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Abstract. Given a triangleABC, we determine the locusL of pointsP , for
which the affine mappingM = TP ◦K

−1
◦TP ′ is a half-turn, whereTP (ABC) =

DEF is the cevian triangle ofP , TP ′(ABC) is the cevian triangle of the
isotomic conjugateP ′ of P , andK is the complement map, with respect to
ABC. This completes the determination of the pointsP for which the inconic
I = M(C̃O) of P , tangent to the sides ofABC at the pointsD,E, F , is congru-
ent to the circumconic̃CO of ABC whose center isO = T−1

P ′ ◦ K(Q), where
Q = K(P ′). We show that the locusL is an elliptic curve minus six points,

whosej-invariant isj = 2
4
11

3

52
, and use the cevian geometry ofABC andP to

give a synthetic construction of this elliptic curve.

1. Introduction

In previous papers [7], [10], [12] we have studied several conicsdefined for
an ordinary triangleABC relative to a given pointP , not on the sides ofABC
or its anticomplementary triangle, including the inconicI and circumconicC̃O.
These two conics are defined as follows. LetDEF be the cevian triangle ofP
with respect toABC (i.e., the diagonal triangle of the quadrangleABCP ). Let
K denote the complement map andι the isotomic map for the triangleABC, and
setP ′ = ι(P ) andQ = K(P ′) = K(ι(P )). Furthermore, letTP be the unique
affine map takingABC to DEF , andTP ′ the unique affine map takingABC to
the cevian triangle forP ′.

The inconicI for P with respect toABC is the unique conic which is tangent
to the sides ofABC at the traces (diagonal points)D,E, F . (See [7], Theorem 3.9
for a proof that this conic exists.) IfNP ′ is the nine-point conic of the quadrangle
ABCP ′ relative to the line at infinityl∞, then the circumconic̃CO is defined to be
C̃O = T−1

P ′ (NP ′). (See [10], Theorems 2.2 and 2.4; and [2], p. 84.) These two
conics are generalizations of the classical incircle and circumcircle of a triangle,
and coincide with these circles when the pointP = Ge is the Gergonne point of
the triangle. In that case, the pointQ = I is the incenter. In general, the pointQ
is the center of the inconicI. The centerO of the circumconicC̃O is given by the
affine formula

O = T−1
P ′ ◦K(Q),
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Figure 1. The conics̃CO (strawberry) andI (green).

since the center of the conicNP ′ turns out to beK(Q).

We also showed in [10], Theorem 3.4, that the affine mapM = TP ◦K−1 ◦ TP ′

is a homothety or translation which maps the circumconicC̃O to the inconicI. If
G is the centroid ofABC andQ′ = K(P ), then the center of the mapM is the
point

S = OQ ·GV = OQ ·O′Q′, whereV = PQ · P ′Q′,

andO′ = T−1
P ◦K(Q′) is the generalized circumcenter for the pointP ′.

In [12] we showed that for a fixed triangleABC the locus of pointsP , for which
the mapM is a translation, is an elliptic curve minus6 points, and that this elliptic
curve has infinitely many points defined overQ(

√
2). Thus, there are infinitely

many pointsP for which the conicsI andC̃O are congruent to each other. In this
note we determine the remaining pointsP for which these two conics are congruent
by determining (synthetically) the locus of pointsP for which the mapM is a half-
turn. We show, for example, thatM being a half-turn is equivalent to the pointP
lying on the circumconic̃CO′ , whereO′ = T−1

P ◦K(Q′) is as above for the point
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P ′, and this is also equivalent to the pointP ′ = ι(P ) lying on the circumconic̃CO.
(By contrast, we showed in [12] thatM is a translation if and only if the pointP lies
on C̃O.) This is interesting, since ifP = Ge is the Gergonne point ofABC, then
P ′ = Na is the Nagel point, which always liesinsidethe circumcircleC̃O. Given
triangleABC, the locus of all such pointsP turns out to be another elliptic curve
(minus6 points; see Theorem 9). As in [12], this elliptic curve can be constructed
synthetically using a locus of affine maps defined for points on certain openarcs
of a conic. In [12] the latter conic was a hyperbola, while here the conic needed to
construct the elliptic curve is a circle. (See Figure 4.)

We adhere to the notation of [7]:D0E0F0 is the medial triangle ofABC, with
D0 on BC, E0 on CA, F0 on AB (and the same for further pointsDi, Ei, Fi);
DEF is the cevian triangle associated toP ; D2E2F2 the cevian triangle forQ =
K ◦ ι(P ); D3E3F3 the cevian triangle forP ′ = ι(P ); andG the centroid ofABC.
As above,TP andTP ′ are the unique affine maps taking triangleABC to DEF
andD3E3F3, respectively. See [7] and [9] for the properties of these maps. Also,
the generalized orthocenter forP with respect toABC is the pointH = K−1(O),
which is also the intersection of the lines through the verticesA,B,C which are
parallel, respectively, to the linesQD,QE,QF . Finally, the pointZ is defined to
be the center of the cevian conicCP = ABCPQ. (See [9].)

We also refer to the papers [7], [9], [10], and [11] as I, II, III, IV, respectively.
See [1], [2], [3] for results and definitions in triangle geometry and projective ge-
ometry.

2. The locus of P for which M is a half-turn.

In this section we determine necessary and sufficient conditions for the mapM

to be a half-turn. We start with the following lemma.

Lemma 1. (a) If the pointP (not on a side ofABC or K−1(ABC)) lies on the
Steiner circumellipseι(l∞) of ABC, then the mapM = TP ◦ K−1 ◦ TP ′ is a
homothety with ratiok = 4, and is therefore not a half-turn.

