of A) to intersect the A-altitude at X_1.

(2) Construct the line X_1G to intersect OD at X_2.

(3) Construct the parallels to OB and OC through X_2 to meet AC in P and Q respectively.

(4) Construct the perpendiculars to BC at P and Q to intersect AB and AC at P^′ and Q^′ respectively.

These points satisfy P P^′ + QQ^′ = P^′Q^′.

Proof. In Figure 2, X_2D OD = P D BD = 2x a = AX_1 AH .

Jigsawing a quadrangle from a triangle 151

tOXX1HGPP^′Q^′QABCDX2

Figure 2.

Since AH = 2 · OD, we have AX_1 = 2 · X_2D, and HX_1 = AH − AX_1 = 2 · OD − 2 · X_2D = 2 · OX_2. From this it is clear that X_1X_2 passes through the centroid G which divides HO in the ratio HG : GO = 2 : 1. □

We rotate triangle BP P^′ about P^′ and triangle CQQ^′ about C so that the images of P and Q coincide at a point on P^′Q^′. Then the images of B and C coincide at a point A^′.

PP^′Q^′QOA^′ABC

Figure 3.

Consider the quadrilateral AP^′A^′Q^′. Note that ∠Q^′A^′P^′ = ∠B + ∠C, so that the quadrilateral is cyclic. Hence,

∠Q^′AA^′ = ∠Q^′P^′A^′ = ∠P P^′B = π 2 − B.

This means that AA^′ passes through the circumcenter O of triangle ABC.

By symmetry, if we perform similar constructions on the sides CA and AB, and obtain points B^′, C^′ corresponding to A^′, the lines BB^′ and CC^′ also pass through the circumcenter O, as does AA^′.

References

[1] F. M. van Lamoen, ADGEOM messages 110, 113, 121 May 23, 2013;

http://tech.groups.yahoo.com/group/AdvancedPlaneGeometry/message/110.

[2] P. Yiu, ADGEOM messages 111, 112, May 23, 2013;

http://tech.groups.yahoo.com/group/AdvancedPlaneGeometry/message/111.

Floor van Lamoen: Ostrea Lyceum, Bergweg 4, 4461 NB Goes, The Netherlands E-mail address: fvanlamoen@planet.nl