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Golden Elliptical Orbits in Newtonian Gravitation

Dimitris M. Christodoulou

Abstract. In spherical symmetry with radial coordinater, classical Newtonian
gravitation supports circular orbits and, for−1/r andr2 potentials only, closed
elliptical orbits [1]. Various families of elliptical orbits can be thought of as aris-
ing from the action of perturbations on corresponding circular orbits. Weshow
that one elliptical orbit in each family is singled out because its focal length is
equal to the radius of the corresponding unperturbed circular orbit. The eccen-
tricity of this special orbit is related to the famous irrational number known as
the golden ratio. So inanimate Newtonian gravitation appears to exhibit (but not
prefer) the golden ratio which has been previously identified mostly in settings
within the animate world.

1. Introduction

In 1873, J. Bertrand [1] proved that the only spherically symmetric gravitational
potentials that can support bound closed noncircular orbits are the Newton-Kepler
−1/r potential [12] and the isotropic Hooker2 potential [8], wherer is the spher-
ical radial coordinate with respect to the central mass that generates the potential.
The elliptical orbits in these two potentials were already known to I. Newton [12].

Both potentials also support circular orbits and the elliptical orbits can be thought
of as arising from such circular orbits perturbed by disturbances of any arbitrary
amplitude. Given a circular orbit of radiusro, an infinite family of elliptical orbits
can thus be obtained with eccentricities in the range0 < e < 1, wheree is related
to the ratio of semiaxesb/a of the ellipses by

e =

√

1− b2

a2
. (1)

In recent work [3], we found a new geometric property that characterizes each
family of elliptical orbits and this property switches between the two potentials
in a highly symmetric fashion: the circular radiusro is the harmonic mean of
the radii of the turning pointsrmax = a(1 + e) and rmin = a(1 − e) of the
ellipses in a−1/r potential; whereasro is the geometric mean of of the turning
pointsrmax = a andrmin = b of the ellipses in anr2 potential. For the reader’s
convenience, we summarize in Section 2 the derivation of these properties and we
proceed in Section 3 to search in each family for special orbits with additional
geometric properties. Interestingly, we find that Newtonian gravitation singles out
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Figure 1. Schematic diagram of a circular orbitO(ro) and the associated golden
elliptical orbit in a Newtonian gravitational potential of the form−1/r due to a
star located at focusF1. This focus coincides with the centerO of the circular
orbit. PointK on ⊙O is the center of the ellipse;T1 andT2 are the turning
points; andL1 andL2 are the endpoints of the latus rectum. The golden ellipse
is singled out because of the equalityc = p = ro and its eccentricitye = φ∗ ≈
0.618.

some elliptical orbits whose eccentricities are related to the golden ratio conjugate
[14]

ϕ∗ ≡
√
5− 1

2
≈ 0.618 . (2)

The importance of the result lies in the fact that this famous irrational number is
not introduced by the geometry of space as in the ubiquitous case ofπ in Euclidean
spaces; the golden ratio conjugate is instead singled out by the dynamics of the
noncircular orbits. We discuss our conclusions further in Section 4.

2. Known geometric properties of elliptical orbits

We apply the laws of energy and angular momentum conservation to a family
of elliptical orbits that arise from disturbances acting on a given circular orbit of
radiusro. We distinguish two cases, a Newton-Kepler potential and an isotropic
Hooke potential.
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2.1. Newton-Kepler −1/r potential. Consider an equilibrium orbit with radius
r = ro in a−1/r potential and assume that this orbit is perturbed to an elliptical
shape with turning pointsrmin = ro−A1 andrmax = ro+A2, where0 < A1 < ro
andA2 > A1 (Figure 1). At the turning pointsT1 andT2 shown in Figure 1, the
radial velocity is zero (dr/dt = 0) and the total energy per unit mass can then be
written as [7]

E =
L2

2r2
− GM

r
, (3)

whereG is the gravitational constant,M is the mass that generates the potential,
and the specific angular momentum satisfiesL2 = GMro = const., hence eq. (3)
can be written in the form

E
GM =

ro
2r2

− 1

r
= const. , if dr/dt = 0 . (4)

Applied to the turning points, this equation yields

1

A1

− 1

A2

=
2

ro
, (5)

or equivalently

1

rmin

+
1

rmax

=
2

ro
. (6)

This last equation shows that, in a−1/r potential, the circular equilibrium radius
ro is the harmonic mean of the radii of the turning pointsrmin andrmax of the
elliptical orbits [3].