(b) If the pointP lies on a median of triangleABC, but does not lie on the
Steiner circumellipseι(l∞) ofABC, thenM = TP ◦K−1 ◦ TP ′ is not a half-turn.

Proof. To prove (a), we use the result of I, Theorem 3.14, according to which
P lies on ι(l∞) if and only if the mapsTP andTP ′ satisfyTPTP ′ = K−1. If
this condition holds, then because the mapM is symmetric inP andP ′ (see III,
Proposition 3.12b and IV, Lemma 5.2),

M = TP ′K−1TP = TP ′TPTP ′TP = (TP ′TP )
2 = (T−1

P K−1TP )
2 = T−1

P K−2TP .

The similarity ratio of the dilatationK−1 is −2, so the similarity ratio ofK−2 is
4, which proves part (a).

For (b), supposeP lies on the medianAG (G the centroid ofABC) and the
mapM is a half-turn. Then, sinceP ′ also lies onAG, we have thatD = D0 = D3,
so that

M(A) = TPK
−1TP ′(A) = TPK

−1(D3) = TPK
−1(D0) = TP (A) = D = D0
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and the centerS of M is the midpoint ofAD0. In particular,M(B) andM(C) are
the reflections inS of B andC on the lineℓ = K−1(BC). We claim that the lineℓ
is tangent to the circumconic̃CO at the pointA. This is because the affine reflection
ρ through the lineAG = AP in the direction of the lineBC takes the triangle
ABC to itself, and mapsP to P , so it also takes the circumconic̃CO to itself.
Hence the tangent tõCO atA maps to itself, which implies that it must be parallel
toBC (since the only other ordinary fixed line isAG, which lies on the centerO of
C̃O and cannot be a tangent at an ordinary point). Butℓ is the unique line through
A parallel toBC, soℓ must be the tangent. (Also see III, Corollary 3.5.) It follows
that the pointsM(B) andM(C), neither of which isA, must be exterior points of
the conicC̃O. On the other hand, we claim thatD = D0 is an interior point of
C̃O. This is because the segmentBC, parallel to the tangentℓ atA, is a chord of
C̃O, andB andC lie on the same branch of̃CO, if the latter is a hyperbola (any
tangent to a hyperbola separates the two branches). It follows that the segments
DM(B) andDM(C) join the interior pointD to exterior points, and so must each
contain a point oñCO. However,M is a half-turn mapping the circumconic̃CO to
the inconicI, so thatM(I) = C̃O. Hence,C̃O must be inscribed in the triangle
M(ABC) = DM(B)M(C), meaning that̃CO touches all three extended sides of
the triangle. But by what we just showed the intersections ofC̃O with the sides
of DM(B)M(C) lie on the segments joining the vertices. Hence, the pointD lies
on the two tangentsb = DM(B) andc = DM(C) to C̃O, implying thatD is an
exteriorpoint of C̃O. This contradiction proves the lemma. �

Proposition 2. If the pointsP andP ′ are ordinary and do not lie on the sides
or medians of trianglesABC andK−1(ABC), andH does not coincide with a
vertex ofABC, the following are equivalent:

(1) M = TP ◦K−1 ◦ TP ′ is a half-turn;
(2) P is on C̃O′ ;
(3) P ′ is on C̃O;
(4) TP (P ) = O′;
(5) TP ′(P ′) = O;
(6) O′ lies onNP ;
(7) O lies onNP ′ .

Proof. First note that (4)⇐⇒ (5): this follows on applying the affine reflectionη
from Part II to (4) (η is the harmonic homology with axisGZ and centerPP ′ · l∞),
and using that

η(P ) = P ′, η(O) = O′, and η ◦ TP = TP ′ ◦ η.
By III, Proposition 3.12 and IV, Lemma 5.2,M commutes withη, sinceη com-
mutes withK and

M ◦K−1 = (TP ◦K−1) ◦ (TP ′ ◦K−1) = (TP ′ ◦K−1) ◦ (TP ◦K−1).

Hence,TP ′ ◦ K−1 ◦ TP = ηMη = M. This shows that the locus of pointsP for
whichM is a half-turn is invariant underP → P ′.
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We now show that (1) is equivalent to (4) and (5). Namely, ifM is a half-turn,
then sinceM(O′) = Q′, we have to haveM(Q′) = O′. But

M(Q′) = TPK
−1TP ′(Q′) = TPK

−1(Q′) = TP (P ),

and soO′ = TP (P ). Conversely, ifO′ = TP (P ), thenM(Q′) = O′, soM2(O′) =
O′, which implies thatM must be a homothety with similarity ratiok = ±1,
sinceM2 fixes the pointO′ 6= S. However,k can’t be+1, since in that case
M is the identity andO′ = Q′, impossible by the argument of III, Theorem 3.9.
Therefore,k = −1, soM is a half-turn. (Note thatO′ 6= S, since otherwise
O = η(O′) = η(S) = S; but the pointsO,O′, Q,Q′ are distinct, by the proof of
III, Theorem 3.9, as long asP does not lie on a median ofABC or onι(l∞).) This
shows that (1)⇐⇒ (4) ⇐⇒ (5).

Furthermore, if (3) holds, thenP ′ is onC̃O, so the latter conic lies on the vertices
of quadrangleABCP ′ (sinceC̃O is a circumconic), so the centerO must lie on
NP ′ , by definition of the 9-point conic. (See Part III, paragraph beforeProp. 2.4.)
Thus (3) implies (7). Also, (7) implies (3), becauseO being onNP ′ impliesO is
the center of a conic onABCP ′. If O is not the midpoint of a side ofABC (which
holds if and only ifH is not a vertex), there is a unique such conic, namelyC̃O.
HenceP ′ lies on this conic. This shows that (3)⇐⇒ (7). Similarly, (2) ⇐⇒
(6).

