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Triangle Constructions Based on Angular Coordinates

Thomas D. Maienschein and Michael Q. Rieck

Abstract. Two very different, yet related, triangle constructions are examined,
based on a given reference triangle and on a triple of signed angles. These pro-
duce triangles that are in perspective with the reference triangle and with each
other, using the same center of perspective. The first construction is rather well-
known, and produces a Kiepert-Morley-Hofstadter-Kimberling triangle. A new
circumconic is associated with this construction. The second construction gen-
eralizes work of D. M. Bailey and J. Van Yzeren. A number of known central
triangles are obtainable using one or both of these constructions.

1. Introduction

This article is concerned with two very different triangle constructions based
on a given reference triangle. Each of these is also based an a triple of signed
angles(ψ1, ψ2, ψ3). These two constructions produce triangles that are in per-
spective with the reference triangle and with each other, using the same point of
perspective. If it happens thatψ1 + ψ2 + ψ3 ≡ 0 (modπ), then the point of per-
spective will just be the point whose angular coordinates are(ψ1, ψ2, ψ3). The first
construction is rather well-known, and produces the Kiepert-Morley-Hofstadter-
Kimberling (KMHK) triangle, withψ1, ψ2 andψ3 serving as the swing angles.
The second construction generalizes work of D. M. Bailey [1] and J. Van Yzeren
[7]. It focuses attention on a certain triple of circles, where each circle passes
through two of the reference triangle vertices.

Section 2 carefully introduces the notions of “directed angles” and “angular co-
ordinates,” in the sense in which we will be using these phrases. Section 3 details
the construction of a Kiepert-Morley-Hofstadter-Kimberling triangle. Mostof this
material is admittedly already presented adequately in Chapter 6 of [4]. However,
there is a result at the end of Section 3 here that appears to be new. Section 4 details
our extension of [1] and [7], and this results in the construction of another triangle,
as mentioned earlier.

In Section 5, straightforward methods are presented for testing the trilinearcoor-
dinates of a given triangle to determine whether or not it can be obtained by means
of one of the two constructions. In Section 6, the results of thus testing the exam-
ples of central triangles in [4] are presented. Many of these central triangles passed
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one or both of these tests. Some of these central triangle were known already to be
thus obtainable, but some of the results appear to be new.

2. Directed angles and angular coordinates

We will require the following definition. LetA,B, andP be points in the plane.
Define thedirected angle∡APB to be the angle through which the line

←→
AP can

be rotated aboutP to coincide with the line
←→
BP . The angle is signed, with positive

values indicating counterclockwise rotation, and is only well-defined moduloπ.
Any equation involving directed angles should be considered moduloπ. We will
fix a triangle∆ABC with circumcenterO and circumradiusR and withA,B, and
C not collinear. The interior angles atA, B, andC will be denoted byθ1, θ2, and
θ3, respectively.

Having fixed the triangle∆ABC, define theangular coordinatesof a pointP
to be the triple(φ1, φ2, φ3) of directed angles where

φ1 = ∡BPC, φ2 = ∡CPA, φ3 = ∡APB. (1)

Remark.This agrees with Yzeren’s definition in [7]. Some sources (e.g. [2, Chap-
ter II], [6]) define angular coordinates only for points inside∆ABC in terms of
absolute angles. Clearlyφ1 + φ2 + φ3 = 0 (modπ).

Observe that the inscribed angle theorem can be written in terms of directed
angles as follows:

Lemma 1. LetA, B, P , andQ be points in the plane. ThenA, B, P , andQ are
concyclic if and only if∡APB = ∡AQB if and only if∡PAQ = ∡PBQ.

Proof. This follows from the traditional inscribed angle theorem along with the
following consideration: IfP andQ are on opposite sides of a chordAB of a circle,
then∠APB = π−∠AQB. But the directed angles∡APB and∡AQB must have
opposite orientation in this case, so∡APB = π + ∡AQB = ∡AQB. �

The following lemma is a direct consequence of Lemma 1.6 and Corollary 2.8
of [5], so we omit the proof. It also follows from a result in [2, Chapter II], but
only for the case thatP is inside∆ABC. The condition thatP is not on the
circumcircle or sidelines is equivalent to the condition thatφi 6= 0, θi for eachi.