2.2. Isotropic Hooke r2 potential. Consider an equilibrium orbit with radiusr =
ro in aΩ2r2/2 potential (Ω =const.) and assume that this orbit is perturbed to an
elliptical shape with turning pointsrmin = b andrmax = a, wherea andb < a
are the semiaxes of the ellipse (Figure 2). Here the radii of the turning pointstake
these special values because in ther2 potential the gravitational force always points
toward the center of the ellipse where the central mass is located.

At the turning pointsE1 andE2 shown in Figure 2, the radial velocity is zero
(dr/dt = 0) and the total energy per unit mass can then be written as

E
Ω2/2

=
r4o
r2

+ r2 = const. , if dr/dt = 0 , (7)

where the constant specific angular momentum is given byL = Ωr2o in this case.
Applied to the turning points, this equation yields

rmaxrmin = ab = r2o . (8)

This last equation shows that, in an isotropicr2 potential, the circular equilibrium
radiusro is the geometric mean of the semiaxesa andb of the elliptical orbits [3].
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Figure 2. Schematic diagram of a circular orbitO(ro) and the associated golden
elliptical orbit in an isotropic Hooke gravitational potential of the formr2 due to
a star located at centerO. Unlike in the Newtonian case, the gravitational force
always points towardO in this case. PointsE1 andE2 are the endpoints of the
semiaxesa andb of the ellipse. The golden ellipse is singled out because of the
equalityc = ro, wherec is the focal length, and its eccentricitye =

√
φ∗ ≈

0.786.

3. New geometric properties of elliptical orbits

The fundamental difference between the elliptical orbits in the above two cases
is imposed by the dynamics: the gravitational force always points toward focusF1

in Figure 1, whereas it always points toward centerO in Figure 2. This difference
is responsible for producing equations (6) and (8) and it also leads to several more
geometric properties of the ellipses in each case, as we describe below.

3.1. Newtonian ellipses. Using the well-known equations of the ellipse with semi-
axesa andb, viz.

a = (rmax + rmin)/2 , (9)

and
b =

√
rmaxrmin , (10)

equation (6) takes the form
aro = b2 , (11)

which indicates that, in Newtonian ellipses, the semiminor axisb is the geometric
mean ofa andro. More importantly, the semiaxes cannot be chosen independently
in a particular family corresponding to a circular radiusro. Since the semiaxes are
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also related to the eccentricitye (eq. (1)), each family of ellipses and the values of
a andb are fully determined by the choice ofe for fixed ro.

Written in the equivalent form

ro =
b2

a
≡ p , (12)

equation (11) indicates thatro is also equal to the semilatus rectump.
Combining equations (12) and (1), we find that

ro = a(1− e2) = b
√

1− e2 , (13)

and using the definition of the focal lengthc, i.e., c = ae, this equation takes the
form

ro = c

(

1− e2

e

)

. (14)

Equation (13) shows that there are no ellipses in which one or the other semiaxis
equalsro. But equation (14) indicates that there exists a special ellipse in the family
for which the focal lengthc equalsro (Figure 1). The eccentricity of the special
ellipse is found by settingc = ro in equation (14), in which case we find that

e2 + e− 1 = 0 , (15)

whose solution is the golden ratio conjugate shown in equation (2) above. Tosum-
marize, the only special ellipse that is singled out by the Newton-Kepler dynamics
for a givenro is the golden ellipse withe = ϕ∗ andc = p = ro, whereas all other
ellipses in the family obey onlyp = ro.