Now suppose that (3) holds. Then (7) holds, soP ′ ∈ C̃O. ButP ′ ∈ CP , soP ′ is
the fourth intersection of the circumconicsCP andC̃O, and therefore coincides with
the pointZ̃ = ROK

−1(Z), by III, Theorem 3.14; hereRO is the half-turn aboutO
andZ is the center ofCP . Now, in the proof of III, Theorem 3.14 we showed that
TP ′(Z̃) = TP ′(P ′) lies onOP ′. But TP ′(P ′) lies onOQ (III, Proposition 3.12),
so this forcesTP ′(P ′) = O, i.e. (5), provided we can show that the lineOP ′ is
distinct fromOQ.

However, ifOP ′ = OQ, thenOP ′ = P ′Q = QG soO,Q,G are collinear.
ThenK−1(O) = H is also on this line, soQ,H,P ′ are all on this line. We claim
that these three points,Q,H,P ′, must all be distinct by our hypothesis onP . If
P ′ = Q = K(P ′) thenP ′ = G = P , which can’t hold becauseP is not on a
median ofABC. If Q = H, then using the mapλ = TP ′ ◦ T−1

P and III, Theorem
2.7 givesQ = λ(H) = λ(Q) = P ′, soP ′ = G. Finally, if P ′ = H, then taking
complements gives thatQ = O = T−1

P ′ (K(Q)) soTP ′(Q) = K(Q), implying (by
I, Theorem 3.7) thatP ′ = K(Q) = K2(P ′) and thereforeP ′ = G = P once
again. Therefore, the three distinct pointsQ,H,P ′, which all lie on the conicCP ,
are collinear, which is impossible. This shows thatOP ′ ∩OQ = O, soTP ′(P ′) =
O and (3)⇒ (5)⇒ (1).

For the rest, it suffices to show that (1)⇒ (3). This is because of the symmetry of
M in P andP ′: for example, (3)⇒ (1)⇒ (2) (switchingP andP ′) and conversely,
so (2) and (3) are equivalent, as are (6) and (7), and everything is equivalent to (1).
Now assume (1). We will prove (7). Since (1) implies (5), we knowTP ′(P ′) = O,
soTP ′(OP ′) = K(Q)O by the formula forO. But by III, Corollary 3.13(b) we
knowK−1(Z) lies onOP ′, soTP ′◦K−1(Z) = Z (III, Prop. 3.10) lies onK(Q)O.
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But Z also lies onQN = K(P ′O), which is parallel toOP ′. This easily implies
Z is an ordinary point andQZ ‖ OP ′; for this, noteQ 6= Z sinceZ is the center
of the conicCP , whileQ is an ordinary point lyingonCP . Also,Z 6= K(Q), since
TP ◦K−1(Z) = Z, while TP ◦K−1(K(Q)) = Q. Therefore, using the fact that
the linesOP ′ andOQ are distinct, it follows thatQK(Q)Z andP ′K(Q)O are
similar triangles. ButK(Q) is the midpoint of segmentP ′Q, so these triangles
must be congruent. Hence,K(Q) is also the midpoint of segmentOZ, andO is
the reflection ofZ in the pointK(Q). SinceK(Q) is the center ofNP ′ andZ lies
onNP ′ , this meansO also lies onNP ′ , which is (7). �

Corollary 3. With the hypotheses of Proposition 2, the mapM is a half-turn if and
only ifK−1(S) = Z, which holds if and only ifQZP ′O is a parallelogram.

Proof. If M is a half-turn, the above argument shows that segmentsQZ ∼= OP ′;
hence,QZP ′O is a parallelogram, andP ′Z ‖ QO. SinceK(P ′) = Q, this implies
that lineP ′Z is the same as the lineK−1(QO) = P ′H andZ is the midpoint of
P ′H, since the mapK−1 doubles lengths of segments. ButS is the midpoint of
QO, soK−1(S) = Z is the midpoint ofP ′H. Conversely, ifK−1(S) = Z thenZ
lies onK−1(OQ) = P ′H (sinceS lies onOQ) and becauseQZ ‖ P ′O, QZP ′O
is a parallelogram with centerK(Q), the midpoint ofP ′Q. Hence,O lies onNP ′

andM is a half-turn. �

Remark. The condition of Corollary 3 is a necessary condition forM to be a half-
turn, without the hypothesis thatH not be a vertex. This follows from the last
paragraph in the proof of Proposition 2, since that hypothesis is not used to prove
that (1)⇒ (7). Lemma 1 then shows thatK−1(S) = Z is a necessary condition
for M to be a half-turn, without any extra hypotheses.

In the following proposition we will make use of the polarity induced by the
conicCP = ABCPQ = PQP ′Q′H.

Proposition 4. If the hypotheses of Proposition 2 hold and the mapM is a half-
turn, then:

(1) The linesO′P andOP ′ are tangents to the conicCP at P andP ′.
(2) The pointV = PQ ·P ′Q′ is the midpoint of segmentOO′ and lineOO′ =

K−1(PP ′).
(3) On the lineGV , the signed ratiosGS

SV = 5
3 and ZG

GV = 5
4 .