Lemma 2. SupposeP is not on the circumcircle or sidelines of∆ABC, and that
P has angular coordinates(φ1, φ2, φ3). ThenP has homogeneous trilinear coor-
dinates

[

sin(φ1)

sin(θ1 − φ1)
:

sin(φ2)

sin(θ2 − φ2)
:

sin(φ3)

sin(θ3 − φ3)

]

.

3. The first triangle construction

Let us begin by reexamining the construction presented in [4]. This is a gener-
alization of the construction in [3] that is used to define Hofstadter points. Using
a reference triangle∆ABC, with directed interior anglesθ1, θ2, θ3, and given a
triple of directed angles(ψ1, ψ2, ψ3), another triangle∆A′B′C ′ is produced that
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is in perspective to∆ABC. We refer to this resulting triangle as the Kiepert-
Morley-Hofstadter-Kimberling triangle. This triangle and the following theorem
are illustrated in Figure 1. (The figure also contains some red circles and their
intersections that should be ignored for the moment.)

Figure 1. The two constructions

Theorem 3. Let (ψ1, ψ2, ψ3) be any triple of directed angles such thatψi 6= 0, θi.
LetA′,B′, andC ′ be the points satisfying

∡BAC ′ = ∡B′AC = ψ1,

∡CBA′ = ∡C ′BA = ψ2,

∡ACB′ = ∡A′CB = ψ3.

Then

(i)
←→
AA′,

←−→
BB′, and

←−→
CC ′ are concurrent, meeting in a pointP ;

(ii) the homogeneous trilinear coordinates of the pointA′ are
[

sinψ2 sinψ3

sin(θ2 − ψ2) sin(θ3 − ψ3)
:

sinψ2

sin(θ2 − ψ2)
:

sinψ3

sin(θ3 − ψ3)

]

(2)

and similarly forB′ andC ′; and
(iii) P has homogeneous trilinear coordinates

[

sinψ1

sin(θ1 − ψ1)
:

sinψ2

sin(θ2 − ψ2)
:

sinψ3

sin(θ3 − ψ3)

]

Proof. We here follow the same reasoning as in [3]. First, note that a given line
throughA,B, orC includes all points with some fixed ratio of trilinear coordinates

[ℓ2 : ℓ3], [ℓ1 : ℓ3], or [ℓ1 : ℓ2], respectively. Points on
←−→
CA′ satisfy

[ℓ1 : ℓ2] = [ sinψ3 : sin(θ3 − ψ3) ]
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and points on
←−→
BA′ satisfy

[ℓ1 : ℓ3] = [ sinψ2 : sin(θ2 − ψ2) ].

HenceA′ has the homogeneous trilinear coordinates claimed in (ii). Moreover,A′

satisfies
[ℓ2 : ℓ3] = [ sinψ2 sin(θ3 − ψ3) : sinψ3 sin(θ2 − ψ2) ]. (3)

The other points on
←→
AA′ must also have this ratio of trilinear coordinates. Analo-

gous reasoning shows that
←−→
BB′ is given by

[ℓ1 : ℓ3] = [ sinψ1 sin(θ3 − ψ3) : sinψ3 sin(θ1 − ψ1) ] (4)

and
←−→
CC ′ is given by

[ℓ1 : ℓ2] = [ sinψ1 sin(θ2 − ψ2) : sinψ2 sin(θ1 − ψ1) ]. (5)

The pointP with the homogeneous trilinear coordinates given in (iii) satisfies each

of (3), (4), and (5), so it must be the common intersection of
←→
AA′,

←−→
BB′, and

←−→
CC ′,

thus establishing (i). �

Remark.In the case thatψ2 = −ψ3, the lines which would intersect to formA′ are
parallel. In this case the expression (3) gives the line throughA parallel to both of

these, and the proof continues with this line in place of
←→
AA′. The same principle

holds forB′ andC ′.

In the case thatψ = rθ andr 6= 0, 1, this construction yields the Hofstadter
r-point, as defined in [3]. Ifψ1 = ψ2 = ψ3 = −π/3, thenP is the first isogonic
center. Ifψ1 = ψ2 = ψ3 = π/3, thenP is the second isogonic center. By Theorem
3, it follows that the angular coordinates of the first and second isogoniccenters
are(−π/3,−π/3,−π/3) and(π/3, π/3, π/3), respectively. Ifψ = θ/2, thenP
is the incenterI. It does not follow that the angular coordinates ofI areψ = θ/2,
because in this caseψ1 +ψ2 +ψ3 6= 0. Indeed, it is straightforward to deduce that
the angular coordinates ofI are in factψ = (θ+ π)/2 (and therefore repeating the
construction using these angles still produces the incenterI). The following result,
illustrated in Figure 2 and Figure 3, appears to be new.