3.2. Hookean ellipses. We have already seen (eq. (8)) that in a family of Hookean
ellipses, the radiusro of the corresponding circular orbit is the geometric mean
of the semiaxesa andb, which also implies that the areas of these ellipses are all
equal toπr2o . Therefore, the semiaxes cannot be chosen independently within a
particular family. Since the semiaxes are also related to the eccentricitye (eq. (1)),
each family of ellipses and the values ofa andb are fully determined by the choice
of e for fixed ro.

Using equations (8) and (1), we find that

ro = a(1− e2)1/4 = b(1− e2)−1/4 , (16)

and the semilatus rectum (eq. (12)) can be written as

p = ro(1− e2)3/4 . (17)

Hence, these ellipses are very different than the Newtonian ellipses. None of the
lengthsa, b, or p can be equal toro.

Using the definition of the focal lengthc = ae, equation (16) takes the form

ro = c

[

(1− e2)1/4

e

]

, (18)
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which indicates that there exists a special ellipse in the family for which the focal
lengthc equalsro. The eccentricity of the special ellipse is found by settingc = ro
in equation (18), in which case we find that

e4 + e2 − 1 = 0 , (19)

whose solution ise =
√
ϕ∗. This ellipse is plotted in Figure 2. Sincec = ro,

an additional property of the golden ellipse is that its focal length is the geometric
mean of its semiaxes, viz.

c2 = ab . (20)

4. Discussion

The main result of this work is the appearance of the golden ratio conjugateϕ∗

(eq. (2)) in Newtonian dynamics that predicts the existence of families of elliptical
orbits only in−1/r andr2 spherically symmetric gravitational potentials [1]. In
each case, the eccentricitye of the golden elliptical orbit is related toϕ∗ (e = ϕ∗

ande =
√
ϕ∗, respectively); these relations appear in the special case in which the

focal length of the ellipse is equal to the radius of the corresponding circular orbit
of the family (c = ro in Section 3 above).

A literature search shows that various authors use two different definitions of the
golden ellipse: some authors [9, 10] define as golden the ellipse that is inscribed in
a golden rectangle; others [13] construct the golden ellipse from goldenright trian-
gles in which case it is the eccentricity that is equal to the golden ratio conjugate.
This latter definition is applicable to our Newtonian ellipses in whichb/a =

√
ϕ∗.

On the other hand, the former definition is applicable to our Hookean ellipses that
haveb/a = ϕ∗ and they can be inscribed in a golden rectangle.

Most of the appearances ofϕ∗ in the animate world are well-known if not fa-
mous. The golden ratio has been identified in phyllotaxis of plants [4]; in human
constructions, including the Parthenon and the Egyptian pyramids [11]; in the hon-
eycombs of bees [6]; and recently in the shapes of red blood cells [15].Lately,
the golden ratio has also appeared in the inanimate world and our work concern-
ing Newtonian dynamics falls in this category. Two more examples concern black
holes [5] and cosmological theories [2], although the interested reader may easily
track down more cases in solar neutrino mixing and quantum mechanics.

In the inanimate world, the golden ratio is usually introduced by the geometry
of space or spacetime, but this is not the case in Newtonian dynamics. In ourcase,
Newtonian gravitation allows for infinite families of elliptical orbits for a given
circular equilibrium orbit, so the theory does not show a preference forellipses
with eccentricitiese = ϕ∗. The golden ellipses are special only because they
exhibit additional geometric properties, as we described in Section 3.1.

In our solar system, no planetary orbit has orbital eccentricity anywherenear
the golden value of 0.618; our neighboring planets and the dwarf planets all move
in fairly circular orbits withe < 0.442. Furthermore, we searched the exoplanet
database (//www.exoplanets.org) that currently lists nearly 3,000 exoplan-
ets with confirmed orbits and we found only three planets withe = 0.610, another
two planets withe = 0.630, and no other planets with intermediate eccentricities.
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So exoplanetary orbits appear to support the theoretical picture of no preference
for the golden Newtonian elliptical orbits.
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