Proof. (See Figure 2.) (1) As in the proof of Proposition 2 we haveP ′ = Z̃ =
RO ◦K−1(Z), soK−1(Z) lies onOP ′; by symmetry, it also lies onO′P . We will
show that pole ofPP ′ is K−1(Z). Then (1) follows, sinceK−1(Z) is conjugate
to bothP andP ′, and so lies on the polars ofP andP ′, which are the tangents to
CP atP andP ′. Hence,K−1(Z)P = O′P andK−1(Z)P ′ = OP ′ are tangents to
CP .

We do this by showing thatTP ′(P ) andTP (P
′) are conjugate toK−1(Z). This

implies that the polar ofK−1(Z) is the join ofTP ′(P ) andTP (P
′), which isPP ′

by II, Corollary 2.2(c). By symmetry it suffices to considerTP ′(P ). We use the
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Figure 2. The parallelogramsQZP ′O andQ′ZPO′ whenM is a half-turn.

fact from Part IV, Prop. 3.10, thatO′Q′ is tangent toCP atQ′. Applying the map
λ gives thatλ(O′Q′) is tangent toλ(CP ) = CP atλ(Q′) = H ′, by II, Theorem 3.2
and III, Theorem 2.7. UsingTP (P ) = O′ from Proposition 2 we know that

λ(O′) = TP ′ ◦ T−1
P (O′) = TP ′(P ),

so TP ′(P ) lies on the tangent toCP at H ′ and is conjugate toH ′. Also, P ,
Q′, K−1(P ) are collinear points, so applying the mapTP ′ gives thatTP ′(P ) is
collinear withTP ′(Q′) = Q′ and

TP ′ ◦K−1(P ) = TP ′ ◦K−1 ◦ TP (Q
′) = M(Q′) = O′.

Therefore,TP ′(P ) lies on the tangentO′Q′ and so is conjugate to the pointQ′.
Thus, the polar ofTP ′(P ) is Q′H ′, which lies onK−1(Z) sinceZ,K(Q′), O′ =
K(H ′) are collinear, using the fact from Corollary 3 thatQ′ZPO′ is a parallelo-
gram andK(Q′) is the midpoint of the diagonalQ′P . This shows thatK−1(Z) is
conjugate toTP ′(P ), as desired. Note that this also shows thatTP ′(P ) 6= TP (P

′),
since the polar ofTP (P

′) is QH, andQH cannot be the same line asQ′H ′, since
the four pointsQ,H,Q′, H ′ all lie on the conicCP .

(2) From the fact thatOP ′ andOQ (IV, Prop. 3.10) are tangent toCP , it follows
thatP ′Q is the polar ofO with respect toCP , and likewise,PQ′ is the polar ofO′.
Hence, the pole ofOO′ isP ′Q ·PQ′ = G. On the other hand, the polar ofG is the
lineV V∞, whereV∞ is the infinite point on the linePP ′, by II, Proposition 2.3(a).
Therefore,V lies onOO′. SinceGV is the fixed line of the affine reflectionη, V
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must be the midpoint of segmentOO′. ThenV lies on the parallel linesK−1(PP ′)
(II, Prop. 2.3(e)) andOO′, soK−1(PP ′) = OO′.

(3) From (2) we havePP ′ = K(OO′) = K2(HH ′) = NN ′, whereN =
K(O) andN ′ = K(O′) are the centers of the nine-point conicsNH andNH′ .
Thus, the linePP ′ is halfway between the parallel linesOO′ andHH ′. Taking
complements,QQ′ is halfway betweenNN ′ = PP ′ andOO′. Also, the centerS
of the mapM is located halfway between the linesQQ′ andOO′, sinceM(OO′) =
QQ′. LetX = TP ′(P ) = O′Q′ ·PP ′ = O′S ·PP ′ andY = K(V ) = GV ·PP ′.
Then trianglesV O′S andY XS are similar, with similarity ratio1/3, becauseS is
the midpoint of segmentO′Q′ andQ′ is the midpoint of segmentO′X, so that

|SX| = |SQ′|+ |Q′X| = |SO′|+ 2|SO′| = 3|SO′|.
Furthermore,V onOO′ implies thatM(V ) is onQQ′, so thatM(V ) = QQ′ ·GV
is the midpoint ofV Y = V K(V ) and therefore coincides withK(Y ). Then
from |SK(Y )| = |SM(V )| = |SV |, |K(Y )G| = 1

3 |K(Y )Y |, and|K(Y )Y | =
|V K(Y )| = |VM(V )| = 2|SV | we find that

|GS|
|SV | =

|SK(Y )|+ |K(Y )G|
|SV | =

|SV |+ |K(Y )Y |/3
|SV |

=
|SV |+ 2|SV |/3

|SV | =
5

3
.

SinceS lies betweenG andV , this provesGS
SV = 5

3 . Now ZG
GV = 2GS

8SV/3 = 3
4
GS
SV =

5
4 . �

Remark. The conditions of Proposition 4 are also sufficient forM to be a half-turn.
We leave the verification of this for parts (1) and (2) to the reader. We will verify
this for condition (3) in the next section.