Theorem 4. Let ∆A′B′C ′ be a KMHK triangle (with respect to∆ABC). The
orthogonal projectionsD,E, F ofA′, B′, C ′ onto the sidelines

←→
BC,

←→
CA,

←→
AB are

the vertices of a cevian triangle (with respect to∆ABC). LettingQ denote its
center of perspective, ifP is held fixed, butA′, B′, C ′ are allowed to vary, then the
pointQ traces out a circumconic of∆ABC.

Proof. Using formulas from [4], if[ ℓ : m : n ] are the trilinear parameters for the

line
←−→
A′D, thenℓ = m cos θ3+n cos θ2 (perpendicular lines), andℓ sinψ2 sinψ3+

m sinψ2 sin(θ3 − ψ3) + n sinψ3 sin(θ2 − ψ2) = 0 (line containsA′). So,

m sinψ2 cosψ3 sin θ3 + n sinψ3 cosψ2 sin θ2 = 0,

and we may thus takem = sinψ3 cosψ2 sin θ2 andn = − sinψ2 cosψ3 sin θ3.
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Figure 2. A cevian triangle from a KMHK triangle

Letting [ 0 : µ : ν ] be the trilinear coordinates forD, we may takeµ =

sin θ3 cotψ3 andν = sin θ2 cotψ2. The line
←→
AD has trilinear parameters[ 0 :

ν : −µ ]. Similarly for the lines
←→
BE and

←→
CF . These three lines intersect at a point

Q whose trilinear coordinates are[ csc θ1 tanψ1 : csc θ2 tanψ2 : csc θ3 tanψ3 ].
If we let (φ1, φ2, φ3) be the angular coordinates ofP , then its trilinear coordi-

nates are

[ sinφ1/ sin(θ1 − φ1) : sinφ2/ sin(θ2 − φ2) : sinφ2/ sin(θ2 − φ2) ] =

[ sinψ1/ sin(θ1 − ψ1) : sinψ2/ sin(θ2 − ψ2) : sinψ2/ sin(θ2 − ψ2) ] .

Therefore, there is a parameterλ such that, fori = 1, 2, 3,

sinφi
sin(θi − φi)

= λ ·
sinψi

sin(θi − ψi)
, and socotψi = λ cotφi + (1− λ) cot θi.

Thei-th trilinear coordinate ofQ thus becomes1/[λ sin θi cotφi+(1−λ) cos θi],
and the isogonal conjugateQ−1 of Q hasi-th trilinear coordinateλ sin θi cotφi +
(1− λ) cos θi. Varyingλ, we see thatQ−1 traces out a line, and thereforeQ traces
out a circumconic. �

Figure 3 illustrates this circumconic, which is a circumhyperbola here. WithP
fixed, asA′, B′, C ′ are allowed to vary, the pointQ moves along the green curve,
which is the circumhyperbola.

4. The second triangle construction

Our second triangle construction generalizes a construction studied in [1], [5],
[6] and [7]. These studies all essentially concern an arbitrary pointP , and the three
circles throughP that also pass through two of the reference triangle vertices. We



190 T. D. Maienschein and M. Q Rieck

Figure 3. A circumconic associated with the KMHK construction

will instead begin with the reference triangle∆ABC, and with a triple of directed
angles(ψ1, ψ2, ψ3), as we did in the first construction.

Starting with the triple of directed angles, construct three circles as follows:Let
P be any point for which∡BPC = ψ1 and letCX denote the circleBPC. By
Lemma 1, this construction is well-defined. UsingC andA (resp. A andB) in
place ofB andC, we obtain a circleCY (resp. CZ). Finally, letX, Y , andZ
denote the centers ofCX , CY andCZ , respectively.

If the three circlesCX , CY , andCZ have a common point of intersection, then by
definition that point has angular coordinates(ψ1, ψ2, ψ3) and soψ1+ψ2+ψ3 ≡ 0
(modπ). We do not assume, however, that our original triple of directed angles
satisfies this equation, and so the three circles do not generally have a common
point of intersection.

