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Abstract. From the viewpoint of the division by zero (0/0 = 1/0 = z/0 = 0)
and the division by zero calculus, we will show some surprising new phenomena
for geometrical properties with the concrete example which was given bythe
paper ”The Twin Circles of Archimedes in a Skewed Arbelos” of H. Okumura
and T. Watanabe,Forum Geom., 4 (2004) 229–251.

1. Introduction

LetVz be the point with coordinates(0, 2
√
ab/z) for real numbersz, anda, b >

0 in the plane. H. Okumura and M. Watanabe gave the following theorem in [7]:

Theorem (Theorem 7 of [7]). The circle touching the circle α : (x−a)2+y2 = a2

and the circle β : (x + b)2 + y2 = b2 at points different from the origin O and
passing through Vz±1

is represented by

(

x− b− a

z2 − 1

)2

+

(

y − 2z
√
ab

z2 − 1

)2

=

(

a+ b

z2 − 1

)2

(1)

for a real number z 6= ±1. The common external tangents of α and β can be
expressed by the equations

(a− b)x∓ 2
√
aby + 2ab = 0. (2)

Anyhow the authors give the exact representation with a parameter of the gen-
eral circles touching with two circles touching each other. The common external
tangent may be considered a circle (as we know we can consider circles and lines
as same ones in complex analysis or with the stereographic projection), however,
they stated in the proof of the theorem that the common external tangents are ob-
tained by the limitingz → ±1. However, its logic will have a problem. Following
our recent new concept of the division by zero calculus, we will consider the case
z = ±1 for the singular points in the general parametric representation of the
touching circles. Then, we will see interesting phenomena that we can discover a
new circle in the context.
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2. The division by zero calculus

For any Laurent expansion aroundz = a,

f(z) =
∞
∑

n=−∞

Cn(z − a)n, (3)

we obtain the identity, by the division by zero

f(a) = C0. (4)

(Here, as convention, we consider as00 = 1.)
For the correspondence (4) for the functionf(z), we will call it the division

by zero calculus. By considering the derivatives in (3), we can define any order
derivatives of the functionf at the singular pointa.

We have considered our mathematics around an isolated singular point for an-
alytic functions, however, we do not consider mathematics at the singular point
itself. At the isolated singular point, we consider our mathematics with the limit-
ing concept, however, the limiting values to the singular point and the value at the
singular point of the function are different. By the division by zero calculus, we
can consider the values and differential coefficients at the singular point. We will
discuss the equation (1) from this viewpoint at the singular pointsz = ±1 that has
a clear geometric meaning.

The division by zero (0/0 = 1/0 = z/0 = 0) is trivial and clear in the natural
sense of the generalized division (fraction), since we know the Moore-Penrose
generalized inverse for the elementary equationaz = b. Therefore, the division by
zero calculus above and its applications are important. See the references[10, 1, 5,
11, 2, 3, 6, 8, 4, 9] for the details and the related topics.

However, in this paper we do not need any information and results in the division
by zero, we need only the definition (4) of the division by zero calculus.

3. Results

First, for z = 1 andz = −1, respectively by the division by zero calculus, we
have from (1), surprisingly

x2 +
b− a

2
x+ y2 ∓

√
aby − ab = 0,

respectively.
Secondly, multiplying (1) by(z2 − 1), we immediately obtain surprisingly (2)

for z = 1 andz = −1, respectively by the division by zero calculus.
In the usual way, when we consider the limitingz → ∞ for (1), we obtain the

trivial result of the point circle of the origin. However, the result may be obtained
by the division by zero calculus atw = 0 by settingw = 1/z.

4. On the circle appeared

Let us consider the circleζ expressed by

x2 +
b− a

2
x+ y2 −

√
aby − ab = 0.
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Thenζ meets the circleα in two points

Pa

(

2rA, 2rA

√

a

b

)

, Qa

(

2ab

9a+ b
, −6a

√
ab

9a+ b

)

,

whererA = ab/(a+ b) (see Figure 1). Alsoζ meets the circleβ in points

Pb

(

−2rA, 2rA

√

b

a

)

, Qb

(

−2ab

a+ 9b
, −6b

√
ab

a+ 9b

)

.

Notice thatPaPb is the external common tangent ofα andβ expressed by (2) with
the minus sign. The linesPaQa andPbQb intersect at the pointR(0, −

√
ab),

which lies on the remaining external common tangent ofα andβ. Furthermore,
the circleζ is orthogonal to the circle with centerR passing through the origin.

Pb

Pa

R

Qb

Qa

β

α

ζ

Figure 1.

5. Conclusion

By the division by zero calculus, we are able to obtain definite meaningful re-
sults simply. The new result of Section 4has never been expected therebywill have
a special interest.
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