3. Constructing the elliptic curve locus.

Now suppose a parallelogramQZP ′O is given, and with it:K(Q) as the mid-
point of QP ′; G as the point for which the signed distanceQG satisfiesQG =
1
3QP ′; andS = K(Z) (Corollary 3). Then Proposition 4 shows that the pointV
is determined byG andS. This determines, in turn, the pointsP andQ′ uniquely,
sinceP is the reflection inQ of the pointV (see II, p. 26) andQ′ = K(P ). Fur-
ther,O′ is also determined as the reflection ofQ′ in S, or as the reflection ofO
in V . Therefore, the parallelogram determinesP,Q, P ′, Q′ andH = K−1(O),
and hence the conicCP on these5 points (by III, Theorem 2.8). Thus, any trian-
gle ABC for which M is a half-turn with the given parallelogramQZP ′O must
be inscribed in the conicCP . Furthermore, the affine mapsTP andTP ′ are also
determined, since

TP (PQQ′) = O′QP and TP ′(P ′QQ′) = OP ′Q′. (1)

Defining the mapsTP andTP ′ by (1), we will show thatM = TP ◦K−1 ◦ TP ′ is a
half-turn aboutS.
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Lemma 5. Given collinear and distinct ordinary pointsG, V, Z and an ordinary
point P not onGZ, if Q′ = K(P ) andP ′ is the reflection ofV in the pointQ′,
andQ is the midpoint ofPV , then:

(a) there is a unique conicC with centerZ which lies onP, P ′, Q, andQ′;
(b) with respect to any triangleABC with vertices onC whose centroid isG,

and whose vertices do not coincide with any of the pointsP, P ′, Q or Q′, the point
P ′ is the isotomic conjugate ofP , andC coincides with the conicCP for ABC.

Proof. For (a), first note thatPQ′,P ′Q′, andPQ do not lie onZ, sincePQ′·GZ =
G andP ′Q′ · GZ = PQ · GZ = V , which are distinct fromZ by assumption.
Suppose thatZ is not onPP ′. The pointG, being2/3 of the way fromP to the
midpointQ′ of V P ′, is the centroid of trianglePV P ′. Hence,K(P ′) = Q and
V G = GZ is a median of trianglePV P ′, implying thatGZ intersectsPP ′ at the
midpoint of segmentPP ′. Also,QQ′ ‖ PP ′, soV∞ = PP ′ ·QQ′ is on the line at
infinity.

Now let C be the conic with centerZ, lying on the pointsP,Q, P ′. This exists
and is unique, sinceZ does not lie onPQ,P ′Q orPP ′. With respect to this conic,
Z is conjugate toV∞, and so is the midpointGZ · PP ′, sinceP andP ′ lie on C.
SinceZ is not onPP ′, GZ is the polar ofV∞. Now,V∞ lies onQQ′, so the point
Qm = GZ ·QQ′, which is the midpoint of segmentQQ′, is conjugate toV∞. Let
Q∗ be the second intersection ofQQ′ with C. Note thatQ∗ 6= Q; otherwiseV∞

would be conjugate toQ, soQ would lie on its polarGZ, implying thatP also lies
onGZ, which is contrary to assumption. Hence,V∞ is conjugate to the midpoint
of QQ∗, which must beQm. This implies thatQ∗ = Q′, soQ′ lies onC.

Now supposeZ is onPP ′. ThenZ is not onQQ′, sinceQQ′ ‖ PP ′, so there is
a unique conicC throughP,Q,Q′ with centerZ. As above, the pole ofGZ is V∞,
and switching the point pairsP, P ′ andQ,Q′ in the argument above gives thatP ′

lies onC.

For (b), the triangleABC determines the conicC = CP = ABCPQ′, since
P andQ′ cannot lie on any of the sides ofABC andP does not lie on a median
of ABC (see the proof of II, Theorem 2.1). We know that this conic has center
Z, sinceABC is inscribed inC. Furthermore, the pole ofGZ with respect toC
is V∞ = l∞ · PP ′, as above. But the isotomic conjugateP ∗ of P with respect to
ABC is the unique pointP ∗ 6= P onPV∞ lying on the conicCP (see II, p. 26),
so that meansP ∗ = P ′. �

Lemma 6. With the assumptions of Lemma 5, suppose the signed ratioZG
GV = 5

4 .
Then the tangent to the conicC atQ is K(P ′Z) = QK(Z).

Proof. (See Figure 3.) As in the proof of Proposition 4, in trianglePP ′V , the
midpoint ofPP ′ is the complementY = K(V ) of V , and so the midpoint ofQQ′

is the complementK(Y ) of Y . LetU = K−1(V ). ThenGV = 2GY = 4GK(Y )
andZG = 5GK(Y ), soZY = ZG − GY = 3GK(Y ). In addition,UG =
8GK(Y ) soUZ = UG − ZG = 3GK(Y ) = ZY ; hence,Z is the midpoint
of Y U . Let H ′ be the reflection ofP in Z. Then trianglesH ′UZ andPY Z are
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Figure 3. Proof of Lemma 3.2.

congruent soH ′U ‖ PY = P ′Y . Also, trianglesPY Z andPP ′H ′ are similar
(SAS), soP ′H ′ ‖ Y Z = UY . This impliesP ′H ′UY is a parallelogram and
P ′H ′ = UY = V Y . HenceP ′H ′Y V is also a parallelogram andH ′Y ‖ P ′V .
Since trianglesQY P andV P ′P are similar (with similarity ratio1/2),QY ‖ P ′V ,
soY lies onH ′Q.

LetQG andQZ be the reflections ofQ inG andZ, respectively. ThenQQGQZ ∼
QGZ, so the lineQGQZ is parallel toGZ and lies halfway betweenP ′ andGZ.
Hence,Q′ lies onQGQZ . Also,U lies onPQZ , sinceP,U,QZ are the reflections
of H ′, Y,Q in Z, and we provedH ′, Y,Q are collinear in the previous paragraph.
Moreover,PQZ ‖ H ′Q ‖ P ′V , sinceP ′H ′Y V is a parallelogram.