Let A′′ (resp. B′′, resp. C ′′) be the point of intersection ofCY andCZ (resp.
CZ andCX , resp. CX andCY ), other thanA (resp.B, resp. C). Figure 1 shows
these circles and their intersections, and also illustrates the theorem to be presented
concerning these.

Theorem 5. For a triangle∆ABC, and for a triple of directed angles(ψ1, ψ2, ψ3)
such thatψi 6= 0, θi, let A′′, B′′, C ′′ be the circle intersection points considered
above. LetA′, B′, C ′ be the points in Theorem 3. Then

(i) A,A′ andA′′ are collinear, as areB,B′ andB′′, as areC, C ′ andC ′′;
(ii) the homogeneous trilinear coordinates of the pointA′′ are

[

sin(ψ2 + ψ3)

sin(ψ2 + ψ3 − θ2 − θ3)
:

sin(ψ2)

sin(θ2 − ψ2)
:

sin(ψ3)

sin(θ3 − ψ3)

]

(6)

and similarly forB′′ andC ′′; and
(iii) if ψ1 + ψ2 + ψ3 ≡ 0 (modπ), thenA′′ = B′′ = C ′′ = P (with P as in

Theorem 3), and(ψ1, ψ2, ψ3) are the angular coordinates ofP .
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Proof. Observe that the pointA′′ has angular coordinates(ψ′′

1
, ψ2, ψ3) for some

valueψ′′

1
: the last two angular coordinates are known by Lemma 1 and the con-

struction ofA′′. It follows thatψ′′

1
= −ψ2 − ψ3. Part (ii) is then established

by converting angular to trilinear coordinates (Lemma 2) and replacingθ1 with
π − θ2 − θ3.

Part (iii) follows immediately from (ii).
Since the ratio[ℓ2 : ℓ3] is shared by pointsA′ andA′′ (as in Figure 2 and Figure

6), it must be the case thatA′ andA′′ are on the same line throughA. This is part
(i). �

Following a simple lemma, a characterization is now presented of triangles that
can be obtained via the second construction, using the same center of perspective.

Lemma 6. Let E,G,H andF be concyclic points, occurring in this cyclic or-
der. LetX and Y be points such thatE,G andX are collinear,F,H and Y
are collinear, and the lines

←→
GH and

←→
XY are parallel. Then,E,X, Y andF are

concyclic points. Conversely, ifU andV are points such thatE,U, V andF are
concyclic,E,G andU are collinear, andF,H andV are collinear, then

←→
GH and

←→
UV are parallel.

Proof. ∡Y FE = ∡HFE = −∡EGH = ∡HGX = −∡GXY = −∡EXY .
Therefore,E,X, Y andF are concyclic. (Euclid’s theorem on cyclic quadrilaterals
is used in both directions.) Also,∡GUV = ∡EUV = −∡V FE = −∡HFE =

∡EGH = −∡HGU . So
←→
GH and

←→
UV are parallel. �

Theorem 7. Suppose that∆A′′B′′C ′′ can be obtained from the reference triangle
∆ABC, using the second construction. LetP denote the center of perspective.
Suppose that∆XY Z is another triangle, homothetic to∆A′′B′′C ′′, with P as
the homothetic center. Then∆XY Z can also be obtained from∆ABC by means
of the second construction. Conversely, all triangles obtainable via the second
construction, and havingP as the center of perspective, are related to∆A′′B′′C ′′

in this manner.

Proof. A,B,A′′, B′′ are concyclic.A,A′′, X are collinear, as areB,B′′, Y , with

the two lines intersecting atP . The lines
←−−→
A′′B′′ and

←→
XY are parallel. So by

the lemma,A,B,X, Y are concyclic. Similarly,B,C, Y, Z are concyclic, and
C,A,Z,X are concyclic. This reasoning can be reversed to establish that all trian-
gles obtainable via the second construction, and havingP as the center of perspec-
tive, are related to∆A′′B′′C ′′ in this manner. �

Remark.LetO denote the circumcenter of the reference triangle∆ABC. In [5], it
is demonstrated that the triangle whose vertices are the centers ofCX , CY andCZ ,
is in an orthological relation with the reference triangle, withP as the orthology
center of the latter with respect to the former, and withO as the orthology center of
the former with respect to the latter. Conversely, given a triangleT with this ortho-
logical relation to the reference triangle (still usingP andO as orthology centers),
the vertices of the reference triangle can be reflected about the corresponding sides
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of T to obtain the vertices of a triangle that is also obtainable via the construction
discussed in this section.

5. Triangles obtainable via the two constructions

The question of whether a given triangle can or cannot be obtained fromthe
reference triangle by means of one of the two constructions discussed above shall
now be considered. Here we will suppose that we are presented with the homoge-
neous trilinear coordinates of the vertices of some triangle. As is customary,we
will assume this is presented in the form of a3× 3 matrix with each row providing
the trilinear coordinates of a vertex:

L =





ℓ11 ℓ12 ℓ13
ℓ21 ℓ22 ℓ23
ℓ31 ℓ32 ℓ33





.

We wish to know if this is the trilinear coordinates matrix of a KMHK triangle.
We know that any KMHK triangle has the following as its trilinear coordinates
matrix:

M =





ρ2ρ3 ρ2 ρ3
ρ1 ρ3ρ1 ρ3
ρ1 ρ2 ρ1ρ2





,

whereρi = sinψi/ sin(θi − ψi), with θi andψi as before. It is required therefore
thatℓ12ℓ23ℓ31 = ℓ21ℓ32ℓ31. If this is so then the rows ofL can easily be rescaled
(each row being multiplied by a scalar) to causeℓ21 = ℓ31, ℓ12 = ℓ32 andℓ13 = ℓ23.
Assume that this has been done already. IfL is indeed the trilinear coordinate
matrix of a KMHK triangle, then it must equalλM for some scalarλ. But this
means thatℓ12ℓ13/ℓ11 = ℓ21ℓ23/ℓ22 = ℓ31ℓ32/ℓ33. Conversely, if this condition
concerning the entries ofL is satisfied, then it is straightforward to see thatL is
indeed the trilinear coordinates matrix of a KMHK triangle.

We turn now to the question of whether or notL is the trilinear coordinates
matrix of some triangle that can be obtained using the second construction, the
one based on intersecting circles. The approach taken to answering this question
differs substantially from the approach used for the first construction.However, it
is again clear thatℓ12ℓ23ℓ31 = ℓ21ℓ32ℓ13 is still a necessary condition, so we will
assume that this is the case. LetO be the circumcenter of the reference triangle.
Let A′′, B′′ andC ′′ be the points having the first, second and third rows ofL as
their trilinear coordinates. Essentially following the notation used in [5], let

cij = R ·
ℓi2ℓi3 sin θ1 + ℓi3ℓi1 sin θ2 + ℓi2ℓi3 sin θ3

ℓi1 sin θ1 + ℓi2 sin θ2 + ℓi3 sin θ3
·
1

ℓij ,

whereR is the circumradius of the reference triangle. In [5] it is demonstrated that
|c11| is the distance betweenO and the center of the circle containingA′′, B, C.
Similarly, |c12| is the distance betweenO and the center of the circle containingA′′,
C, A, and|c13| is the distance betweenO and the center of the circle containing
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A′′, A, B. Likewise for |c21|, |c22| and|c23| (|c31|, |c32| and|c33|) with B′′ (C ′′)
taking the place ofA′′.

Now, the triangleA′′B′′C ′′ is obtained from the triangleABC using the second
construction if and only ifB, C, B′′ andC ′′ are concyclic, andC, A, C ′′ and
A′′ are concyclic, andA, B, A′′ andB′′ are concyclic. This is so if and only if
|c21| = |c31|, |c32| = |c12| and|c13| = |c23|. If we divide both sides of these three
equations byR, we obtain three equations that can easily be used to test whether
or notL is the trilinear coordinates matrix of a triangle that can be obtained using
the second construction.

6. Relationship with central triangles

The center of perspectiveP used in the two constructions will henceforth be
assumed to be a triangle center for the reference triangle. The trilinear coordinates
of the vertices produced by the two constructions, as presented in Sections 3 and 4,
make it clear that the constructed triangle is a central triangle of type 1, as defined
in Chapter 2 of [4]. Recall that this means that the matrix has the form





f(a, b, c) g(b, c, a) g(c, a, b)
g(a, b, c) f(b, c, a) g(c, a, b)
g(a, b, c) g(b, c, a) f(c, a, b)





.

for triangle center functionsf andg, wherea, b, c are the triangle side lengths.
More explicitly, f and g must be homogeneous and must be invariant under a
swapping of their second and third arguments.