Let Z1 be the reflection ofQZ in Q. ThenZ1QV ∼= QZQP (SAS), soZ1V ‖
PQZ ‖ P ′V , henceZ1 lies onP ′V . Now letJ ′ be the midpoint ofP ′Q′ andL the
midpoint ofQH ′. ThenZL is a midline in trianglePQH ′, soZL ‖ PQ = QV .
SinceP ′Q′ ‖ H ′Q = QL, andZL lies in the conjugate direction toQH ′, it
follows thatZ,L, J ′ are collinear. Hence,Z1QV ∼ Z1ZJ ′, which implies, since
Z1Q = 2QZ, thatZ1V = 2V J ′ = 2 · (34V P ′) = 3

2V P ′. Let Z∗ = K−1(Z).
ThenZ∗G = 2 ·GZ = 5

2 ·V G, by hypothesis, soZ∗V = 3
2 ·V G. Hence, triangles

Z1Z
∗V andP ′GV are similar (SAS) andZ1Z

∗ ‖ P ′G. Let S = Z1QG · GZ.
SinceZ1Z

∗ ‖ QGG, we have similar trianglesZ1Z
∗S andQGGS. Moreover,

Z1ZS ∼ Z1QZQG, sinceSZ = GZ ‖ QGQZ , with Z1Z = 3ZQZ , soZ1S =
3SQG. It follows thatZ∗S = 3SG and thereforeZ∗G = 4SG = 2GZ. This
impliesS = K(Z).

Let Z2 be the intersection ofP ′G with the line throughZ1 parallel toGZ.
Also, letZ∞ be the point at infinity onGZ. Then we have the following chain of
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perspectivities:

GV ZK(Y )
Q

[ P ′V Z1Q
′

Z∞

[ P ′GZ2QG

Z1

[ V GZ∞S.

The resulting projectivity on the lineGZ is precisely the involution of conjugate
points onGZ with respect toC, becauseG andV are conjugate points (they are
vertices of the diagonal triangleGV V∞ of the inscribed quadranglePP ′QQ′) and
the polar ofZ is the line at infinity, which intersectsGZ in Z∞. This gives that
K(Y ) is conjugate toS. But S is also conjugate toV∞, sinceS lies on its polar
GV . This implies that the polar ofS is K(Y )V∞ = QQ′. Thus, the tangent toC
atQ is QS = K(P ′Z). �

Proposition 7. Under the assumptions of Lemmas 5 and 6, for any triangleABC
with vertices onC whose centroid isG, and whose vertices do not coincide with
any of the pointsP, P ′, Q or Q′, the mapM = TP ◦K−1 ◦ TP ′ is a half-turn.

Proof. By Lemmas 5 and 6, the tangent atQ to CP goes throughK(Z). But the
tangent atQ is OQ (IV, Prop. 3.10), hence the generalized insimilicenterS for
ABC is S = OQ · GZ = K(Z), whereZ is the center ofCP = C. Now the
proposition follows from Corollary 3. �

Theorem 8. LetG, V, Z be any distinct, collinear, and ordinary points with signed
ratio ZG

GV = 5
4 , andP an ordinary point not onGZ. DefineQ′ = K(P ) (com-

plement taken with respect toG) and letP ′ be the reflection ofV in Q′ andQ the
midpoint ofPV . Finally let C be the conic guaranteed by Lemma 5(a). For any
pointA on the arcA = PQQ′P ′ of C distinct from these four points, there is a
unique pair of points{B,C} on C (and then on the same arc), such thatABC
has centroidG. For each such triangle, the mapM is a half-turn, and this map is
independent ofA. Conversely, ifABC is inscribed in the conicC with centroidG,
thenA ∈ A − {P,Q,Q′, P ′}.

Proof. We start by showing that the hypotheses of the theorem can be satisfied for
suitable pointsG, V, Z, P , for which the conicC is a circle. Start with a circleC
with centerZ. Pick pointsP ′, Q on C andO so thatQZP ′O is a square. LetS
be the midpoint ofOQ andG = SZ · QP ′. ReflectP ′ andQ in GZ to obtain
the pointsP andQ′ on C. Let Y onGZ be the midpoint ofPP ′. Also, letV =

PQ ·P ′Q′ onGZ. SinceG = QP ′ ·SZ is on the bisector of∠SQZ andZQ
QS = 2

1 ,

we haveZG
GS = 2

1 , soK(Z) = S. This implies thatK(ZP ′) = SK(P ′) is parallel
toZP ′ and half the length, soK(P ′) = Q. In the same way,K(P ) = Q′. Then in
trianglePV Q′ the segmentV G bisects the angle atV , so PV

V Q′ =
PG
GQ′ =

P ′G
GQ = 2

1 .
Thus,V P ′ = V P = 2 · V Q′. It follows thatQ′ is the midpoint ofV P ′, Q is the
midpoint ofV P , andG is the centroid ofV PP ′. Hence,Y = K(V ). This shows
that the hypotheses of Lemma 5 hold, soC is the conic of that lemma. By the same
argument as in the proof of Proposition 4(2), using the fact thatOQ andOP ′ are
tangent toC atQ andP ′, respectively, and thatGV V∞ is a self-polar triangle with
respect toC, it follows thatK−1(PP ′) = OO′ andV is the midpoint ofOO′.
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Now, lettingM be the half-turn aboutS, the same argument as in the proof of
Proposition 4(3) gives thatZG

GV = 5
4 .

If G, V, Z, P are any points satisfying the hypotheses, then there is an affine map
taking triangleV PP ′ to the corresponding triangle constructed in the previous
paragraph, so thatG ( the centroid ofV PP ′) andZ go to the similarly named
points and the trapezoidPP ′Q′Q is mapped to the corresponding trapezoid for the
circle. Then the image of the new conicC is the circle of the previous paragraph,
soC must be an ellipse.