We now ask, which of the central triangles presented in Chapter 6 of [4] can
be obtained using one of the two constructions? Many of the central triangles
there are presented using a trilinear coordinates matrix that manifests the triangle
to be of type 1. These triangles can be tested immediately using the tests given
in the previous section. Most of the other triangles are presented using a trilinear
coordinate matrix whose rows can be rescaled so as to produce a matrix of the
above form. This then shows that the triangle is actually of type 1, and provides a
matrix that can be used in the tests in the previous section. The matrices in Chapter
6 that can be adjusted in this way all have the form





∗ γα′β′′ βα′γ′′

γβ′α′′ ∗ αβ′γ′′

βγ′α′′ αγ′β′′ ∗





.

whereα = α(a, b, c), α′ = α′(a, b, c) andα′′ = α′′(a, b, c) are triangle center
functions, andβ = α(b, c, a), β′ = α′(b, c, a), β′′ = α′′(b, c, a), γ = α(c, a, b), γ′ =
α′(c, a, b), γ′′ = α′′(c, a, b). To bring this matrix into the desired form, just divide
the first row byα′βγ, divide the second row byαβ′γ, and divide the third row by
αβγ′. This yields the following matrix:





∗ β′′/β γ′′/γ
α′′/α ∗ γ′′/γ
α′′/α β′′/β ∗





.
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MATHEMATICA was used to conduct the tests on the triangles in Chapter 6 of
[4]. Cevian triangles are trivially KHMK triangles, or at least limiting cases ofsuch
as the swing angles go to zero in some fixed proportion. Similarly, circumcervian
triangles are trivially examples of the second construction since their vertices and
those of the reference triangle are concyclic. The triangles in the table on page
198 of [4] are, as stated there, KHMK triangles. Apart from these, ourtesting also
determined that the excentral triangle (6.7 of [4]), the hexyl triangle (6.36of [4]),
the half-altitude triangle (6.38 of [4]), and the BCI triangle (6.39 of [4]) are KHMK
triangles. For the excentral triangle, the claim is known and it is straightforward to
check thatψi =

1

2
(π − θi) (i = 1, 2, 3). For the half-altitude triangle, the claim is

also known and it is straightforward to check thattanψi =
1

2
tan θi (i = 1, 2, 3).

The facts concerning the other two triangles are less immediate.

Figure 4. Circles for the excenters and their reflections about the incenter

Skipping the reference triangle itself, and the circumcevian examples, the only
other triangles listed in Chapter 6 of [4] that can be obtained using our second con-
struction are as follows: the orthic triangle (6.4 of [4]), the excentral triangle (6.7 of
[4]), the reflections of the circumcenter about the reference triangle vertices (6.13
of [4]), and the reflections of the excenters about the incenter (6.42 of[4]). This
fact concerning the orthic triangle and the excentral triangle are well-known, and
indeed they are related since the excentral (orthic) triangle of the orthic (excentral)
triangle is the reference triangle. Figure 4 exhibits the situation for the excentral
triangle and for the reflections of the excenters about the incenter. HereI is the
incenter,JA, JB, JC are the excenters, andKA,KB,KC are their reflections about
I.

We may deduce that the triangle obtained by reflecting the feet of the altitudes
about the vertices of the reference triangle can also be obtained via the second
construction. This is so since this triangle has the same inverse relationship to
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the triangle obtained by reflecting the excenters about the incenter that the orthic
triangle has to the excentral triangle. The triangle whose vertices are the reflected
excenters of the reference triangle, has the reference triangle’s incenter I as its
orthocenter. The feet of its altitudes can be seen in Figure 4 as small dots. The
reflection of these aboutI are just the vertices of the reference triangle.

Similarly, but rather trivially, the triangle obtained by reflecting the circumcen-
ter about the reference triangle vertices has the same inverse relation to thetriangle
obtained from the reference triangle by taking as vertices the midpoints on theseg-
ments connecting the reference triangle’s circumcenter to its vertices. Therefore,
the latter is also an example of a central triangle obtainable by means of the second
construction. Alternatively, Theorem 7 can be used to establish this and similar
claims.
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