GivenA on the arcA = PQQ′P ′ of C, defineD0 = K(A). Now P ′ and
K(P ′) = Q are onC, as areP andK(P ) = Q′. We claim thatP andP ′ are the
only two pointsR on C for whichK(R) is also onC. This is becauseK(C) is a
conic with centerK(Z) = S, meetingC atQ,Q′, and lying on the pointK(Q).
Note that the mapK fixes all points onl∞, soK(C) induces the same involution
on l∞ thatC does. It follows that there are exactly two points inK(C) ∩ C. Since
the pointQ is on the given arcA andK(Q), as the midpoint of segmentQP ′, is
interior toC, it follows that the same is true for the pointD0 = K(A), for anyA
onA , whileD0 lies outside ofC whenA is onC−A . Now consider the reflection
C′ of the conicC in the pointD0. WhenD0 lies insideC, it also lies insideC′, and
therefore the two conicsC, C′ overlap. Since reflection inD0 fixes all the points
on l∞, the conicC′ induces the same involution onl∞ thatC does. Therefore, they
have exactly two points in common. Labeling these points asB andC, it is clear
thatD0 is the midpoint of segmentBC, and from this andK(A) = D0 it follows
thatG is the centroid ofABC. On the other hand, ifA lies outside ofA , then
D0 lies outside ofC, and in this case,C′ does not intersectC (so there can be no
triangle inscribed inC with centroidG). Applying the same argument to the points
B andC instead ofA shows thatB andC are also on the arcA . The next to last
assertion follows from Proposition 7 and the comments preceding Lemma 5.�

We can use the proof of Theorem 8 to give a construction of the locusL of
pointsP , for a given triangleABC, for which the mapM is a half-turn. To do
this, start with the construction of the pointsQ1Z1P

′
1O1 on circleC, as in the first

paragraph of the proof. Pick a pointA1 on the arcA = P1Q1Q
′
1P

′
1, and determine

the unique pair of pointsB1, C1 onA so that the centroid ofA1B1C1 is the point
G1 = Z1S1 · Q1P

′
1, with S1 the midpoint of segmentQ1O1. Then determine the

unique affine mapA for whichA(A1B1C1) = ABC. The pointsP = A(P1) and
P ′ = A(P ′

1) describe the locusL , asA runs over all affine maps withA1 ∈ A .
This locus is shown in Figure 4, and turns out to be an elliptic curveE minus6
points, as we show below. For the pictured triangleA1B1C1 and its half-turnM1,
the mapM = A ◦M1 ◦ A−1 is a half-turn about the pointS = A(S1). Note thatE
is tangent to the sides of the anticomplementary triangleK−1(ABC) of ABC at
the vertices.

An equation for the curveE can be found using barycentric coordinates. It can
be shown (see [13]) that homogeneous barycentric coordinates of thepointsS and
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Figure 4. Elliptic curve locus ofP with M a half-turn.

Z are

S = (x(y + z)2, y(x+ z)2, z(x+ y)2), Z = (x(y − z)2, y(z − x)2, z(x− y)2),

whereP = (x, y, z). Using the remark after Corollary 3, we compute that the
pointsP = (x, y, z), for whichM is a half-turn, satisfyS = K(Z), so the coordi-
nates ofP satisfy the equation

E : x2(y + z) + y2(x+ z) + z2(x+ y)− 2xyz = 0.
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Note thatP ∈ E ⇒ P ′ ∈ E . Settingz = 1 − x − y, where(x, y, z) are absolute
barycentric coordinates, we get the affine equation forE :

(5x− 1)y2 + (5x− 1)(x− 1)y − x2 + x = 0. (2)

This is the casea = −5 of the geometric normal form

(ax+ 1)y2 + (ax+ 1)(x− 1)y + x2 − x = 0

which we consider in [13]. Rational points onE are(x, y, z) = (1, 0, 0), (0, 1, 0),
(0, 0, 1), which correspond to the verticesA,B,C. The points onl∞ ∩ E are
(x, y, z) = (0, 1,−1), (1, 0,−1), and(1,−1, 0), which are the infinite points on
the sides ofABC. No other points on the sides or medians ofABC orK−1(ABC)
lie on the curveE . Using (2) we can check directly that the curveE is tangent to
K−1(ABC) at the pointsA,B,C and that it has no singular points. It follows
from this thatE is an elliptic curve, whose points form an abelian group under the
addition operation given by the chord-tangent construction. (See [5],p. 67, or
[14].) In Figure 4 the sum of the pointsR1 andR2 on E is the pointR1 + R2,
taking the pointA∞ = BC · l∞ = (0, 1,−1) as the base point (identity for the
addition operation on the curve). With the base pointA∞, the pointA has order2,
while B∞ = AC · l∞ andC∞ = AB · l∞ have order3, and the pointsB,C have
order6.

Note that ifP ∈ ι(l∞) is a point on the Steiner circumellipse lying onE ,
thenP ′ ∈ E ∩ l∞, so thatP ′ is one of the pointsA∞ = (0, 1,−1), B∞ =
(1, 0,−1), C∞ = (1,−1, 0), whose isotomic conjugates areA,B,C. Other than
the vertices ofABC, no points on the Steiner circumellipse lie onE . Furthermore,
the Steiner circumellipse is inscribed in the triangleK−1(ABC), while E is tan-
gent to the sides of this triangle atA,B,C. By Proposition 7 and Theorem 8, any
pointP for whichM is a half-turn has the property that the pointsQ = K(P ′) and
Q′ = K(P ) are exterior to triangleABC. It follows thatP andP ′ are exterior
to triangleK−1(ABC). Hence,all the points ofE − {A,B,C} are exterior to
triangleK−1(ABC), as pictured in Figure 4.

We now check that the hypotheses of Proposition 2 hold for all the points in
E − {A,B,C,A∞, B∞, C∞}. By the results of [12], the points for which the
generalized orthocenterH is a vertex are contained in the union of three conics,
CA ∪ CB ∪ CC , which lie inside the Steiner circumellipse. By what we said above,
none of the points inE − {A,B,C,A∞, B∞, C∞} can lie on any of these conics,
soH is never a vertex for these points. Hence, the hypotheses of Proposition2 are
satisfied for anyP in E − {A,B,C,A∞, B∞, C∞} and Corollary 3 implies that
the mapM for the pointP is a half-turn. Thus, we have the following result.

Theorem 9. The locus of pointsP , not lying on the sides of trianglesABC or
K−1(ABC), for whichM = TP ◦K−1 ◦ TP ′ is a half-turn, coincides with the set
of points whose barycentric coordinates lie inE − {A,B,C,A∞, B∞, C∞}.

Every pointP onE−{A,B,C,A∞, B∞, C∞} is a point for whichQZP ′O is a
parallelogram. This yields an affine mapA, for whichA(Q1Z1P

′
1O1) = QZP ′O,

and implies by the proof of Theorem 8 thatA
−1(ABC) = A1B1C1 is a triangle
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with centroidG1, inscribed on the arcA . Lemma 5 shows thatP1 is the isotomic
conjugate ofP ′

1 with respect toA1B1C1; henceP = A(P1). This shows that every
point onE except the vertices and points at infinity isP = A(P1) for some affine
mappingA in the “locus” of maps withA1 ∈ A .

Now, each pointA1 on A yields two points onE , sinceA maps both pointsP1

andP ′
1 to points onE . Alternatively, with a given triangleA1B1C1, there are affine

mapsA, Ã for whichA(A1B1C1) = ABC andÃ(A1C1B1) = ABC. We claim
first thatA(P1) = −Ã(P1), i.e., thatP = A(P1) andP̃ = Ã(P1) are negatives on
the curveE with respect to the addition on the curve. This is equivalent to the fact
that the linePP̃ through these two points is parallel toBC. This is obvious from
the fact that̃A = ρ◦A, where, as in the proof of Lemma 1,ρ is the affine reflection
in the direction of the lineBC, fixing the points on the medianAD0 = AG.

We claim now that the points onE − {A,B,C,A∞, B∞, C∞} are in 1 − 1

correspondence with the collection of point-map pairs(A1,A) and (A1, Ã) for
A1 ∈ A −{P1, Q1, P

′
1, Q

′
1}. Suppose that(A1,A1) and(A2,A2) map to the same

pointP onE , forA1, A2 ∈ A −{P1, Q1, P
′
1, Q

′
1}. ThenA1(A1B1C1) = ABC =

A2(A2B2C2) or A1(A1B1C1) = ABC = A2(A2C2B2), since the labeling of the
pointsBi, Ci can be switched; and for these maps,A1(P1) = P = A2(P1). Then
A
−1
1 A2(A2B2C2) = A1B1C1 orA1C1B1 andA−1

1 A2(P1) = P1. But then the map
A
−1
1 A2 also fixes the pointsQ1, P

′
1, Q

′
1, sinceG1 is the centroid for both triangles.

Hence,A−1
1 A2 is the identity andA1 = A2, so thatA1B1C1 = A

−1
1 (ABC) =

A2B2C2 orA2C2B2. Therefore,(A2,A2) = (A1,A1).

Thus, we have proved the following.

Theorem 10. Given a circleC with centerZ1, pointsQ1 andP ′
1 on C, and point

O1 for whichQ1Z1P
′
1O1 is a square, then with the pointsG1, P1, S1 as in Figure

4, the set of points

E − {A,B,C,A∞, B∞, C∞}
on the elliptic curveE coincides with the set of pointsA(P1), whereA1 ∈ A =
P1Q1Q

′
1P

′
1 is a point on the arcA distinct from the points in{P1, Q1, Q

′
1, P

′
1},

B1, C1 are the unique points onA for whichA1B1C1 has centroidG1, andA is
an affine map for whichA(A1B1C1) = ABC or A(A1C1B1) = ABC.

Note finally that the discriminant of (2) with respect toy is D = (x − 1)(5x −
1)(5x2 − 2x+ 1), so (2) is birationally equivalent to the curve

Y 2 = (X − 1)(5X − 1)(5X2 − 2X + 1).

PuttingX = u
u−4 , Y = 8v

(u−4)2
shows that this curve is, in turn, birationally equiv-

alent (overQ) to

v2 = (u+ 1)(u2 + 4), (3)

which hasj invariantj = 24113

52
. This curve is curve (20A1) in Cremona’s tables

[4], and has the torsion subgroupT = {O, (−1, 0), (0,±2), (4,±10)} of order6
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and rankr = 0 overQ. The curveE has infinitely many real points defined over
quadratic extensions ofQ, including, for example,

P = (−4 +
√
19,−1, 3),

(
9 +

√
89

2
,−2, 1

)
.

This shows that there are infinitely many points for which the mapM is a half-turn.
There are even infinitely many such points defined over the fieldQ(

√
6), since the

points(u, v) = (2, 2
√
6) and(u, v) = (23 ,

10
√
6

9 ) have infinite order on (3).
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